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PREFACE. 


THE following pages are intended to serve as an introductory 
manual of Infinitesimal Calculus for beginners generally, but 
more especially for students of Engineering and other branches 
of Applied Science. 

As a logical foundation of the Infinitesimal Calculus the 
doctrine of Limits must be accepted as essential, but an 
attempt has been made at an early stage to accustom the 
reader to those principles and operations which are used in 
the practical applications of the subject. 

The order in which the subject is developed, though differ- 
ing from that of many text-books, is believed to be well calcu- 
lated to meet the difficulties and secure the interest of the 
student. 

In the present edition many changes and some additions 
have been made which it is hoped will bring the book into 
accord with present-day treatment and needs. 

To supplement the ordinary Mathematical Tables I have 
added short tables which are intended to facilitate curve 
tracing as well as the rapid calculation of integrals, etc. 

My thanks are due to Professor Murray Macneill for sug- 
gestions and for assistance in proof-reading and in the verifi- 
cation of examples. 

G. H. CHANDLER. 

MontreaL, December, 1906. 
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ELEMENTS 


OF THE 


INFINITESIMAL CALCULUS. 


CHAPTER I. 
LIMITS. INFINITESIMALS, 


1. Constant. Variable. When a quantity remains un- 
changed while another quantity changes, the former is called 
a constant, the latter a variable. 

2. Limit of a variable. If the value of a variable v ap- 
proaches nearer and nearer to that of a constant a in such 
a way that their difference becomes and remains less in 
absolute * value than any given positive number, however 
small, v is said to approach a as a limit, and a is called the 
limit of v. 

If x=2,f, the definition implies that the absolute value 
of x—2 becomes and remains less than any positive number 
we choose to assign; e.g., it becomes <1073; it further 


* The absolute (or arithmetical or numerical) value is the value 
without regard to sign. Parallel vertical lines are used to indicate 
an absolute relation; thus |—2|=2 expresses that the absolute value 
of —2 is 2. So also |z|<|a| or 2|<|a indicates that the absolute 
value of z is less than that of a. 

+ The symbol = signifies an approach to a limit. Thus z = 2 may 
be read: x approaches 2 (as a limit). If the words ‘‘as a limit” are 
not expressed, they must be always understood. 
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diminishes, becoming less than any smaller given positive 
number (say 10~-°), and so on. While x=2, x—2 cannot 
be zero; the definition does not imply that x acquires the 
value 2. If it does become 2, it is no longer approaching 2 
as a limit. 


Ex. 1. The value of (a?—4)/(x~—2) is equal to that of +2 
when any number except 2 is substituted for z. When x=2 the 
fraction takes the form 0/0, an expression which is undefined 
and meaningless, but when x= 2 the limit of the value of the 
fraction is equal to that of +2, i.e., 4, or in symbols * 


SAGs faa 


Similarly, if y=2r+2?, £,-9(y/x) =2. 


2. 0 being the radian measure t of an acute angle, @ lies be- 
tween sin @ and tan 6. Hence, dividing each of these into sin 6, 
sin 0/0 lies between 1 and cos @. But cos?=1 when 0=0. 


Hence 
sin 0 
Lazo 0 Jt 


3. The sum of the terms of the series 1—4+4—}+4+... has a 
limit as the number of terms increases without bound. 


IRE, AL 


Let sn stand for the sum of the first n terms. Take OP, =1, 
P,P,=—4, P.P,;=4, etc. Then s,=OP,, s,=OP:2, s,=OP,, etc, 
The points with odd subscripts continue to move to the left, 


* The symbol £ is used for ‘the limit of” (Echols, Differential and 
Int-gral Calculus). 


t The radian (=57°'2958 . . .=206265/’) will be always unde d 
to be the uit angle unless the contrary is manifest, ; me 
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those with even subscripts to the right; they tend toward meeting 
at some point P, since the fractions which are added = 0. Hence 
|OP—sn| becomes and remains less than any given positive 
number, however small; therefore OP is the sum limit. The 
limit is. that of the endless decimal 69314... 

A series which has a limit is said to be convergent. 

4. If the series {}—$+$-—{+... be similarly represented, the 
two sets of points cannot come within a distance 1 of each 
other, since the absolute value of the fractions added +1. Sup- 
pose the even P’s to approach a point P (really the point P of 
Ex. 3) as a limit of position. Then |OP—s,| may become less 
than any given positive number, however small, but it will not 
remain so, for the addition of a single term changes |OP—s,| 
by an amount approximately equal to 1. Consequently there is 
no limit, or the series is non-convergent. (Observe the signifi- 
cance of the words “and remains” in the definition of § 2). 


3. A variable quantity may or may not be capable of as- 
suming a value equal to that of the limit which it approaches. 
Thus in Ex. 1, 2+2+4 when x=2, and «+2=4 when 
z=2. Also (x?—4)/(a—2) +4 when x=2, but it cannot =4, 
for when x=2 there is no fraction. Again, the series 


1—4+4—-... can never equal its limit. In certain cases the 
limit and the value are entirely different. For example 
(Ch. XL), sin x—4 sin 22+ sin 37—...+47 or —}a ac- 


cording as x=z by increasing or decreasing, but =0 when 


t=. 
4. A variable may approach nearer and nearer to its limit 


Fig. 2. 


in three ways: (1) by increasing only, (2) by decreasing 
only, (3) and by increasing and decreasing. Thus, Fig. 2, 
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when M moves to the right v may be supposed to approach 
the limit a if P moves along AB only, (2) along CD only, 
or (3) from AB to CD, back to AB, ete., its value continually 
approaching a. 

5. Limit of a constant. It is sometimes convenient to 
regard a constant as its own limit. Thus £,:9(ax%+b)=b,* 
and hence if a=0, £,.90=0. So also £,.9ax/x=a. 

6. Infinitesimals. An infinitesimal is a variable whose 
limit is zero. It is therefore a quantity which approaches 
nearer and nearer to 0 in such a way that its absolute value 
becomes and remains less than any given positive number, 
however small. Thus z is infinitesimal when x=0; if z 
actually becomes 0 it is no longer infinitesimal. 


Ex. When z is infinitesimal the following are also infinitesimals: 
x, sin x, tan x, 1—cos 2, log (1+), 1—2*. 


7. Quantities which are infinitesimal are such solely on 
account of their tending to a limit zero, not because of their 
having arrived at any particular degree of smallness; in other 
words, their chief characteristic is not being small but getting 
smaller. Nevertheless, it is often convenient and sometimes 
necessary to suppose them very small when they begin to 
+0; hence it is customary to regard them as very small 
in all cases. 

8. From the definition of § 2 it follows that the difference 
between a variable v and its limit a is an infinitesimal. Hence 
v—a=t, or v=a+t, where 7 is infinitesimal. Also if v—a=1, 
or v=a+t, where v is a variable, a a constant, and 7 an 
infinitesimal, a is the limit of v. 

Notice that the sign of v is the same as that of a as soon 
as the absolute value of 7 becomes less than that of a. 

g. Infinites. A variable which is increasing (or decreasing) 
without bound, i.e., so as to exceed in absolute value any 


* As in algebra, letters near the beginning of the alphabet are used 
for constants unless the contrary is obvious. 


5-12.1 LIMITS. INFINITESIMALS. 5 


given positive number, however large, is called an infinite, 
and is represented by © (or —#). Such a quantity has no 
limit which accords with the definition of § 2. 

It should be noticed that an infinite, like an infinitesimal, 
is a variable. If x=0, 1/x=o@ or —o, and if c=oo* or 
—o, 1/x=0. 

Ex. When «+2, x—2=0, and 1/(x—2)=0 or —© accord- 
ing as x approaches its limit by decreasing or increasing. 

When z = 4z, tanz=% or —® according as z is increasing or 
decreasing. 


10. Quantities which are neither infinitesimal nor infinite 
are said to be finite. A finite variable is therefore one whose 
value stops short at some number which can be assigned. 

11. If 7 is an infinitesimal and n any constant, ni is an 
infinitesimal. 

For |ni|< any assigned positive number a if i|<|a/n; 
but 7 does become |< |a/n, since a/n is also an assignable 
number. In special cases n may be 0, then ni remains =0. 

If n is infinite, ni may be infinite, or it may have a limit, 
which may or may not be zero. 

12. The sum of any finite number n of infinitesimals is 
an infinitesimal. 

Let 7 be a positive infinitesimal which is and remains 
greater than the absolute value of any of the given infini- 
tesimals. Then the sum of the given infinitesimals <1 
and >—vnzt, and is therefore infinitesimal (§ 11). 

If 7 is infinite, the sum may have a finite limit. The deter- 
mination of such a limit is the fundamental problem of that 
part of the subject which is known as the Integral Calculus. 


a a hat meth T+), The limit of the 
ie Toe fie nie 2\ on 


sum for n infinite is therefore 4. 


* ¢%=0o should be read ‘‘x is a positive infinite,’ or ‘‘x increases 
without bound”; z=—o, ‘‘x is a negative infinite,” or ‘‘x decreases 


without bound.” 
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13. Propositions relating to limits. Let v1, v2 be two 
variables which have limits aj, a2. Then vj=a;+% and 
V2=a3+%2, where 7; and 72 are infinitesimals. 

(A) The limit of the sum (or difference) of the variables 
is equal to the sum (or difference) of their limits. 


For, (vy +2) — (@1 +a2) = 11 +722, 


which is infinitesimal. Hence £(v; +02) =a; +Q2. 

The proposition is evidently true for the sum of any finite 
number of variables. 

(B) The limit of the product of the variables is equal to 
the product of their limits. 


For, V1V2— 4442 = (a1 +21) (Ag +72) — 4442 
= A211 +Ay1g +122, 


which is infinitesimal. Hence £v,v9=4@2. 

This also is true for any finite number of variables. Thus 
if v=a, 77 +a’, 2°? = a3, etc. 

(C) The limit of the quotient of the variables is equal to 
the quotient of their limits, provided that the limit of the 
divisor is not zero. 


VW Gy +t Gy Ag —ayte 
V2 Ag Agtt, Ag aAg*+dote’ 


For, if a240, 


which is infinitesimal, since the numerator =0, while the 
denominator =a,?. Hence Co 
V2 a2 
If adg=0 and a;,0, v1/ve is infinite and therefore has no 
limit. If a2=0 and a,=0, v;/v2 is the quotient of two 
infinitesimals and may have a limit, as in Exs. 1 and 2 of 
§ 2. The determination of such a limit is the fundamental 
problem of that part of the subject which is known as the 
Differential Calculus. 
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sin 0 
Ex. 1. Since tan @=—— ef tang 6 
cos 0 6g cos 6 
6 
Hence (§ 2, Ex. 2), Lez0(“7-) Be: 
i r ; 
(=)" 
- im 
2. Since 1—cos 6= sin? 0 al cos 6 a 
1+ cos 8 G? 1+cos 0’ 
a ee teed 
a ee | en aoe 
; sin’ 0 = ne 1 
Ge eID GAR Vea 8A Le 
3. tan sin cos O(L + e038 6Y. $oz0 7) ) 5 
1 
ee a Zit 
eee = eae ey 
n—2 De Pie 3) 1 
n 


a+b_ cos $(A—B) 
G cos 4(A+B) 


If aand bare tangents at two points near * : a 
one another on a curve, and the points ap- ae 
proach coincidence, A and B= 0 and there- LA a 
fore the right-hand member of the above = 1. rE ae 3 
Hence £(a+b)/c=1 whenc+0. We may 
assume that the are >c and <a+b. Hence in any curve the limit 
of arc/chord is 1 as are and chord = 0. 


an? —2, 3a? —2 ; ; 
6. Show that £,., = eee es provided that a is 


not a root of the equation 4x%*+2—2=0. 


14. Orders of infinitesimals. If the limit of 8/a, the 
quotient of two infinitesimals, is zero, @ is said to be of a 
higher order than a. If @/a has a limit which is not zero, 
GZ is said to be of the same order asa. If 8/a” (where n is a 
constant) has a limit which is not zero, # is said to be of 
the nth order, a being assumed to be of the first order. 


5. In any plane triangle, 


* It is assumed that the points may be taken so near each other 
that the arc is everywhere concave to the chord. 
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Ex. 1. « and # being of the first order, «@ is of the second 
order, «78, «@? of the third, «38, «?8?, a8 of the fourth. 

2. If @ is infinitesimal and of the first order, sin 9 and tan 9 
are of the first order, 1—cos @ of the second, tan @—sin @ of the 
third. 

15. Definition. When the limit of the quotient of two 
infinitesimals is 1 the infinitesimals are said to be equiva- 
lent.* 

Thus if 6 is infinitesimal, 0, sin 0, and tan @ are equivalent; 
also an infinitesimal are and its chord. 

If the limit of 8/a is h (h being any constant, not zero), 
the limit of B/ha is 1, hence # is equivalent to ha. Thus 
1—cos @ is equivalent to $67, tan 0—sin @ to 363. 

16. If the difference of two infinitesimals of the same 
order is of a higher order, they are equivalent. 

For, if B=a+t, B/a=l1+it/a, .. £(6/a)=1 if £(t/a)=0. 

Conversely, the difference of two equivalent infinitesimals 
is of a higher order. 

For, if B/a=14+17, B=a-+a, and ta is of a higher order 
than a. 

The letter J will be used as a symbol for higher infini- 
tesimals. Thus if @ is infinitesmal, sin 0=0+/, tan 0=0+],; 
also, since 1—cos @ is of the second order, cos 02=1+Io. 

17. The limit of the quotient of two infinitesimals is not 


changed when either is replaced by an equivalent infini- 
tesimal. 


For Eee 
“, pea ge ¢ fiend £%=1. 


Hence if a and consist of infinitesimals of different orders, 


the limit of 8/a depends only on the infinitesimals of the 
lowest order in each. 


_ *Not equal, but equivalent in the sense of being interchangeable 
in the determination of the limit of a quotient or of a sum (§§ 17, 91). 
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EXAMPLES, 


1. Let AB be a circular arc of radius a subtending an infinitesi- 
mal angle @ at the centre, BC perpendicular to OA, AD and 
BE tangents. Let 0 be regarded as of the first order. Then 


(1) The are AB=ad, and is therefore of the first order. 


(2) gmore as AB -7asm 40 = .40 (§§ 15, 17) =a. 
BD 
\ 
) Cc 
Fia. 4. 


The chord is therefore of the first order and equivalent to a9, 


the arc. 
CA _.a(1—cos 0) 
(3) is = 1 a.%. 


Hence CA is of the second order and equivalent to 4a6?. 
A B 6—si 
(4) £ on = aes Z sin Jas is 


Hence ite CB is of the third order and equivalent to 4a4°. 


Ee ce (CA/cos 0)—CA _.a(1—cos 0)? 
(5) 4 =£ ys seca oa aay 
62 74 
rat = ta. 


Hence BD —CA is of the fourth order and equivalent to 4a0‘. 
rape AD—CB 
2. Show that the limit of FDAoAR oe 
3. Show that (A#+#HB)-—chord AB is equivalent to 4a0’, and 
hence that the difference of arc and chord is an infinitesimal 
of at least the third order. 


4, Find 65235 when x=+landz=2. Ans. (1) 4, (2) 4. 


10 


INFINITESIMAL CALCULUS. (Ch. 1. 


Show that there is no limit when x + 0 or —1. 


5 cosec x —cot x =coss 
° eS aa ° . ey) . 2 6 
sin x sin 


7 Lyne a1, 8. Lea —@ (243%) =2. 
Vite-1_ 


9. £r20 4. [Rationalize the numerator.] 


sin x —sin a 
10k = COS G: 
FS xr—a 


CHAPTER II. 
FUNCTIONS. DERIVATIVES. DIFFERENTIALS. 


18. Function. When a variable quantity depends for its 
values upon those of another variable quantity, the first is 
said to be a function of the second, and the second is called 
the variable or argument of the first; e.g., 2?—2x¢+1, 2%, 
log (a+2), sin ax, are functions of the variable z. 

The expression f(x) is used as a symbol for a function of 
x, f(a) being the value of the function when x=a; e.g., 
oe = JO) —1, (1) =0,.f/2)——3, jo) =1—a?. 

For a similar purpose F(z), f’(x), etc., may be used, and 
j(x, y), F(a, y), ete., for functions of x and y. 

The variable of a function may itself be a function of 
another variable, or it may be an tmdependent variable—one 
to which arbitrary values may be assigned. 

19. Implicit functions. In any equation containing two 
variables x and y, e.g., y2=4az, log (x +y)=2, either of the 
variables is virtually or implicitly a function of the other, 
or an implicit function of the other, since the value of either 
is determined when that of the other is assigned. If we 
solve for y in terms of «, y becomes explicitly a function of 
x, or an explicit function of 2. 

20. Graphs. The curve whose equation is y=f(zx) is the 
graph or geometrical representation of the function f(z). 
The ordinate corresponding to any abscissa x is the value 
of the function when the value of the variable is x. 

When for a value of the variable there is only one corre- 


sponding value of the function, the function is said to be 
11 
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single-valued. Thus e*, Fig. 5, and log a, Fig. 6, are single- 
valued functions. The function sin~! 2, Fig. 7, is multiple- 
valued. It will in general be 
assumed that a function is 
single-valued; when such is 
not the case the function may 
be treated as single-valued by 
considering a limited range 
of its values. Thus sin“! x is 


single-valued if values Se 


and < =5 are excluded. The 
ordinate of the curve y?=42 
is a double-valued function of 
x, but may be represented by 
two_ single-valued functions, 
2\/z and —2Vz. 
Fic. 6. Fig. 7. 21. Continuity. In general 
a gradual change in the value 
of a variable produces a gradual change in the value of the 
function, but it is possible that a slight change in the variable 
may produce an abrupt finite or infinite change in the func- 
tion. In more precise language, f(x) is continuous for the 
value a of the variable when, as h=0 (h being a small change 
in 2), 


£i(ath)=£fa—-h)=j), 
and discontinuous if this relation is not true. 

Let OA=a, BA=AC=h. InFig.8, AP=f(a), CR=j(a+h), 
BQ=f(a—h). Also as h=0, £CR=AP, and £BQ=AP, 
hence the ordinate is continuous at A. But in Fig. 9, 
£CR=AP, £BQ=AP’; these are not equal, hence y is dis- 
continuous at A. In Fig. 10, BQ becomes infinite when 
h=0, and y is discontinuous. 

When the function changes abruptly from one finite value 
to another finite value it is said to have finite discontinuity: 
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when the function becomes infinite it is said to have infinite 
discontinuity. 


fe) BOA xX 
Hig. 8. Fig. Y. Fig. 10. 


1 
Ex. 1. f(t) =4 has finite discontinuity at x=0. For, when 
27 +1 

h=0, &/(h) =0 and £f(—h)=1. Thus when z increases through 
the value 0 the function drops suddenly in value from slightly 
less than 1 to slightly more than 0, without passing through the 
intermediate values. It cannot be said to have any value when 
x2=0. 

2. The following have infinite discontinuity for x=1: 

(2+1)/(x—-1), (x-1)-#, 30-9) tan $22. 
1 
3. Examine the function 2” for «=0. 


22. Interval. Values of the variable between two assigned 
values a and 6 are said to lie in the interval from a to b. 
The interval may be conveniently indicated by [a, b]. Re- 
versal of a bracket indicates the exclusion of the adjacent 
end value; e.g., [a, b[ indicates values from a to b, including 
a but excluding b. Thus (1—z2?)? is real for the interval 
[—1, 1], (1—2?)-? is continuous for the interval ]—1, 1[. 

23. Increment. Any change in the value of a quantity 
is called an increment or difference of that quantity. An 
increment is positive or negative according as the quantity 
is increased or decreased. The symbols 4x, dx, are used 
for increments or differences of x. 

24. Derivative. Let there be a variable and a function of 
that variable. A particular value of the variable being x 
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let the corresponding value of the function be y. Let x 
receive an increment 4z, and let dy be the corresponding 
increment of y. The limit of 4y/4xz when 4x=0 is called 
the derivative of y. Thus the derivative is the limit of the 
quotient of the increment of the value of the function by 
the increment of the value of the variable when the latter in- 
crement is infinitesimal. The primary object of the Infini- 
tesimal Calculus is to determine this limit for various kinds 
of functions. 

Ex. 1. If y=2?, 4y=(@+ 4x)’ —x? =22 Ax + (4z)?. 

. Ay/4e=22+ de. .. $(4y/dx)=2x when £42 =0. 

Similarly, if y=az?, £(4y/4x) =a .2x, a being any constant. 

2. If y=az', show that £(4y/4z) =a. 32’. 

3. If y=a, 4y=4z, .. dy/de=1, or f£(4y/d4z)=1 (§5). 

Similarly if y=az, £(4y/42z) =a. 

4. y=4e3 —32?+4+ 27-1. 

The method of obtaining 4y/4x shows that the result will be 
the same as if each term were treated separately and the results 
added, also that a constant term disappears in subtracting, 

“. £(4y/ 4x) =4. 32? —3 .22+2 =122? -—62+2. 

25. The general method illustrated in the above examples 
may be described as follows: Let y=f(x). The value of the 
function for the value «+42 of the variable is f(a+4z); 
hence 4y, the increment of function, is f(«+4a)—j(x), and 


Ay _f(z+42)—f(o) 

de da ; 
This expression is simplified and its limit taken when 4x=0. 
This limit is the derivative, and is, for various values of z, 
a new function of x. It is called the derived function, or 
derivative function, or simply the derivative, of the given 
function. Let it be written j’(z). Thus if j(x) =2?, j’(x) =22; 
if f(x) =a23, f(x) =3a2?; if f(~)=2? +202, jf’ (x) =2(e+a). 

It should be noticed that there cannot be a limit (a deriv- 
ative) unless dy +0 as well as 42; i.e., unless £/(a+4z) = f(x) 
when 4xr=0, or (§ 21) unless f(x) is continuous for the value 
of x in question. 
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26. Ge metricalillustration. Let y=/(xr) be the equation * 
of a curve of which P(z, y) is a 
point. Then 4y/4z is the slope or 
gradient of the secant PQ. When 
4xz=0, Q approaches P, and the limit 
of position of the secant is (by defi- 
nition) the tangent at P. Hence 
£(4y/Az) or f(z) is tan ¢, the slope Sh ie eee ae 
of the tangent at (x, y). Thus for dees 2 
the curve y=2?, tan @=22; for y=23, tan 6=322. 

27. Differential. Def. The differential of the variable of 
a function is any increment of that variable; the differential 
of the function is the derivative of the function multiplied 
by the differential of the variable. 

The letter d is used as an abbreviation for ‘the differential 
of.” If then y or f(x) is a function of z, the definition states 
that dz is any increment of z, and that dy or df(z) is f’ (x) dz.t 


dy gp. Ay Ke 
Hence cael (@) =a when 4z=0. 


Thus dz and dy are defined in such a way that dy/dz is equal to 
the limit of 4y/d4z, or the differential quotient is the limit of 
the difference or increment-quo- 
tient. 

Geometrically, dy/dz is the 
slope ¢ of the tangent at (z, y), 
Fig. 12, and dy is the increment 
of the ordinate of the tangent 

o # 4x —* corresponding to the increment 

ee dz of the abscissa. It should be 

noticed that, although dz may have any value, the value of 
dy/dz is independent of dz. 


* The angle between the axes is assumed to be a right angle in all 
cases unless the contrary is mentioned. 

+ From its position as a multiplier of dx the derivative /’(x) is also 
called the differential coefficient of /(z). ; ; 

{ If the angle between the axes is w, dy/dx=sin $/sin (w— 4). 


CHAPTER III. 
DIFFERENTIAL OF A POWER, A PRODUCT, AND A QUOTIENT. 


28. The operation of obtaining derivatives or differentials 
is called differentiation. 

We now consider a few general formule which will assist 
in differentiating, first showing that the differential of the 
algebraical sum of any finite number of terms is equal to 
the algebraical sum of the differentials of the terms; also 
that a constant factor in a term appears as a factor in the 
differential of that term, and that a constant term dis- 
appears in differentiating, or has 0 for its differential. 

Let y=au+v—w+tc, where u, v, w are continuous func- 
tions of x, and a and ¢ are constants. Let the increment 
4x in x cause increments Ju, 4v, 4w in u, v, w, Ay being 
the resultant increment of y. Then 


Ay =[a(u+ du) + (v+ 4v) —(w+4w) +c]—(au+v—w-+e) 
=a du+d4v—Avw. 
Ay _ Au dv dw 


< Ax i. as Ax’ 
Hence, taking the limits when 4r=0, 


ay Sy eet 
Wer ag hae qa’ °F dy=a du+dv—dw. 


“. dau+v—w+c)=a du+dv—dw. 


29. Differential of a power. Let v be a function of 2, to 
find d(v"), n being any constant. Let y=v". Then 


4y=(v +do)r— orm or], (1 +2) "1, 
16 
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Taking 4v|<|\v, expanding by the binomial theorem, and 
dividing by 4z, 


4y m—1 Av n—1 4v 
Dicer aL £2 e+... 
Taking the limits when 4x=0, and .*. dv also=0, 
dy _ m1 dv 
dx dx’ 
or d(v”) =nv"—! dv. (A) 


This result is true for all values of n. The case in which 
n= % deserves special mention; (A) then becomes 


avr) = (B) 


Vv 
When n= —1, (A) becomes 


a(2)=-2. B,) 
Ex. 1. d(2’) =5z' dz. 


2. d(3a°+2) =3d(x’) =152 dz. 
3. d(3r*—22’+6) =3 . 425 dx —2. 2x dx =4x (347 —-1)dz. 
4, dW/ x? =d(x3) =3a-3 dz. 


2d 
5. a(=) =d(2—-3) = —22-" dg = ———, 


x 
6. d(a?+2)?=3(a?+27)? d(a?+2’) 
=3(a?4+27)? 22 dx =62z(a?+27)? dz. 
In this example v =a?+2’, and n=3, a being constant. 


a—b b 
Ss =d(ax+bx?)-3 
= —3(ax+ br?) 2 1 d(ax+bx?) = —3(ax+bx?)-3(a+2be) dx. 
9. dVaiaat - 2) — by (B), _- = Fe 
10. ¢(=~) = Se by (Bi), =r oe 
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30. Differential of a product. Let y=wv, where u and v 
are functions of x. Then 
Ay=(ut+4u)(v+ 4v)—uwv=0 dutu dvt+du dv. 
Ay _ Au Av Ww” 


ds ede eae: 
or d(uv)=v du+u dv. (C) 
Similarly, d(uvw) =vw du+wu dv+uv dw. (C;) 


Ex. d(4x+3)(2?—1) =(a?—1)d(4x+3)+ (4%4+3)d(a? -1) 
=(x%?—1)4 dx+ (44+3)2a dx =2(62?+ 3x —2)da. 


31. Differential of a quotient or fraction. Let the frac- 
tion be u/v, uw and v both being variable. Then 


a(*) =a(uz) -* au+u(—%), ol © eis ae 


Hence ‘C) ae alee whe (D) 
v De 
E a(5—) @ +d’ —1)-—-@—ld@+1) ards 
ve+1 (v?+1)? ~ (@?+1)* 
EXAMPLES, 


. da? —2x*)§ = —62(a? —2”)*dax. 
. dV 14a? =2 de/V1+2". 
. If f(x) =ax?+2ba+c, f(x) =2(ax+b).* 
y=V 08 —a*, dy/dx =30?/2V 23 —a', 
d[ax(x? —1)(a+1)]=a(a+1)(4a? —x —1)dz. 

(ay = 8x? dx 

vt+1 (xt*+1)? 

. dit2)V1 —2 =(1—32)dx/2V1 —2. 


NO ak Wr 


* 7’ (x) =df (x) /da, § 27. 


30, 31.] POWER. PRODUCT. QUOTIENT, 


: y=3(a +bax?), dy=10bx(a+ba?)idz. 

. Y= Va? + (b=) dy (a —b)dx/V a? +(b—2x)*. 
. y=(a'—25)-, dy/dz =32?/(a? —x°)?. 

. y=23/(a+2)’, dy/dz=(38a+2z)x?/(a+z)%. 
y= Ve = 2, dy= —2 de/V a? —2?. 

. y=V 20a —2?, dy=(a—2x)dx/V 2ax — 2. 

. y=x’ /(a*? —2?), dy/dx= (3a? —2x”)x?/(a? —x”)*, 
5. d[an/(1+2)"]=nar— dx/(1+a)=t+}, 
Ot) — Drow /(a—2)*. 

. y= /V1 +a, dy/dxe =22/(1+24)3, 

. y=(a—a)/V 2, dy/dx =(a+zx)/2V 23, 

. y=ax/V 2ax —x?, dy/dz =a°x/(2ax —2?)3, 


yo [2 q adx 
a—a’ “4 (a—2)V a? —2? 


- Y=2a/V a? +27, dy =2a? dx/(a?+27):, 


. y=a(a?+a2)Va?—2?, dy/dx =(a'+a'x? —42*)/V a? —2x. 
. f(a)=V tt V1 $04, fl (2) =V 24 V1 $22 /2V1 427. 
2 2 
: Aaa Differentiating each term, 
20 dx 2y dy _9 . dy va 
a Vion Ait ay” 


. y?=4az, dy/dx =(a/x)* =2a/y. 
. xyt+b'x —a’y =0, dy/dx =(b?+2ry)/(a’—x"). 
. +y%=3ary, dy/dx = —(x*—ay)/(y’—az). 


. wy —azy?=a', dy/dx =(y? —2zry)/(x? —2zy). 
1 dx dy 
. If y=—, show that ———+——— =0. 
uy Vita Vi+yt 
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CHAPTER IV. 


TANGENTS AND NORMALS. 


32. Let P and Q be two points near one another on a 
curve of which the equation is given. Let the codrdinates 
of P be (a, y), then x=OA, y=AP. When z has the in- 


idnier, Gy. Higa a4: 


crement 4x or AB, the new value of y is BQ, hence CQ is Ay. 
Let the tangent at P make an angle ¢ with the z-axis. Then 
as in § 26, when Q approaches P as a limit of position, 4z=0, 
and 

tan d=f£ tan CPQ=£(4y/dAx) =dy/de. 


Let the length of the curve measured from some point up 
to P be s, and let the length of the are PQ be 4s, and the 
length of the chord PQ be gq. Then 


cos = £ cos CPQ= £(42/q) =f£(4x/ds) ($17) =dzx/ds. 
Similarly, sin 6=dy/ds. 
dy 


Thus, cos o-G (iy), sin?=—- (2), tan p= SU (8). 
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Squaring (1) and (2) and adding, 


_ (de\? , (dy\? 
1=(%) He) 


ds? = dx? + dy?. 


Bags 1.5. litres ANGy, 


These relations show that if dz is PD (Figs. 15, 16), dy 
is DE, and ds is PE. 
dx ds 
pF the tangent T Ba ee 


the subnormal AN=y oe the normal NP=y . 


33. The subtangent TA=y 


The intercepts of the tangent on the axes are 


Of =2-y5, OS=—OT tan $=y—a. 


d 
Also, Y-"N= (54) @—a) 


is the equation of the tangent, and 
=) 
—y,=—(—) («-2z 
yu ( ae 1) 


* Powers of a differential dx are written dx’, dx’,etc. They must 
be distinguished from d(x?), d(x), etc., which are differentials of 
powers of 2. 

+ The line-segments known as the tangent and normal are the 
portions of the tangent and normal which join the z-axis to the point 
of contact. 
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the equation of the normal, at a point whose codrdinates 
are (21, y1), the parentheses ( ),; indicating the particular 
value which the enclosed quantity has when 2; and y are 
substituted for x and y. 

It will be convenient to take dz as +, i.e., measured in 
the + direction of the z-axis, and to suppose ¢ to be a 
positive or a negative acute angle; hence cos ¢@ and ds are 
always +, and sing and tan ¢ have the same sign as dy. 
It should be noticed that the curve rises or falls (y increases 
or decreases) according as dy is + or —. 


EXAMPLES. 


1. The curve a’y=2z(x?—a’), Fig. 17. 

Differentiating we have tan ¢=dy/dx =(3x?—a’)/a’, 

At the origin x=0, ..tang=-—1 and -. ¢=—465°, 
AtAorB,x=x+a, .“. tan¢g=2 and ¢=63° 26’. 
When x= +a/V3, tan¢=0, .. $=0. 


—_— 


Imig U7 Hie. 18. 
The equation of the tangent at any point (2,, y,) is 


382,?—a? 
a? 


Fa ( ) (x —a,). 

2. The common parabola y’ =4az. 

Differentiating each term, 2ydy=4adz, .. dy/dx=2a/y. 

/. y-y, =(2a/y;)(u@—2,) is the equation of the tangent at 
(x,, y,), and reduces to y:y=2a(z+2,). The subnormal =y dy/dz 
=2a, a constant. 

3. The equation xt + yt =a’ represents an astroid, or four-cusped 
hypocycloid (Fig. 18), i.e., the locus of a point in the circum- 
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ference of a circle which rolls inside the circumference of a fixed 
circle, the diameter of the latter being four times that of the former. 
Differentiating the equation, we get 3z~+ dr+ 3y—+ dy =0, whence 
dx/dy = —(x/y)*. The intercepts of the tangent on the axes 
will be found to be a? z* and at y+. Squaring, adding, and taking 
the square root we find that the part of the tangent intercepted 
between the axes is of constant length, viz.,a. Hence, if a straight 
line of length a slide with its extremities on two given lines at 
right angles to one another, it will constantly touch this curve. 

4. To find tan ¢ at any point of the curve 2?y —xy?=2. 

Differentiating each term by (C), 


x* dy+2xy dx —2xy dy —y’ dx =0, 
.. dy/dz =(y? —2xy)/(x? —2zy). 


5. Find the equations of the tangents at the points (—1, 1), 
(2, 1) on this curve. Ans. x—y+2=0, x=2. 

6. Of the rectangular hyperbola zy =k? show that 

(1) the equation of the tangent at (2, y,) is v/a, +y/y, =2, 

(2) the equation of the normal at (k, k) is y=2, 

(3) the subtangent always = —the abscissa, 

(4) the tangent makes with the axes a triangle of constant 
area, viz., 2k’. 

7. Show that the tangent to the curve («+a)’y =a’z is parallel 
to the axis of « when x =a, perpendicular to it when x= —a, and 
that the tangent at the origin bisects the angle between the axes. 

8. Find the equations of the tangent and normal at the point 
(a, a) on the curve ay?=2%. Ans. 3x—2y=a, 24+3y =5a. 

Also show that the subtangent = $a, the subnormal = $a, the 
tangent =4aV 13, the normal =hav'13. 

9. On the curve x2’y+b’x=a’*y, show that tan ¢=b?/a’? when 
x =0, 20b?/9a? when x =4a, and 5b?/9a? when x =2a. 

10. Show that the curves y(4+2’) =8, 4y=2’, intersect at an 
angle tan—' 3. 

11. Find the equations of the tangents of the following curves 
at the given points: 


(1) zy=1+<2' at (1, 2). Ans. x—y+1=0. 
(2) 2?+y?=25 at (2, 2). 22 —y =2. 
(3) amty2 =a! at (2, 2). (n+2)a—ny =4. 
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(4) aa ab (44): 32,’2 —a’y = 22,3. 
(5) y" ae ae (Gry) = fr Ee 
(6) 7 +G-1 at (x1, Yi). oS =1. 


12. 4ay=4+2°; show taat at (2, $) the SNE the 
pa etaneent 2, the normal =*s, the tangent = 

13. y2=32+1; show that when y=—4 the subnormal = $, 
the subtangent —*2, the normal = —$V73, the tangent =$V73. 

14. 2t+yt =a, Fig. 18; show that ds =(a/x)*dz. 

15. Find an expression for the length of the perpendicular 
from the origin on the tangent at any point (z, y) of any curve. 

Ans. (x dy—y dx) /ds. 

16. In the case of the parabola y?=4az, show that the length 

of this perpendicular =2Va/(a+z). 


CHAPTER V. 
DIFFERENTIALS OF EXPONENTIALS AND LOGARITHMS. 


34. Differentials of the exponentials av and e*. Let a 
be any constant, v any function of x Then 


A(a’) =q?t4o_ gv— a®(a27— 1) 


=a A 4v+4A?2(4v)?+...], A=logea, 


by the exponential theorem, the series being convergent for 

all values of dv. 
PAG 
ee eae 


dv 
Aa? yaa Av Asics )y 


and taking the limits, 
dia") _, ,d@ 
dx Bee oar 


or d(a”) = Aa’ dv. (E) 


When a=e=2.71828..., Ais 1. Hence 
d(e”) =e? dv. (F) 
Ex. 1. dict”) =e d(3z) =3e" de. 


2. d(e-*) =e-* d( —x) = —e-* dz. 
3. d(2-*) = (loge 2)2-* d( —x) = — (loge 2)2-* dz. 


35. Differentials of logarithms. First suppose the loga- 
rithms to be Napierian (or hyperbolic or natural) logarithms, 


the base being e=2°71828... Let y=loge v, 
25 
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then v=ev, .. dv=e’ dy=vdy, 


*. dy, or d(loge r=, (G) 


Secondly, let the base be any number a. Then °.° loga v= 
M loge v, where M=1/loge a, or =loga e, 


“. d(loga v)=M °. (G;) 


M is the modulus of the system of logarithms with base a. 
Unless the contrary is indicated, the logarithms are always 
assumed to be Napierian. 


Ex. 1. d log (axv’) =d(az*)/ax' =3 ax? dx/ax? =3 dx/x. 
2. d(x log x) =log x dx+- d(log x) = (log «+1)dz. 


36. To differentiate u*, where both w and v are variable 
“quantities. Let y=w?, then log y= (log u)v; hence, differen- 
tiating, 


dy d 


y du ; we du 
Tae = tT Mos WAV, ok dy=ylv =, t (log w) dv | 


J. d(ur) =v u®! du (log u)u? dv, (Ge) 


i.e., the differential is obtained by supposing wu and y in 
turn to vary while the other remains constant, and adding 
the results. 

37. When an expression is made up of factors it is often 
simpler to take logarithms before differentiating. 


Ex. y =(a+1)#(2+3)2/(e+4)4, 
log y=4 log (ex +1)+# log (+3) —4 log (x+4), 
dy 1 dx 9 dz dx 


y 2e+1'22+3 244’ 
whence dy. 
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EXAMPLES, 
z—a_ 1 dz » 
ata 2a x?—a 
2. y=log (x/V1+ 2?) =log x—4 log (1+2"), dy=dx/(e+2"). 
3. f(x) =Vr—log 14+ V2), f(x) =4(1+V 2)-. 
4. dlog (a+ Va? +a?) =dx/V 2? +a’. 
5. y=log [e*/(1+e*)], dy=dxr/(1+e*). 
6. y=e™, dy=ne™x"— dz. 
7 
8 
9 
10 


1 
I. 95, 6 [log (tx—a)—log (x+a)], dy= 


. dlog (Vx—a+ V2 —b) =4dx/V (x —a)(x —b). 
3 WG 67 = (e") ee = (fe) 4 ig", dy =a x'-! dz. 
. A(x”) =(1+log x)x* dx. 
~y=l4taze%, dxr=(2—y) dy/e’. 
11. y=log (y/z), (1—y)e dy=y dz. 
12. Differentiate y=uv, y=uvw, and y=u/v, after taking 
logarithms, and compare the results with formule (C), (C,), and (D). 
13. Differentiate y=v" after taking logarithms, thus showing 
that d(v™) =nv—! dv. 
14. Show that the subtangent of the exponential curve y=a* 
is constant and =logae. 
15. Find the subnormal of the curve y? =a? log z. 
Ans. a?/22. 


CHAPTER VI. 


DIFFERENTIALS OF DIRECT CIRCULAR (TRIGONOMET- 
RICAL) FUNCTIONS. 


38. To differentiate sin v. Suppose v to be a function of 
9. Then 4 sin v=sin (v+ 4v) —sin v=2 cos (v+44v) sin $4v,* 


oe ce mn v By 8 t a (§17) 
d sin v v 
or qo °°8° a9 
.. @8in v=cos v dv. (1) 
Similarly, d cos v= —sin v dv. (2) 


39. The differentials of the remaining functions may be 
found by first expressing them in terms of sine and cosine 
The results with (1) and (2) above are: fT 


d sin v =cos v dv, (H) 

d cos v = —sin v dv, (1) 

@ tan v =sec?» dv, (J) 

d cot v = —cosec?v dv, (K) 

> d sec v =sec v tan v dv, (L) 
d cosec v = —cosec v cot v dv. (M) 


* Since sin A —sin B=2 cos 4(A+B) sin (A —B). 
+ To these results may be added: 
d vers v=d(1—cos v) =sin v dv, 
d covers v=d(1 —sin v) = —cos v dv. 
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CONBAPWNHH 


26. 


EXAMPLES, 


. dsin n0 =cas nO d(n0) =n cos né dé. 
. dsin (tan 6) =cos (tan @) d(tan @)=cos (tan @) sec?0 dé. 


y=tand0—0, dy=tan’d dd. 
d(40 —4+ sin 20) =sin’0 dé. 


. d(40+4 sin 26) =cos?0 dd. 

. d(sec 0+tan 6) =(1+sin 0) d0/cos? 0. 
. y=Ftan’x—tanxz+sz, dy=tan‘e de. 
. J(x) =sin «-4sin*z, f’ (x) =cos*z. 

. d(sin2z cos’z) =4 sin 4a dz. 

. y=log tan 40, dy=cosec 6d). 

. y=log tan (4z+46), dy=sec 0d. 

. d(sec 6+log tan 40) =sec’@ cosec 0 d9, 


( sin x ) (cos’x —sin°x)dx 
1+tan x (sin 2+cos.2)? * 


. {(z) =sin (log x), /’(x) =a-' cos (log 2). 

. de® cos x =e" (cos x—sin x) dz. 

. dlog sin 0=cot 6 d0. 

. dlog cos = —tan 0 dé. 

. dlog tan 0=sec @ cosec 0 dd. 

. dlog sec 0=tan 6 dd. 

. dlog (sec 6+tan 0) =sec 0 dd. 

. y=log Vsin z+log Vcos 2, dy/dx =cot 2a. 
. y=2/(1+tan 42), dy/dx = —1/(1+sin z). 

. dlogv (1—cos 0)/(1+ cos 0) =cosec 0 dé. 

. dsin né sinr@ =n sin’—'0 sin (n+1) 0d0. 

. By differentiating sin 20 =2 sin 6 cos @, show that 


cos 20 =c0s20 —sin?0. 


The cycloid. This is the curve traced by a point in the 


zircumference of a circle which rolls along a straight line, Fig. 19. 
Let 0=the angle through which the circle (of radius a) rolls 
while the tracing-point moves from O to P. 


Then 


2=OM =OB—MB=arc PB—PD=a0—asin 8, 
y=MP=BC —DC =a—a cos 8. 


From these two results 0 may be eliminated; but as the result- 
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ing equation is not algebraical we shall suppose the locus deter- 
mined by the simultaneous equations 


x=a(?—sin 9), y=a(l—cos @). 


\eives, JIG), 


For a single arch of the curve 6 varies from 0 to 2z; for greater 
or smaller values of @ the curve is repeated indefinitely in both 
directions. 

Produce BC to meet the circle in EH, then PE is the tangent 
and PB the normal at P. For 


dx =a(1—cos 0)d0=BDd0, dy=asin 06d0=DP dé, 
*, if the tangent makes an angle ¢ with the axis of 2, 
tan ¢=dy/dx =DP: BD =tan DBP =tan DPE, 


BPE. an angle in a semicircle, being a right angle. Therefore PE 
is the tangent. Hence af each instant the circle may be supposed 


to be turning about its lowest point as an instantaneous centre 
of rotation. 


Since CE=CP,CEP=}0, .-. the normal PB=2a sin}0. 
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27. If the axes of the cycloid be taken as in Fig. 20, its equa- 
tions are 
z=a(l—cos @), y=a(@+sin 8), 
6 being the angle through which the circle has rolled from R. 
The locus of Q (of D in Fig. 19) is called the “companion to 
the cycloid.” Its equations are 


x=a(l—cos 0), y=ad. 


Show that in this curve tan ¢=cosec 0, and hence that ¢ is least 
when z =a. 
23. At any point of the cycloid, show that 


a/ yy 
dy eae = v Fig. 19, 


? 


dx y 

9 / Ser) 
pani ea. as 30. : 
dx i a 


29. In the cycloid, Fig. 20, show that 
ds/da = (2a)/x. 


CHAPTER VII. 


DIFFERENTIALS OF INVERSE CIRCULAR (TRIGONOMET- 
RICAL) FUNCTIONS. 
: ; ; v ‘ 
40. To differentiate sin! ee the radian measure of the 
angle whose sine is v/a, a being a constant. 


Let y=sin“} = then v=a sin y. 


3 al be 
“. dv=a cos y dy=ay)1—%5 dy=V a —w dy... dy or 


v dv * dv 


d sin“! ae (N) sor od aS eae i a=. 
Similarly, 
d d ; 
d cos} “= ss (N,), or dcos y= 254 =) if a=1; 
at 1 0_ adv (P) PR ae rope eee fanent 
an. Pag eR: 0 Ol: an a ee 1 ==; 
4 
d cot7} “= Se ee (P}), or dcot v= eae if “a= 1: 
adv d ; 
d sect = (QY, “or d see ty= >, if a=; 
ey) adv dv 
d cosec7! —- = — ———. or dcosec—ly= ——— 
a i age (Qi), v wines 


if: a=], 

* This formula should be preceded by a minus sign if cos y ae 
i.e., if the angle is a second or third quadrant angle (see Fig. 7). The 
formule as given may be supposed to apply only to first-quadrant angles 
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» y=tan—'z+log 2 =, dy= 


a d y 2 
Rea 
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EXAMPLES. 
2 
. dsin-! (22?) = id OO ed 2 = 
V1—(227)? V1 —4z! 
—1 
. d(log tan—'z) wc Mes de - 
tan=42 (A se?) tan—'x 
. dsin—' ae , 4. dcos-!— eee 
1 —9x? Lo aWV za? 
3 dsin-! ~—* = SS 6. d cos out ies, 
Zo gV2ax—a? 2 /2ax—2? 
‘ g 2xd 
: dsin-'* = ties : 8. d ie Po 
a’ /qi—yz! an ea 


. asec Vita? =dx/(1+2?). 

. dtan (V14+2?—2) = —4dx/(14+2). 

. dsin (¢/V 142?) =dr/(1+2?). 

. dsin-![(1 —x?)/(1+2?)] = —2dz/(1+2”). 
. dtan—! [22/(1 —x?)| =2dr/(1+2?). 

. dsin-'Vsin « =4V 1+ cosec x dz. 


d 
; dvers-'— =d cos! (1 -=) z 


a V/2an —x? 


: asin fP=2 bef oee. 
b-a 2V7(r—a)(b—2z) 
7 yeosn (#/a)+ Va? —2?, dy =dxV (a—2)/(a+2). 
. y=V2?—a?—a sec"! (e/a), dy=dxVx?—a?/z. 
: y =p lpia ep — oye V1+2?, dy =tan—'z dz. 


(1+x) dx 
V1 44? x(1+2)° 


x a’ dx xt—a* 


CHAPTER VIII. 


DIFFERENTIALS OF HYPERBOLIC FUNCTIONS. 


41. Def. The quantities }(e*—e-*), 4(e*+e7*) are called, 


ldite, Al. 


respectively, the hyperbolic sine (sinh x *) and hyperbolic 
cosine (cosh x) of x The hyperbolic tangent of x is defined 


* This may be read ‘‘sine h of a.” 
, 34 
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to be sinhz/cosh x, and the hyperbolic secant, cosecant, 
and cotangent to be the reciprocals of the cosine, sine, and 
tangent. respectively. 

The graphs of the functions are represented in Fig. 21. 
Observe that sinh x may have any value, cosh x5 1, 
tanhx>—1 and <1, cothz>1 or <—1l, ete., sinhO=0, 
cosh 0=1, ete. 

The fundamental relations 


cosh22—sinh2a=1, sech?x—1—tanh?2, 
cosech24=coth?a—1, 


are easily verified. 
The differentials of the hyperbolic functions are similar to 


those of the circular functions. Only the most important 
are given here. (For the others see Appendix, Note C.) 
Differentiating sinh v=}(e?—e~%), cosh v=4(e+e7), we 
have 
dsinh v=cosh v dv, 


d cosh v=sinh v dv, 


whence may be deduced 


: v dv 
d sinh7! -=—==, 
v dv 
d cosh7? —- ===, 
a WV y2—a? 
adv 


Vv 
d tanh"! ee. »| <i la, 


el adv 


d coth*= paw v|>|a. 
EXAMPLES. 
1. y=log cosh z, dy/dx=tanh x 
ae ri 
Leelee Be ee eae 
2. y=sec Fao a dy aN nar Pe \: 
my 
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oF y=2rVart+arta? sinh! (z/a), dy/dx =2V a? +27. 


A/ yt 2 
Ah ee ee -log(** =) 
a a 
a il a 
asia es —— 
tanh ae log (= 2 


[Let sinh-!2/a=z and e?=u. Then 2x/a=sinh z=}(u—u-'), 
Solve for wu in terms of 2.] 
5. Gudermannian. If «=log tan (4x+40), or log (sec 0-++tan@), 
6 is called the gudermannian of x (gd a) and w is gd—10.* Prove 
that 
d gd x=sech 2 dz, 


d gd—'x =sec x dz. 
(Differentiate, gd w=2 tan—'e*—}2, and 
gd-'x =log (sec x+tan 2).] 

6. If «=log (sec 0+tan 0), prove that 


cosh e=sec 0, sinhx=tan 0, tanh z= sin 0, 


* The inverse gudermannian gd—'0 is also wriiten A(0), i.e., 
A(@) =log tan (47+ 40) =log (see 0+ tan 6). 


CHAPTER IX. 
DIFFERENTIALS AS INFINITESIMALS. 


42. Let y be a function of x, dx an increment of z, and 
suppose y and its derivative to be continuous from z to 
xz+dzx. Let dy, dy, be the increment and differential of y 
corresponding to dz. Let dz 
become smaller and smaller and 
=(, then 4y and (in general) dy 
are also infinitesimals. Since 

Ay _ dy , dy dy. 
ame o eo ($ 8) 
where 7 is infinitesimal. Hence 

Ay=dy+I, (1) 
where J is an infinitesimal of an order higher than that of 
dx and dy. 

If dy40, I/dy+0, and J becomes a very small part of dy. 
Hence dy, when very small, is a close approximation to dy. 
In reality (1) implies that dy is what remains of 4y when 
the higher infinitesimals are omitted; in other words, if 
higher infinitesimals are left out of account dy may be used 
as if it were the increment of y corresponding to the incre- 
ment dz of x. 

If y=f(x), (1) may be written 


f(z+dax)—f(x)=f a)dr+I, (2) 


where J/dz=0, and hence J is a very small part of dx when 
dx is very small. 
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43. Differentiation by the omission of the higher infini- 
tesimals is much used in the practical applications of the 
subject, and may be illustrated by the following examples. 
It must be remembered that dz is now regarded as infini- 
tesimal, and that the higher infinitesimals are not omitted 
because they are of trifling numerical value, but because 
they do not affect the final limit expressed by dy/dx. (See 
§ 17.) 


Ex. 1. If y=a, dy=(4+dx)"—x™ 
=ar+nar—'da+...—a"™=nar'drt+..., 


the terms indicated by ... being higher infinitesimals. When 
these terms are omitted 4 changes into d. 


Le) = Tt e 
2. y=er, dy =et+ 92 — et = et (e4% —]) =e%(1+dr+...—1). 
.. dy=e* dx. 
3. y=sinz, 4y=sin (x+dr)—sin x 
=sin x cos dx+cos x sin dx —sin x. 
But cos dx=1+1,, sindr=dzx+Is, (§ 16). 
.. dy=cos x dz. 
4. To find the differential of the area A, Fig. 23. 
Y 


0) % 
UES 2B Pras 
For the increment dz of x the increment 4A of the area=PMNQ 


=PN+PRQ. PN =y dz, and PRQ isa part of RS, which =dxr 4y 
and is .’. a higher infinitesimal. 


o. dA =y dz. 
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For example, for the curve y=’, Fig. 24, dA =x? dz, hence the 
relation connecting A and 2 is in fe case A= =473, 

5. Barometric mzasurement of heights. Let w, be the weight 
of a cubic inch of air at pressure py. Then the weight of a cubic 
inch at pressure p is (Boyle’s law) wyp/py, if the temperature is 
the same as before. Of a column of air of uniform temperature 
and one square inch in horizontal section consider the portion 
between sections at distances x, x+dz from the top, and let p, 
p+ 4p be the pressures at top and bottom of this portion. Then 
Ap is the weight of this portion, dz its volume, its average pressure 
>p and <p+4p and is therefore p+7, where 7 is infinitesimal. 
Hence 


w(ptt) i Wo Po ap 
Ap = ———- dz, .«. dp=—pdz, or dx=— —. 
s Po e Po i Wo P 
This shows that the relation connecting x and p is 
a =; 108 (D a0 G (1) 


where c is a constant. Let the pressures at top and bottom of 
the whole column be P,, P2, and h the total depth. Then p=P, 
when x=0, and p=P: when x=h. Substituting in (1) and 
subtracting, 


ee = hes (3) 
h is (log P2—log P,) zs og rar 
The values of the constants p, and w, are to be supplied from 
experiment. 
MisceLLANEOUS EXAMPLES, 


dy _y?(1 —log 2) 
de 27 (l=logy)” 


1. 24 =y?, show that 


eat) 
2. Iiz=e % , dy/dx=log x/(1+log x)’. 


—1 dx 
3. d [toe (ae tans | ree 


b+acos 5) Va? —b? dx 
a+bcosz a+bcosz’ 


4, dcos“' ( 
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5. Find the derivative of x with respect to tan x. 
Ans. cos*x. 
6. Find the derivative of sin—'% with respect to V 1—2’. 
Ans. —a-', 
7. Differentiate tan x directly.* 
8. Differentiate tan—‘x directly.t 
OS Th Ha) .<loe (7), show that) -i(F2). 
10. If (e—a)* is a factor of /(x), show that (~—a)"—' is a factor 
of j’(x). [Assume f(x) =(x—a)"F(x)]. 
Hence explain a method of finding the equal roots of an alge- 
braical equation. 
11. If f(x) contains a factor (c—a)-! which causes it to be 
infinite when x = a, show that /’(x) is also infinite. 
12. A function /(x) is said to be an even function of its variable 
x if f(—x)=f(x), and an odd function if f(—7)=—f(x). What 
are the geometrical peculiarities of the graphs of such functions? 
Show that the following are even functions: 


cosa, xsinz, (e*—e-*)/x, x/(e*—1)+4z2. 
Show that the following are odd functions: 
zisecaz, tanhz, log (sec x+tan x). 


13. Show that cosh-1z and sech-12 are double-valued funcec- 
tions. 


* tan A—tan B=sin (A—B)/cos A cos B. 
f tan—!m—tan—!n=tan—'(m—n)/(1+mn), 


CHAPTER X. 
FUNCTIONS OF MORE THAN ONE VARIABLE. 


44. Such functions may be differentiated by the formule 
already given. 


Ex. 1. u=(x+y’)*. Here u is to be regarded as a function of x 
and y, both of which are assumed to have differentials. We 
have 


du=3(a+y’)? d(jat+y’) =3(a+y’)*(dx+ 2y dy), 
-. du=3(r+y’)? dx+6y(a+y’)? dy. 


_ydu—xdy_ dx _—_xdy 
yV y? —2x? Vyi — 2 yVy?—a? 


45. Partial differentials and derivatives. It will be ob- 
served in these examples that the first term of the result is 
what we should have obtained if we had differentiated w on 
the supposition that x alone varied, y being regarded as a 
constant; let this be written d,w. The second term is what 
we should have obtained if we had differentiated on the 
supposition that y alone varied, and this we calld,u. Hence 
in these examples 

du=d,u+dyu. 
41 
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The same thing is true for all continuous functions of two 
variables. For, if we differentiate by the ordinary methods, 
we shall in every case get a result which may be written 


du=M dx+N dy, 


where M and N may contain x and y, but not dz or dy. If 
dy=0, the right-hand side reduces to M dz, which is therefore 
du, the differential of w on the supposition that y is constant 
(i.e., dy=0) while x varies. Similarly N dy is d,u, the differ- 
ential of wu on the supposition that y alone varies. 
“. du=d,ut+dyu. (1) 

The differentials dru, dw are called partial differentials 
of wu with regard to x or y, du being called the total differ- 
ential of u. The total differential is therefore equal to the 
sum of the partial differentials. 

Similarly if u is a function of three variables z, y, z, 


du=d,u+dyut+du. (2) 


It should be noticed that formule (C), (Ci), (D), (Gg) are 
particular cases of functions of two or more variables. 
The result (1) may be put into the form 
du dyu 
Tp et rf dy, (3) 
which brings out clearly the fact that the coefficients of 
dx and dy are the partial derivatives of uw, which are equal 


to the partial differential quotients. The subscripts are 
usually omitted, (3) becoming 


du= 


du du 
The symbol 0 is frequently employed to express partial 


differential quotients or derivatives, (4) being written * 


du= 


Ou Ou 
CU pars dy. (5) 


—__—__—_. 


* du/dx may be read “partial du by dz.” 
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Ex. 1. w=sin («’?+2y). Differentiating, first regarding x only 
as variable, and afterwards regarding y as the variable, 
du/dx =cos (47+2y).(2a+y), du/dy=cos (x?+2y) x. 
2. u=2>+y>+2° —3xyz, 
du/dz=3(x?—yz), du/dy=3(y?—zz), du/dz=3(2?—xy). 


46. If w=j(x,.y), dx and dy, being differentials of the 
variables, are increments of x and y. If dz and dy are taken 
as infinitesimal increments, du is not the same as du, the 
infinitesimal increment of the function. Since it may be 
obtained by the ordinary rules of differentiating, du is du 
when the higher infinitesimals are omitted (§ 42), or 


Au=dut+I. 


Hence when dz and dy are very small du is a close approxi- 
mation to du. 


EXAMPLES, 


1. w=sin (z?—y?), drw=2z cos (x?—y?) dz, 

dyu = —2y cos (x?—y?) dy. 
2. u=(x—y)/(a@t+y), du=2(y dx—x dy)/(a+y). 
3. u=(ax?+ by?+cz’)”, 


aa 


du=2nu ” (ax dx + by dy +cz dz). 
4. If tan 0=y/a, (x2?+y?) d0=x dy—y dz. 
5. u=ay, dzu=y x dz, dyu=(log x) xv dy. 
.. du=y x! dx+ (log x) a¥ dy, as in (Gz). 
. u=log (e@+e¥), Iu/dx+0u/dy =1. 
. u=tan-‘(x/y), du/dx =y/(z?+y?), Ou/dy = —2/(z?+y?), 


oOo NO 


: Chih Ou 
. u=log (tanx+tan y), sin 20 sin 2u5, =2. 


9. u=logy x, ux 9u/dxt y 9u/dy =0. 
[Note. logy «=loge x/loge y.] 
10. Given x=r cos 0, y=r sin 0, show that 
dx? + dy? =dr’+r? dé, 
x dy—y dx=r’ dé. 
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11. (1) If a function u consists of terms such as axzPy2, and 
p+q is the same number 7 in each of the terms, u is said to be 
homogeneous and of the degree n. Show that for such a function * 

du du 
Pils 
Ox 
(2) If w=}(v) and v is homogeneous as defined, show that 
du, du a 
ata, =nv f’(v). 


These propositions may obviously be extended to functions of 
three or more variables. Verify in the case of Exs. 1 and 3. 


47. Tangent and normal. Let f(x, y)=c (c constant) be 
the equation of a curve. The first member of the equation 
is a function of x and y; calling it w and differentiating the 
equation we have, by § 45 (5), 


nae Ou 
whence dy/dz, the slope of the tangent at (a, y), is— a 
x Y 


Let (a1, yi) be the point of contact of a tangent to 
the curve, (x, y) any other point on the tangent. Then 
x—x, and y—y, are proportional to dx and dy. Hence, 


from (1), 
(32) ce—a)+ (2) w-m)=0 2) 


is the equation of the tangent, and 
C— Ly _ UR ea 
(), &) : 
Ox 1 Oy 1 


the equation of the normal, at (2, yi). These equations 
are often more convenient than those of § 33. 


* A particular case of Huler’s theorem on homogeneous functions 
(Ex. 1, § 234). 
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Ex. Find the equations of the tangent and normal at the 
point (a, a) on the curve 


z+ y'—2a ry =0. 


0u/dx =3x* —2ay =3a?—2a?=a? for (a, a). 
du/dy =3y* —2ax =3a*—2a’=a’? for (a, a). 
. the tangent is a?(x—a)+a?(y—a)=0, or x+y=2a, 
ft) ye 
a? 


and the normal is =, 
a 


or x=y. 


48. Centre ofaconic. Let the general equation of a conic 
be . 
ax* +2hay + by? + 29x +2fy+c=0, 


or u=0. When referred to paralle! axes through the point 
(11, y1) the terms of the first degree are 


2(az, thy, +g)e+2(ha,+byit+fy, 


or & r+ (5%) 
da), | \Oy/ 1” 


The new origin is therefore the centre if (=) =0 and 
Uf 


4 =(. Hence the centre of the conic is the intersection 
Yy/ 1 

of Ou/dx=0 and Ou/oy=0. If the codrdinates of the point 
thus found satisfy the given equation, the centre is on the 
conic, which therefore consists of a pair of straight lines. 


EXAMPLES. 


1. Find the equation of the tangent at any point of the curve 
(x/a)™ + (y/b)™ =2, and show that 2/a+y/b=2 is the tangent at 
the point (a, b). 

2. Show that the length of the perpendicular from the origin 
on the tangent at (x, y) to the curve u=c is 


ut ) VAS. "+ Ge) 
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3. In the case of the curve z3+y3 =a, Fig. 18, show that this 
perpendicular =V/ azy. 
4. In the case of the parabola (x/a)?+(y/b)?=1, show that 
this perpendicular =[abry/(ax+ by}. 
5. Find the centres of the conics 
(1) 2?—4ary —2y?+ 6y =2, Ans. (1, 4). 
(2) 18”?—82y+3y’?+8a —6y —5 =0. (ORD: 


6. Show that 32?+5ry—2y?—x+5y=2 represents a pair of 
straight lines. 


CHAPTER XI. 
SMALL DIFFERENCES 


49. When the differentials of the variables of a function 
are small increments, the differential of the function is a 
close approximation to the increment of the function (§§ 42, 


46). 
EXAMPLES. 


1. Given sin 30° =4, cos 30° =4V3, find sin 30° 1’. 

Here the angle increases by a small amount and it is required 
to find the small increment in the sine. 

We have dsin 6=cos 0d9; cos 0=4V3, d9=60/206265 rdn., 
~. dsin 6='0002519, .*. sin 30° 1’ =*5002519, which is correct to 
the last decimal place. 

2. How much must be added to log,, sin 30° to get log,) sin 30° 1’? 

We have d log sin 6 =cos 8 d@/sin 0 ="0005038, which is the in- 
crease of the Napierian log.; the increase of the common log. is 
obtained by multiplying by the modulus. 


.'. '0005038 X* 4342945 ="0002188 


is the required increment. 
The difference columns in the mathematical tables are found 


or verified in this way. 

3. The radius of a right circular cone is 3 inches and the height 
is 4 inches; if the radius were *006 in. more, and the height ‘003 in. 
less, what would be the change in the volume? 

The volume v=4ar’h, “. dv=4x(2rh dr+r’dh) 


=42(2X3 X4 X'006 —3? X°003) =" 1225 cub. in. 


4, Assuming that the radius of an iron ball increases by *000011 


of its original length for each degree of temperature, what will 
47 
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be the increase in volume of an iron ball of 8 in. radius when the 
temperature is raised 25 degrees? 
The volume v=$zr’, .. dv=4zr? dr 


=4n X8? X25 X°000011 X8 =1.77 cub. in. 


5. In a certain triangle, b =445, c=606, A =62° 51’ 33’’, whence 
a is calculated and found to be 565; it is then noticed that A 
should have been 62° 53’ 31”; what is the correction to a? 

The change in A is 1’ 58’ =118”" =118/206265 rdn. 

Also, a?=b?+c?—2be cos A; differentiating this, supposing b 
and c constant, we have 


2ada=2besinAdA, .. da=bcsin A dA/a 
=445 x 606 X sin 62° 51’ 33” X118/206265 x 565 =" 243. 


An approximate value of sin A is sufficient in this place. 
6. Given loge 900 =6°8024, find loge 901. 


Increase of log «=dx/x =1/900. Ans. 6°8035. 
7. Given log;, 1000 =3, find log,, 1002. Ans. 3°00087. 
8. Find tan 45° 1’. Ans. 1°90058. 


9. On account of the rotation of the earth the correction to 
the weight w of a body is —w cos?4/289, where 2 is the latitude. 
What is the change in this correction for one mile north of lati 
tude 45° N.? the radius of the earth being assumed to be 4000 
miles. Ans. w/(289 x 4000). 

10. Find the relation connecting small differences of ¢ and 6 in 
the equation 

sin h=sin ¢ sin 0+cos ¢ cos 6 cost, 
¢ and h being constant. 

Differentiating and arranging the terms, we get 


We (= p _ tan ’) 


sint tant 


This is the “Equation of Equal Altitudes” in astronomy. 
11. Find the relation connecting small differences of 6 and A 
in the equation 
sin 0=sin ¢ sin h—cos ¢ cosh cos A, 
¢ and h being constant. 
Ans. dA =cos 3 dé/(cos $ cosh sin A). 
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12. In any plane triangle 
(1) da=cos C db+cos Bdc+b sin C dA, 
(e) 7_a__dA _ GB 
@ 6 tanA tanB 
13. The sides a and b of a right-angled triangle ABC (C =90°) 
receive small corrections da and db; what is the change in the 
perpendicular p from the right angle on the hypothenuse? 
dp da, db 
Ans. FORE + pe? 
50. Solution of equations by approximation. If a is a 
value of x, and h a small increment of z, then, § 42 (2), 


f(at+th)—-f@=f/@h, nearly. 


Let {(z)=0 be an equation, a a quantity which is known 
(by trial or otherwise) to be an approximate value of a 
root of the equation, a+h to be that root, where h is small 
compared with a. Then f(a+h)=0. .. h=—f(a)//'@), 
nearly. Hence if a be a first approximation to the root, 


f(a) 

—; 1 

j(@) a 
will be a nearer approximation. If this new value be sub- 
stituted for a in (1), a nearer approximation still will be 
obtained, and with this a closer approximation, and so on. 


or dp=cos*A da +cos*B db, 


a 


Fie. 25. 


If Fig. 25 is the graph of f(r), the roots of the equation 
f(z)=0 are the intercepts of the curve on the z-axis. If 
OA is the true value of a root and OB the assumed value, 
the first corrected value is OC. For, if OB=a, f(a)=BE, 
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/’(a)=tan BCE, .. f(a)/f/(a)=CB. If OC is next assumed, 
the second corrected value is OD. 


EXAMPLES. 


1. #3 —47-2=0. Here /f(x)=2*-—4¢-—2, and f(x) =32x?—4. 
Since /(2)=—2, and /(3)=13, there is a root of the equation 
lying between 2 and 3. Let us then assume 2 as the first approxi- 
mation. Then 


i(2) =2 
Det ee ae OG 
}’(2) 8 
is a second approximation. Again, 
}(2'25) 
Bo pte ee eee EO OY oe =Gy 
2°25 (2D) 2°25 —'035 =2°215, 


a third approximation. 

Since /(0)=—2, and /(—1)=1, there is a root lying between 
0 and —1. Assume it to be —*5. Then the next approximation 
is —'538. Again, taking —’54 as this second approximation we 
find the next to be —*5392. 

Similarly «= —1'676 is the third root. 


2. x?+2x2—-13=0. Ans. 2°069. 
3. c3—2?—-2=0. 1696. 
Ah ip aM 2°024. 
5. 2 —12¢% =200. 2°982. 
6. e%(1+27) =40. 2°046. 
Ko =D 2°129. 
8. #4*—127?+ 127 —3 =0. 2°858, —3°907 


CHAPTER XII. 
MULTIPLE POINTS. 


51. Tangents at the origin. Let it be required to find 
the line which touches the curve #3+y3=3azy, Fig. 28, 
at the origin. 

Differentiating the equation we obtain 


dy/da= — (a? —ay)/(y?—az), 


which for the point (0, 0) assumes the form 0/0. The 
difficulty here met with is avoided by the method now to 
be explained. 

52. If a curve passes through the origin, its equation can 
contain ro constant term; let it be 
ayatbyytagr? + boxy +coy?+...=0. 
For x and y substitute rcos @ and 
r sin 0, where r is the length of a 
straight line drawn from the origin to 
the point (z, y) on the curve, and 0 
is the angle which this line makes 
with the z-axis. The equation be- 
comes 


r(a, cos 0+b, sin 0) +r?(a2q cos?0+...)+...=0. 


One root isr=0, which implies that the curve passes through 
the origin; the remaining roots are given by the equation 


a, cos 0+b; sin 0+r(azg cos? 0+...)+...=0. 
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Another root will =0 if a; cos 0+; sin 0= 0. Hence if 
the tangent at the origin makes an angle ¢ with the z-axis, 
¢ is given by the equation 


a, cos +b, sin 6=0. (1) 


If (z, y) is a point on the tangent at a distance ¢ from 
the origin, cos é=2/t and sin¢@=y/t. Substituting in (1) 
we have a,2+b,y=0 for the equation of the tangent at the 
origin, i.e., the terms of the first degree in the given equa- 
tion, equated to zero, represent the tangent at the origin. 

If there are no terms of the first degree, it may be shown 
in the same way that agx?+bery+coy?=0 is the equation 
of a pair of tangents at the origin; and generally, when the 
origin is a point on the curve, the terms of the lowest degree, 
equated to zero, represent the tangents at the origin. 

53. Multiple points. A point at which there are two or 
more tangents (i.e., where two or more branches of a curve 
intersect) is called a multiple point; it is called a double 
point, a triple point, etc., according as two, three, etc., 
branches intersect at the point. 

When the equation agx?+bory+coy?=0 represents a pair 
of distinct lines the point is called a node (Figs. 27, 28). 

When the lines are coincident the two branches of the 
curve touch one another and the tangent may be considered 
as a double tangent. Such a point is called a cusp, which 
is said to be of the first or second species according as the 
two branches of the curve lie on opposite sides (Figs. 29, 30) 
or on the same side (Fig. 31) of their common tangent; and 
to be double or single according as the branches lie on both 
sides (Fig. 34) or on one side only (Fig. 29) of their common 
normal. A cusp is also called a stationary point; for, con- 
sidering the curve as the path of a moving point, at a cusp 
the point must come to rest and reverse its motion. 

When the lines are imaginary the point is called a con- 
jugate point. The codrdinates of such a point satisfy the 
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equation of the curve, but the point is isolated from the rest 
of the locus which the equation represents. 


EXAMPLES. 


1. The lemniscate * a?(y?—2x?) + (y?+2’)?=0, Fig. 27. 
The origin is a node at which the tangents are y?—x?=0, i.e., 
y=x and y=—z. 


Bre. 27. Fig. 28. 


2. The folium } z?+y*=3azy, Fig. 28. 

The origin is a node, the tangents being given by zy=0, ice., 
x=0, y=0, the axes. 

3. The semi-cubical parabola ay?=2x', Fig. 29. 

The origin is a cusp, the tangents being given by y?=0, i.e., 
two lines coinciding with the axis of x. Moreover, the curve is 
symmetrical with regard to the axis of z, and y is impossible if x 
is negative; hence the cusp is single and of the first species. 

4. In the curve (y—z)?=2', Fig. 30, the origin is a cusp at 
which the tangent is y=z; also, since y=z+2}, y>x on one 
branch and <z on the other, hence the cusp is of the first species. 


* The curve is most easily plotted from its polar equation 
7? =a? cos 26. 

+ This curve may be plotted as follows: Let y=mz in the equation. 
Then x=3am/(1+m3) and y=mx or. 3am?/(1+m%). 
Thus x and y are expressed in terms of a third variable, and by giving 
arbitrary values to m the ecérdinates of any number of points on the 
curve may be calculated. The same substitution may be employed 
in other cases (e.g., Figs. 36, 37, 38) in which the equation contains 
terms of two degrees only. It should be noticed that m is the slope 
of the line drawn from the origin to the point (a, y) on the curve. 


54 INFINITESIMAL CALCULUS. (Ch. XII, 
5. In the curve (y—2z?)?=2*, or y=e7(14+V2), Fig. 31, the 


origin is a cusp, the tangent at which is y=0; also, y is + on 
both branches until x=1, and .. the cusp is of the second species. 


y 
o x 0 X 


Fig. 29. Fie. 30. Mano 


6. In the curve y?=2?(2%+1), Fig. 32, the origin is a node 
at which the tangents are y= +x. But in the curve y?=2?(2x—1), 
Fig. 33, the tangents are y?=—2’, and are .*. imaginary, and 
hence the origin is a conjugate point. 


Y Y Y 
Y 
fe) x 1) > (@) Xx (0) 4 


luce, BYy IENGe Oo lds BY HiGaooe 


7 There are certain cases in which the origin is a conjugate 
point even when the terms of the second degree are a perfect 
square. Thus, in the curves y?=a‘(2x+1), Fig. 34, and 
y’=2'(2x—1), Fig. 35, the origin is a double point and the tan- 
gents are given by y?=0; in the first curve the origin is a double 
cusp, in the second a conjugate point, since y is imaginary for 
any value of z less than 4. 

8. The curve ay’—3az’y =x‘, Fig. 36. 

The origin is a triple point at which the tangents are 
ay? —3az*y =0; ie., y=0, y= t2V3.. 

9. In the curve ay*—ax? y?=2°, Fig. 37, the origin is a quad- 
ruple point, at which the tangents are y=0, y=0, y= +2. 

10. (x—y)?=(x—-1)*. The point (1, 1) is a cusp, for the equa« 
tion referred to parallel axes through (1, 1) is (e—y)?=a'. 
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11. Find the tangents to the following curves at the origin: 


(1) (a?+2?)y? = (a? —2?)z*. Ans. y= +2. 
(2) a’y(at+y)=2'. y=0, e+y=0. 
(3) a(y—z)?=y*. 2=0, y=2, y=. 
(4) aly—ax)(y? +2") +2*=0. y =n. 
(5) yX(y—x) =a(y? +2"). at+y=0. 
(6) (e—a)y=a(x—2a). y =22. 
(7) y2=(2—1)2’. Imaginary. 

Y 

° 

x 
Fia. 36. HIG. 37. 


12. Show that the origin is a single cusp of the first species on 
the cissoid y?(a—x) =2%, Fig. 41. 

13. Show that there is a node at the point (1, 2), on the curve 
(y—2)?=(a—-1)’2. 

14. Show that the point (2a, 0) is a node on the curve ay?= 
(2 —a)(x —2a)’. 

15. Show that the point (—a, 0) is a conjugate point on the 
curve ay?=2x(a+7)’. 


54. Let the equation of a curve, freed (if necessary) from 
fractions and radicals affecting the codrdinates, be /(x, y)=¢ 
or w=c. The tangent, § 47 (2), when referred to parallel 
axes through the point of contact (a1, 41) is 


Ou St) 
Cae eet =0. 
(S) e+ \e ie 
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Hence if (=) =0 and (=) =0 the equation of the 
oval Oy/ 1 


curve referred to the new axes will have no terms of the 
first degree. Conversely, points whose codrdinates satisfy 
ou/ox=0 and du/cy=0 as well as the given equation 
u=c are multiple points of the curve. 


Ex. 1. To examine the curve (7 —1)'—(2x—y)?=0 for multiple 
points. 
du/Ox =5(a —1)4—4(22 —y) =0, 
du/dy =2(2% —y) =0, 


whence t=1, y=2. These codrdinates satisfy the given equa- 
tion, hence (1, 2) is a multiple point. Transforming to parallel 
axes through (1, 2) the equation becomes 2° —(2z—y)? =0, hence 
the point is a cusp at which the tangent is 2x =y. 

2. Examine the curve 73—22?+y?—4r%+2y+9=0 for multiple 
points. Ans. A conjugate point at (2, —1). 


CHAPTER XIII. 


ASYMPTOTES. 


55. Definition. An asymptote of a curve is the limit of 
position of a secant when two of its points of intersection 
with the curve move away to an infinite distance, and hence 
also the limit of position of a tangent when the point of 
contact moves to an infinite distance. 

56. Asymptotes by substitution. 


Ex. 1. Of the curve z*+y*=3aczy, Fig. 28, the line y=ma+b 
is an asymptote if m and b are determined so that the line may 
meet the curve in two points infinitely distant. Substituting 
mx-+b for y in the equation of the curve we have 


(1+m?)z?+3(m?b—am)z?+...=0, (1) 


the roots of which are the abscissas of the points of intersection 
of the line and the curve. Two of the roots become infinite * 
when m and 6 change so as to cause the coefficients of the two 
highest powers in (1) to +0. Hence the required values of m 
and b are obtained by solving the equations 


1+m?=0, m’*b—am=0. 
..m=-—1 and b=—a. Hence the asymptote is y= —z—a, or 
z+yta=0. The result might have been obtained equally well 
by the substitution «=my+b. 


* The equation a)¢?+a,2"—1+ ...+dn—2+4n=0 (2) 
is obtained from Ant” + Ane" !+...+4,2+a,=0 (3) 


by changing z into 1/x. The roots of (2) are the reciprocals of those 
of (3). Hence if a, and a, change and <s 0, two roots of (3) = 0 and 


.*. two roots of (2) become infinite. 
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2 2 
2. Find the asymptotes of the hyperbola a =1, 


b 
Ans. y= +—2. 
ns. Y aria 


57. Asymptotes by expansion. The following definition of 
an asymptote gives a better idea of the relation of the line 
to the curve: 

Def. When the distance (measured parallel to an axis) 
between a line and a curve is infinitesimal as both recede 
to an infinite distance, the line is said to be an asymptote 
to the curve. Such lines may be rectilinear or curvilinear. 
If the equation of a curve, when y is expressed as a series 
of descending powers of x, take the form 


d 
J EHS) Peestecbac (1) 


the line y=ax+b will be a rectilinear asymptote. For the 
difference between the y of the curve and the y of the line 
is c/x+d/x?+..., which is infinitesimal when z is infinite. 

The line y=ax+b is also the limit of a tangent of the 
curve (1). For the slope of the tangent =dy/dx=a—cx-2 
—...+a for x infinite, and the y-intercept of the tangent 
=y—x dy/dx=b+2cxa14+...=b. 

The sign of the term c/z in (1) will determine whether the 
curve lies above or below the asymptote when z is very 
large. 

If the equation take the form 


d 
y=ax?+bete+—+G+. stat 


there will be a curvilinear asymptote, viz., the parabola 
y=ar?+br+e. 
Ex. 1. y3=2'+3az’, Fig. 38. 


3 t 
We have yao(1+—), or y=2 (1+=2) , which by the 
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binomial theorem (when 2|>|3a) 

=2(14+2-".,. : . OL yaata-St, ers 
*. y=z+a is an asymptote. The curve lies below the asymptote 


when z is a large positive number, and above it when z is a large 
negative number. 


ae ba a?\ 4 

2. The hyperbola ee Here y= += (1 -2) 
= = ( ots )-22 2 
a gh OP Gg Be 


Fig. 38. Fig. 39. 
3. 4y(x—1) =2', Fig. 39. 
3 


By division, 4y = = ‘tatlt—, 


When z is very large the last term is very small and +0, and 
the ordinate of the curve = that of the parabola 4y=2?+2+1, 
which is called a parabolic asymptote. (The line AB is the axis 
of the parabola.) It will be noticed that this curve is asymptotic 
to the given curve both when « is + and when zis —. The line 
z=1 is a rectilinear asymptote, as will be seen from § 58. 
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58. Asymptotes parallel to the axes. Let the algebraical 
equation of a curve, freed (if necessary) from fractions and 
radicals affecting the codrdinates, and arranged in descending 
powers of x, be 


hye” + faye" + jaya"? +. . .=0, 
whence fal) + fal)= +hsy)-pt-.-=0. 1) 


If there is an asymptote parallel to the x-axis, y remains 
finite when z is infinite. Hence all the terms of (1) after 
the first become infinitesimal, and the y of the curve ap- 
proaches a limit which satisfies f;(y)=0, 1e., y=the y of 
a line y—a=0, y—a being a factor of f,(y). Hence, when 
the equation of a curve is arranged according to powers of 
x, the coefficient of the highest power, equated to zero, 
represents the asymptotes which are parallel to the z-axis. 
The asymptotes parallel to the y-axis may be found in the 
same way. 


° 
2 
x 


Fig. 40. Fig. 41, 


Ex. 1. 2?y?—3xy?—2z?+42y?=0, Fig. 40. 
Arranged according to powers of x the equation is 
(y? —1)x? —3y*ax + 2y? =0; 
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and according to powers of y, 
(x —1)(a —2)y?—2? =0. 


Hence y= +1, and x=1, r=2, are asymptotes parallel to the 
axes. 

2. The cissoid y?(a—2x) =2', Fig. 41. 

The line a—zx=0, or «=a is an asymptote parallel to the y-axis. 


59. In any equation the terms of the highest degree, equated 
to zero, represent lines drawn through the origin. The 
equation which gives the slopes of these lines is found by 
substituting mz for y, or m for y/z. This is the same equa- 
tion as that which determines the slopes of the asymptotes 
(§ 56). Hence the terms of the highest degree, equated to 
zero, represent lines drawn through the origin in the direc- 
tion of the infinite branches of the curve. 


EXAMPLES. 


. 2—y=sary. 

. y=a7y +227. 

. ot =zy>td3y%. 
ie ey 

a yt ae? Ay’, 

. v =27y3 —(1—z)y. 
ary =x? —a’. 
e+y* =as, 

. 2 —27y* =22'. 

10. yt2y=2'. 
11. y=tan z. 
line x =4z is an asymptote (§ 57). 
integer, is an asymptote. 

y =see @. 


OWNA TkwWNH 


The y of the curve = when the x = 3z, 


Ans. y=2-a. 
y=+r+1,y+2=0. 
z—y=1, ++3=0. 
y=2,r7=+1. 
xty=1. 


3(a—y) =1, 2e=4+V5-—1. 


x=0, ay=2?. 

z+y=0. 

32 —9y —2 =0. 

2+1=0, y=a?—2-+1. 
.. the 
Similarly «=(n+4)z, ~ any 


The same lines are asymptotes to 


12. Show that y=1 and y= ~—1 are asymptotes of y=tanh z. 
13. Show that the curve 2y=e* is asymptotic to y=sinh J, 


y =cosh z, and y=0. 


CHAPTER XIV. 
TANGENT PLANES. TANGENTS TO CURVES IN SPACE. 


60. Geometrical illustration of partial and total differen- 
tials. Let z=f(x, y). Values of x and y determine z, and 
hence a point (a, y, 2) in space referred to axes which we 
shall assume to be rectangular. Points thus obtained lie 
cn a surface which is the locus of the equation z=/(z, y). 
This surface is a geometrical representation of the function. 


Fre. 42. 


Let OA=z, AM=y, and MP=z. Then P is a point on 
the surface. Let OB=x+dz, BC=y+dy, and let the new 
value of z be CQ. Then Q is another point on the surface. 
The plane PF parallel to XOY cuts off CF=MP, hence FQ 
is 4z, the increment of z. Planes through P and Q parallel 
to XOZ and ZOY cut the surface in PH, HQ, QK, KP. 

62 
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Draw PJ and PG tangents to PK, PH, and let PGRJ be 
the plane through PJ, PG. If we suppose y to be constant, 
we are confined to the plane PN (produced if necessary); 
PI=dzx and PJ touches PK, hence IJ is d,z. Similarly 
EG isd,z. Let a line through the middle point of MC paralle} 
to OZ meet the plane PGRJ. This line= 2(MP+CR) in 
the trapezium PMCR, and also =4(DG+WNJ) in the trape. 
zium GDNJ. .«. FR=IJ+HG=d,z+d,z. But dz=d,z+ 
dyz (§ 45). Hence FR is dz. The tangents of the angles 
IPJ, EPG are the partial derivatives of z with respect to 
x and y, i.e., they are Cz/ox and Oz/dy. 

61. Tangent plane. When 4z and dz are infinitesimal the 
latter is the part of the former, which contains the infini- 
tesimals of the lowest order (§ 46). Thus FQ and FR 
correspond in the plane PMCQ to dy and dy of § 42. Hence 
the straight line PR touches the section of the surface made 
by the plane PMCQ, and therefore the plane PGRJ is the 
locus of all such tangent lines at P, for dx and dy are any 
increments. Such a plane is defined to be the tangent plane 
at P. 

Notice that if (z, y, z) is the point of contact, and dz, dy 
are any increments, (x+dz, y+dy, z+dz) is any other point 
in the tangent plane. 

62. Equation of the tangent plane. Let the equation of 
the surface be f(x, y, z)=c or u=c. Differentiating, 

Ou Ou Ou 


agit ts dy ts de=0. 


Let (21, y1, 21) be the coérdinates of the point of contact 
P, Fig. 42, (2, y, 2) those of any other point in PA and there- 
fore of any other point in the tangent plane. Then x—2,, 
y—Y1, 2-2, are proportional to dz, dy, dz. 


ale “) @- nm) + (% “) uw n)+( ) Gos a)=0 (1) 


is the equation of the tangent plane at (2%, 1, 21). 


64 INFINITESIMAL CALCULUS. (Ch. XIV. 


Ex. To find the tangent plane at the point (—1, 1, 2) on the 
surface v—xytytz=1. 


du/dx =3x? —2xy =5 for the point (—1, 1, 2), 
du/dy = —2?+2y=1 for the point (—1, 1, 2), 
du/dz=1. 


Hence the tangent plane is 
5(a+1) + (y—-1)+ (2-2) =0, or -5a+y+z2+2=0. 


63. Equations of the normal. The normal passes through 
(21, y1, 21) and is perpendicular to the tangent plane; hence 
its equations are 


See el 
©, @).@, a. 
Ox! 1 Oy/1 NOz/1 


64. Tangent plane at the origin. Conical points. Let the 
equation of the surface be freed (if necessary) from fractions 
and radicals affecting the codrdinates. If the origin is on 
the surface the equation will contain no constant terms, 
and by substituting rcosa, rcosf, rcosy for 2, y, 2, it 
may be shown exactly as in § 52 that the terms of the first 
degree, equated to zero, represent the tangent plane at the 
origin. Similarly, if there are no terms of the first degree, 
those of the lowest degree present will represent a surface 
touching the given surface at the origin. This tangent 
surface is generally a cone, in which case the origin is called 
a conical point; but it may be two or more planes.* 

As in § 54, it may be shown that the codrdinates of a 
conical point or a point where there are two or more tan- 
gent planes will satisfy du/dx=0, du/dy=0, du/dz=0, as 
well as the given equation u=c. 


* A homogeneous equation with no constant term represents a 
locus of straight lines passing through the origin. For, if satisfied by 
x,y, 2, it is satisfied by cx, cy, cz, the coérdinates of any other point 
on the line joining the origin to (z, y, 2). 
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Ex. 1. Of the surface 2? —y?—z?+2°=0, x4—y?—z?=0 is a tan- 
gent cone at the origin. 
2. Of the surface 1? —y?—z2?—2yz=2', e+ y+z2=0 and x~--y—2 
=0 are tangent planes at the origin. 
3. Find a conical point on the surface 23+ y?+2yz—32 —42 =2. 
Anson a a2). 


65. Centre of a quadric. Exactly as in § 48 it may be 
shown that the centre of any surface whose equation w=c 
is of the second degree is obtained by solving the simulta- 
neous equations Ou/dx=0, du/Oy=0, du/oz=0. 


Ex. Find the centre of 2? —3y? —2?+4yz—42+8y =62=0. 
ANS 25 Ale 


66. Curve inspace. Let P and Q be two points near one 
another on a curve, P being 
(x, y, z) and Q («+4z, y+dy, 
2+A4z).’ Then 4dz=AB=CE= 
PG, d4y=ED=GF, and 4z= FQ. 
Let the arc PQ=4d4s and the 
chord PQ=q. The tangent PT 
is the limit of position of the 
secant PQ when Q approaches 
coincidence with P. Leta, f’,7 
be the direction angles of PT. 
Then a=HPT, and § 

cos a= £ cos GPQ= £(42/q) Panis. 

=f(Adx/As) (§ 17) =dz/ds. 


Similarly cos B=dy/ds, cos y=dz/ds. 
Squaring and adding, 

aS = Cay (2s Cee Peake Pe ty pe 
1=(¢ + rs +(7-) , or ds? = da? +dy?+dz*._ (1) 


Draw 7K parallel to ZO to meet the plane PYG, and KH 
parallel to YO. Then if dx is PH, dy is HK, dz is KT, and 
dsise PT. 
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67. If the codrdinates of a point on a curve are given in 
terms of a fourth variable, dz, dy, and dz may be written 
down at once. Usually, however, a curve in space is given 
as the intersection of two surfaces. Let the surfaces be 
u=c,; and v=cy. Differentiating, 


Pe ea 5307 = 9 (1) 
‘Ov Ov OU soe 
and pee nae a, t2=0. (2) 


If (x, y, 2) is the point of contact P of a tangent plane, 
(c+dz, y+dy, z+dz) is any other point Q in the plane. 
Hence if P(a, y, 2) is a point in the curve of intersection of 
the surfaces, and (1) and (2) are simultaneous in dz, dy, dz, 
Q(x+dz, y+dy, z+dz) is any other point in the line of inter- 
section of the tangent planes, and PQ is the tangent at P 
to the curve of intersection. 

The plane which is perpendicular to the tangent line at 
the point of contact is called the normal plane of the curve. 


Ex. Find the equations of the tangent to the curve 
x?—2Qy*+yz+3=0, xy—2?+2+4=0 
at the point (1, —1, 2). 
Differentiating the equations, 
2x dx+(z—4y)dy+y dz=0, 
(y+1)dx+ax dy —2z dz=0, 
or, for the point (1, —1, 2), 
2dx+6dy—dz=0, dy—4dz=0, 


whence BE SUP LA Sees 


Since dz, dy, dz are proportional to the direction cosines of the 
tangent, the equations of the tangent are 
Cr LeU eee 
=03" o8r-) aad 
The normal plane at (1, —1, 2) is 
—23(a—1)+8(y+1)+2(2—2)=0, or 232—-8y—22=27. 


67.) TANGENT PLANES. 67 


EXAMPLES. 


1. Find the tangent plane at (2, —1, 1) on the surface 


—2y?+2=3. Ans. 44+4y+z=5. 
2. Find the tangent plane at (—1, 1, 2) on 2?+y?—2?—yz—4ay 
=0. Ans. 6%—4y+5z2=0. 


3. The tangent plane at any point of aN central cesuie 
x?/a?+y?/b?+27/c? =1 is 2,2/a?+y,y/b?+2,2/c? = ' 

4, The tangent plane to the surface ee ipakee with as 
coérdinate planes a tetrahedron of constant volume. (“oy « 

5. What are the tangent planes at the origin of the Soned 

x? —y? =272"? Ans. x t+y=0. 

6. Find the tangent planes to z*+y‘+2'=3azyz, (1) at (0, 0, 0), 
(2) at (a, a, a). 

Ans. (1) x=0, y=0, 2=0, (2) x+-y+2 =a. 

Also to z3+y'+2'=3a’z at the same points. 

Ans. (1) =0, (2) y+z2=2a. 

7. The sum of the squares of the intercepts of the tangent 
planes of the surface 23+ y+ +2? =ai4 on the axes is a’, 

8. x=asin nz, y=a cos nz are the equations of a helix (screw- 
thread) on a circular cylinder of radius a, the z-axis being the 
axis of the cylinder. Show that the equations of the tangent 
at any point are 


and that the tangent makes a constant angle with the zy-plane. 
9. Find the direction angles of the tangent to the curve of 
intersection of the surfaces of Ex. 6 at the point (a, a, a). 
Ans. 0, 45°, 135°. 


CHAPTER XV. 
SUCCESSIVE DIFFERENTIATION. 


68. Successive derivatives. The differential of j(zx) is 
(§ 27) j’(x) dx. Let dj’(x)=f'" (x) dz, df’ (x)=f’’" (x) dz, ete. 

The several functions /’(x), f’’(x), f’’(x),... are called 
the first, second, third, ... derived functions, derivatives, 
or differential coefficients of f(x). 


Ex. 1. f(x) =30°—22+4, f"(e) =92?-2, j’(x) =182, f(x) =18, 
jiv(z) =0. 

2. f(x) =sin 2, f’(x) =cos 2, f(x) = —sin 2, }f’’”’"(x) = —cos 2, ete. 

3. fle) =log (+2), f(e) =1/(1+2), 7a) = -1/(. +2), ete. 

4, f(x) =e, f’ (x) =e*, 7’ (x) =e, ete. 


69. Successive differentials. Let y or j(x) be a function 
of x, then dy=j’(x) dx. The differential of dy, or d(dy), is 
written d?y (read d-two y, or second dy); similarly, 
d®y=d(d?y). 

Unless the variable x is given as a function of another 
variable it is assumed to be an independent variable—one 
to which arbitrary values may be assigned; dz is then an 
arbitrary increment of x. It is customary to take dz as of 
the same value in each successive differentiation, i.e., to treat 
the differential of the independent variable as a constant 
in differentiating. Hence, differentiating dy=f’(x)dz, 
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d?y= f(x) dx .da=f’’(x) dx?, or d®y/dx?=f’(x).* (1) 
Hence also, d3y=j’’’(x) dx3, or d3y/dx3=j’’"(z), 
and similarly for the higher differentials. Thus the successive 
differential quotients are equal to the successive derivatives. 
Ex.1. y=e%, dy=ae%* dx, d’y=ae% dx, d’y=a%et dx’, .., 
dry =are% dx, 


2. y=cos 2, dy/dx = —sin x =cos (2+) : 


a dk? Cos (x+25) y+, dy /dx™ =cos (2+n3) é 
3. y=2", n a positive integer, d"y/dx” =n! 


70. If x is not the independent variable—if it is itself a 
function of another variable—we cannot treat dz as a constant 
in successive differentiation. For if x=/f(0), dv=/'(0)dd, 


and is therefore a function of 0. 


Differentiating both sides of /’(x) -%, we have 


dx d*y—dy d?x 
dz* 


ae dx d?y—dy d?x 
ee } ee ag (1) 


P'(a) dx= , by (D), 


Comparing with § 69 (1) we see that the d?y/dzx? obtained 
when z is the independent variable is equal to 
dx d?y—dy d?x 
dx : 
obtained when z is not the independent variable. 


Ex. The cycloid «=a(@—sin 0), y=a(1—cos 8). Considering 
y as a function f(x) of z, to evaluate /’(x) and }’’(x) when 0=z. 


dz=a(1—cos 0) d0, dy=asin 0 dd, 


* Since dx is of arbitrary value it may be taken as infinitesimal, 
in which case d’y is in general an infinitesimal of the same order as dx’, 
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and, @ being independent variable, 


d’x=asin 6 d6?, d*y=acos 6 dé’, 


iio sin 0 re 
et he) o relays 0 when Te. 


1 


1 
Substituting in (1), /’(#)=—- =—-— when 0=z. 


Uh 
2. 
3. 
4. 
5. 
6 
7 
8 


16. 


a(1—cos 6)? 4a 
EXAMPLES. 
y =ax?+ba+c, dy/dx =2ax+b, d’y/dz’ =2a. 
y =(a+2)3, dy/dx =3(a+2x)’, d’y/dx? =6(a+2). 
y=x' log x, d*y/dx3 =22x-'. 
y =cos ax, d*y/dx* =a‘ cos az. 
x=sin—'y, d’x/dy? =y(1—y’)-3, d’y/dx? = —y. 


Dif j@) =sin 2, fn) sin (c+nz). 
» fv) =2e*, f(x) =(e+n)et. 


y =log x, dry/dx =(—1)"—'(n—1)!/ar, 


. If y=acos nz+b sin na, d’y/dx?+n?y =0. 

. If y=ae"2+ be—", d?y/dx? —n?y =0. 

. If y=e-* cos 2, dty/dxi+4y =0. 

. If y=sin—'2, (1 —2?)d’y/dx? —x dy/dx =0. 

. If y=tan—'z, (1+27)d’y/dx?+2x dy/dx =0. 
. If y=e* sin 2, d*y/dx? —2dy/dx+2y =0. 

. Given x dy—y dx =r? dé, show that 


x d’y —y d’x=2r dr d0+r’ d’0. 
By differentiating 
dx=cos¢ds, and dy=sin¢dds, 


show that 


(6 


(d?x)?+ (d*y)? =(d¢ ds)? + (d’s)?. 
y’ =4ax, 2y dy =4a dz, or y dy =2a dz, differentiating again, 


y d’y+dy? =0 (dz being constant), 


18. 


S ae Cee , or d?y/dz? = —4a?/y, 


Given the ellipse = = tie 1, show that 


dy bt d’y b4 
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d*y/dx? may be found as in Ex. 17, or from dy/dx. Thus 


Substitute for dy/dx and reduce. 
19. If y=}(zx) find 7’ (x), given x=a cos 6, y=b sin @. 
Ans. f’’(x) = —b*/a’y’, 
20. a?+y?=22y, d’y/dx? =a?/(x—y)?. 
21. 2°+y' =axy, d’y/dx? =2a*xy/(ax—y’)3. 


CHAPTER XVI. 


RATES. 


71. Let y be a function of x of which Fig. 44 is the graph. 
When x increases by the amount 4x the change in y is dy, 
and 4y/dz is called the average rate of change of y per unit 
of x (or briefly, the average 
x-rate of y) for the change 
4x in x When Jz is taken 
smaller and smaller and = 0 
the average rate dy/dx is 
taken for a gradually dimin- 
ishing change in zw, and the 

limit of 4y/4z, namely dy/dz, 

at ui Aw ®  * is defined to be the pe of 

‘a y for the value x of the vari- 

able. Thus as 2 increases and reaches the value OA, the 

g-rate of the function y is dy/dz or tan ¢. This is an in- 

stantaneous and variable rate, and is the same as the con- 

stant rate which y would have if P should henceforward 
move along the tangent PD. 

If y=f(x), dy/dx=jf’ (x); hence the z-rate of f(x) is f’(2), 
and for a similar reason the 2-rate of any derivative is the 
succeeding derivative. 

72. If y is a function of x, as x changes the function will 
increase or decrease according as its graph rises or falls, 
that is, according as dy is + or —. Also dz is + if z in- 
creases. Hence as «2 increases, y increases or decreases 
according as dy/dx is + or —. Thus a + value of the rate 
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implies that a function is increasing as its variable increases, 
and a — value implies that the function is decreasing as the 
variable increases. 

73. If z and y are functions of a third variable t, 


dy/dx= (dy/dt)/(dx/dt). 


Fence dy/dz is the quotient of the simultaneous rates of 
change of y and 2, or dy and dz are proportional to the rates 
of y and z.* 

If y=f(x), and z is a function of £, 


dy/dt=f’ (a) . dx/dt, 
which gives the rate of y in terms of that of z. 
If u=f(az, y), and x and y are functions of ¢, then, § 45 (5), 


du_Oudz , owdy 
dt Oxdt ‘ dydt’ 


which gives the rate of wu in terms of the rates of x and y. 

74. If a point moving in a straight line is at a distance x 
from a fixed point in the line at the end of an interval of 
time whose measure is ¢, its velocity v is the t-rate of x, and 
is therefore da/dt; and its acceleration a is the ¢-rate of v, 
and is therefore dv/dt. But 


dx 
dv WF) ae Also, 2d de _& 
eee ha ae °> Gi dx dt dx” 
dx dy dz dv 
Hence =F and t= a= a8? dn’ 


Similarly the angular velocity and angular acceleration of 


dt 
Time rates are sometimes indicated by dots, « being the 
same as dx/dt, and % the same as d?x/di?. 


2 
a revolving body are a and oF respectively. 


* In some treatises dy and da are detined to be rates, 
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EXAMPLES. 


1. The ordinate of the curve y=“25—2? is moving parallel 
to the y-axis at the rate 2 in. per sec. At what rate is its length 
changing when x =3? 

ve - a cs eee when «=3 and dz(dt=2. Hence y is 
mae /25 — x? at 2 ee , : 
decreasing at the rate of 14 in. per sec. 

2. At what points on the curve y=log sec x do x and y change 
at the same rate? Ans. x=(n+}4)z, n an integer. 

3. Find the acceleration if (1) v=ut+bt, (2) «=ut+bé?, (3) 
v?=u?+b2, u and b being constants. Ans. (1) b, (2) 2b, (3) $b. 

4. If x=a cos (bt+c), show that the acceleration = —b’z. 

5. If e=a sinh (bt+c), show that the acceleration =b’z. 

6. Show that tan x always increases with 2. 

7. Three adjacent sides of a rectangular parallelepiped are 
3, 4, 5 inches in length, and are each increasing at the rate of 
°02 in. per in. per min. At what rate is the volume increasing? 

Ans. 3°60 cu. in. per min. 

8. One end of a ladder moves down a vertical wall with velocity 
v,, while the other end moves along a horizontal plane with veloc- 
ity v.. Show that v,/v2=tan 0, where @ is the angle which the 
ladder makes with the vertical. 

9. Two straight lines of railway intersect at an angle 60°. On 
one a train is 8 miles from the junction and moving towards it 
at the rate of 40 miles per hour, on the other a train is 12 miles 
from the junction and moving from it at the rate of 10 miles 


per hour. Is the distance of the trains from each other increasing 
or decreasing ? 


CHAPTER XVII. 
MAXIMA AND MINIMA. 


75. Suppose y to be a function of x and that x continually 
increases. Then (§ 72) y will increase or decrease accord- 
ing as dy/dz is + or —. When dy/dz changes from + to 
—, y ceases to increase and begins to decrease, and is then 
said to be a maximum; when dy/dx changes from — to +, 
y ceases to decrease and begins to increase, and is then 
said to be a minimum. Now in order that a quantity may 
change sign it must become 0 or # or —%;* hence as y 
becomes a max. or a min., dy/dx becomes 0 or © or —0 
and changes sign from + to — for a max. and from — to + 
for a min. 


Big 45; 


76. Suppose, for example, that the curve of Fig. 45 repre- 
sents the graph of a function and that it is traced by a point 
moving from left to right so that dx is +. Then y decreases 
from Ato B and dy/dz is —, between B and C y continually 


* A quantity may change sign on account of finite discontinuity 
without passing through the value 0, but this occurs so rarely that 
we need not consider it further. 
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increases and dy/dx* is +; at By ceases to decrease and 
begins to increase, dy/dx changes from — to + through the 
value 0, and yisamin. Similarly at C y is a max., and again 
amin. at D. At EH dy/dx becomes » and changes from + 
to —, hence y is a max., and similarly y is a min. at I’. 

Points such as A, B, etc., are called turning points, and 
the max. and min. values of y are called turning values. 

It will be noticed that a max. is not necessarily the greatest 
of all the values of y; it is greater than the values which im- 
mediately precede or follow it; and similarly a min. is not 
necessarily the least value of y. 

77. To obtain the values of x which make a function y a 
max. or min. we must obtain dy/dzx and find what values of 
x cause it to become zero or infinite. To distinguish the 
maxima from the minima we must determine whether dy/dx 
changes from + to — or from — to + as x passes through 
the critical value. In the former case y will be max., in 
the latter a min. It may happen, however, that dy/dzx does 
not change sign, although it becomes 0 or © (e.g., at G, 
Fig. 45), in which case y is neither a max. nor a min. 


Exe Ie y=2°—627 99-7 1. 
Here dy/dx =3a? —124+ 9 =3(4—1)(a—8). 


When 2 is a little less than 1, x—1 is — and x-3 is -, 


Edgars 
When x=1, dy/dz is 0. When z is a little more than 1, x—1 
is + and x—3 is —, .. dy/dxis —. Hence dy/dz changes from 


+ to — through 0 and .. y is a max. when x=1. Substituting 
1 for x in the given function we find the max. value of y to be 5. 
Similarly 2 =3 makes y a min., viz., 1. 

2. y=(a—1)§, dy/dx=3(x—1)?; .*. dy/dx=0 when x=1, but 
does not change sign} when zx passes through this value, +. y 
is neither a max. nor a min. 


*It will be remembered that dy/dx=tan 4, and is therefore + 
or — according as ¢ is + or —. 

+ (c—a)" changes sign with x—a only when n is an odd integer, 
or a fraction whose numerator and denominator-are both odd 
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3. y=24+(x-1)3, dy/dr= .. dy/dz becomes —% 


ioc 
3(a—1)3’ 
and changes from — to + as 2 passes through the value 1, hence 
x=1 makes y a min., viz., 2. 


78. The sign of d?y/dx? (=the z-rate of dy/dz) tells us 
at any time whether dy/dz is increasing or decreasing. If 
then the value of z which makes dy/dz equal to 0 also makes 
d*y/dx? plus, we infer that dy/dz is increasing when it passes 
through 0, i.e., that dy/dx changes from — to +, and hence 
that y is a min.; whereas, if the value of x which makes 
dy/dx equal to 0 also makes d?y/dx? minus, we infer that 
dy/dx is decreasing when it passes through 0, i.e., that it 
changes from + to —, and hence that y is a max. 

Hence to distinguish the maxima from the minima we may 
find d?y/dx?, and in it substitute the values of x which make 
dy/dx equal to 0. Then for every + result y is a min., and 
for every — result y is a max.* 


Ex. 1. In Ex. 1, § 77, d’y/dx? =6x —12, which is — when 2=1, 
and + when «=3. Hence x=1 makes y a max. and x=3 makes 
y amin. 

2. y=x?—72x?+8r+30, dy/dx=3x?—147+8. For a max. or a 
min. 3z?7—14%+8=0, .. e=$or 4. 

Also d?y/dx?=6x—14, which is — when x=% and + when 
xz=4; .. ©=% makes y a max. and «=4 makes y a min. 


79. It should be noticed: 

(1) That max. and min. values must occur alternately in 
a continuous function, i.e., between two successive max. 
values there must be a min., and between two successive 
min. values there must be a max. Also of two values of x 
which make y a max. or a min., if one makes it a max. the 
other must make it a min. 

(2) When y has a turning value, y” (m a positive or nega- 
tive integer) has a turning value. Thus a square-root sign 


*If d*y/dz? is 0 or © it gives no information as to the turning 
values, and the test of § 77 must be applied. 
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affecting the whole of the variable part of a function may 
be disregarded in differentiating. 

(3) A constant factor may be omitted from the function 
before differentiating, since it cannot affect the values of x 
for which the derivative is 0 or . 


Ex. y=reVa?—2?. This =zVa'x?—2z', and .. y will be a 
max. or a min. when a’z?—z2‘ is a max. or a min.; hence 2a7x 
—4z3=0, .. x=0, and z= t+a/V2. 


80. In the practical applications of this subject it will be 
necessary to form the function which is to have a turning 
value. It will frequently be obvious from the nature of the 


problem whether the result corresponds to a max. or a 
min. 


Ex. 1. Of all arithmetical fractions, which one exceeds its square 
by the greatest quantity ? 

Let the fraction be x. Then +—2? is to be a max. 

.. 1—22=0, and hence z=4. 

2. How to make with a given amount (area) of material a 
cylindrical box (with lid) which shall have the greatest possible 
volume. 

We have the total surface of the cylinder given, call it s, and 
assume h for the height and 2 for the radius of the base. 

Then s=22x?+2zath, .. h=s/(2xx)—2. 

The volume V =z2*h=4sx—z2?. 


“. dV /dx=%4s —3xx?=0, for a max. 
age r=Vs/6z, whence h=2Vs8/6z. 


Hence the height must=the diameter of the base and each 
=2Vs/6z. 

[Observe that in these examples the function which is to be a 
max. or a min. must be expressed in terms of some one variable 
with or without constants; in this case the function is zzxh, 
where both x and A are variable, but there is a relation connect- 
ing x and h from which h may be obtained in terms of x; this 
when substituted in zxh gives a function with one variable.] 
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3. To find the greatest isosceles triangle that can be inscribed 
in a given circle. 

Let ABC (Fig. 46) be an isosceles triangle inscribed in a circle 
of radius a and centre H. Let DC=z. Then 


AD=~V AE? — DE? =V a? — (x —a)?*=V 2ar — 2%. 
*, areaof ABC=DC . AD =2V 2az —2?=V 2ax* — 2". 


This will be a max. when 2azr?—z‘* is a max., § 79 (2), i.e., 
when 6az’?—4z3=0, .. r=3a. 

The triangle is easily shown to be equilateral. 

4. One corner A of a rectangular piece of paper ABCD (Fig. 47) 
is folded over to the side BC. Find when the crease HG is a min. 

Let AB=a, AE=2z, EG=y, AGH=6. Then BEF =20. 

.. BE: EF=(a—2)/t=cos 20 and AE: EG=2/y=sin 6. 

Eliminating @ by the relation cos 29=1—2 sin’0, we find 


y’ = 223 /(2x =) 


from which y is found to be a min. when z= fa. 
Cc D 
\ 
Sy 
ye ; : 
ee B 


B CE A a 
Fig. 46. Fig. 47. Fig. 48. 


Similarly it may be shown that the area of the part folded over 


is a min. when «= 4a. 
5. To cut the parabola of greatest area from a given right 


circular cone, Fig. 48. 
Let AB=a and HB=x. The area=2HD. FQ. 
Now EF?=AE .EB=(a—x)z, and ED is proportional to x. 
*, area varies as «V(a—zx)x or Vari —x', whence z= 2a 


for a max. 
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EXAMPLES. 


. x?—32+4, min. when z= $. 
a —5at+523+1, max. when x=1, min. when x=3. 
a+b(c—2x)3, no turning value. 
x3 —22?—4¢+1, max., when «= —3, min. when z=2, 
. (c—1)3(a+2)*, max. when x= —2, min. when x= —#. 


. (14+32)/V4+52?, max. when x=22. 
. («+2)3/(e@—3)*, min. when x= 13. 
. sin 0+cos 0, max. when 0=4z, min. when 0=8z. 
. sin 0/(1+tan 0), max. when @=47, min. when 0=4z7. 
. sin @ sin(a—0@), max. when 0=4a, 
. sin?@ cos?0, max. when sin 0= +V2, min. when 0=0. 
12. Min. value of a tan 0+b cot 0=2V ab. 
13. Min. value of a? sec?0 +b? cosec”0 = (a +b)?. 
14. Min. value of aen? + be-™* =2V ab. 
15. Max. value of log x/~=1/e. 
16. What is the longest ordinate of the curve a’y?=z?(q?— x), 
(Fig. 69)? Ans. $a. 
17. Find the max. ordinates of the curves 


(y—x)?=2', Fig. 30, and (y—2z?)?=2', Fig. 31. 
Ans. 27/3) 4) 5° 


ee 
HSOOMNONBRWNE 


18. Find the max. ordinate of the curve 
x+y? =3azy, Fig. 28. 


Differentiating the equation and making dy=0 we have x? =ay; 
from this and the equation of the curve we find the max. ordinate 
to be at the point (a 8/2, a ®/ 4), the latter codrdinate being the 
required value. 

19. Find the max. ordinate of the curve y>=2'+3az’, Fig. 38. 

Ans. &/4a. 

20. How could you cut out four equal squares from the corners 
of a given square so that the remaining area (the edges being 
turned up) would form a rectangular box of greatest volume? 

Ans. Each side of the little squares=% of a side of the given 
square. 

21. Find the breadth and depth of the strongest beam that can 
be cut from a cylindrical log of diameter d, assuming that the 
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strength varies as the product of the breadth and the square of 
the depth. 
Ans. Breadth=4V3 d, depth=4V6 d. 
22. To cut out from a given sphere the cone of greatest volume. 
Ans. Ht. of cone=% diam. of sphere. 
23. How could you cut a sector out of a circle so that the re- 
mainder of the circle would form the lateral surface of a cone of 


max. volume? Ans. Leave V% of circumference. 
24. What is the shortest distance of the line y=xz+2 from the 
parabola y?= 42? Ans. 4V2. 


25. Assuming that the work of propelling a vessel in still water 
varies as the cube of the speed, what is the most economical rate 
of steaming against a current of speed v? 

The expense for a given distance varies as x* and the time, and 
the latter varies inversely as x—v. Ans. 30. 


CHAPTER XVIII. 
CURVATURE. 


81. Direction of curvature. Let it be supposed that the 
tangent of a curve rolls round the curve in such a way that 
the abscissa of the point of contact P continually increases. 
Let the tangent make an angle ¢ with the z-axis. Then a 
+ value of d?y/dx? (the x-rate of dy/dx) at P implies that 
dy/dx or tan ¢, and therefore also ¢, is increasing with z, 
or that the tangent is turning in the positive direction as x 
increases. In other words, the curve bends upward, or is 
concave upward, when d?y/dx? is +, and bends downward, 
or is concave downward, when d?y/dx? is —. 

82. Point of inflexion. A point where a curve has ceased 

to bend upward and is about 

Y to bend downward, or vice 
versa, is called a point of in- 

flexion. At such a point d?y/dz? 

must change sign, and must 

f°) therefore become 0, 0 ,or—oo .* 
Fie. 49. A tangent at a point of in- 

flexion is sometimes called a stationary tangent, for, if the 


*It is assumed in the above that x is the independent variable. 
If y is the independent variable, d?z/dy? must change sign. If neither 
x nor y is independent, the quantity which must change sign is (§ 70) 


(dx d*y—dy d’x)/dx’. 
82 
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tangent is supposed to roll round the curve, it comes to rest 
at such a point and reverses its motion. 

83. If P, Fig. 50, is a point of inflexion, the secant through 
P and a point Q near P also passes through another point 
Q near P. As the secant approaches the position of the 
tangent at P, Q and Q’ approach coincidence with P at 
thesametime. Hence the inflexional 
tangent is sometimes said to pass 
through three coincident points of 
the curve. Atangent at anordinary 
point on a curve of the nth degree 
cannot meet the curve in more than 
n—2 other points; the tangent at a 
point of inflexion cannot meet the 
curve in more than n—3 other points, 
and in not more than n—4 other points if the point of con- 
tact is also a double point (as in Fig. 27). 


Fie. 50. 


Ex. 1. y=(a—1)8, d’y/dz?=6(r—1). This is — when x<1, 0 
when z=1, + when z>1; hence, as x increases, the curve bends 
downward until z=1, and upward afterwards; .. there is a 
point of inflexion where x=1. Since y and dy/dzx are also 0 


when +=1, the axis of x is the tangent at the point of inflexion 
(Fig. 51). 

2. y=(4—-1)4, d’y/dz?=12(4—1)?, which is 0 when x=1, 
but is never —, hence there is no point of inflexion (Fig. 52). 
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3. y3=2, or y=a2t, d’y/dx?= —%x-§, which becomes «© and 
changes from + to — when x=0, .*. the origin is a point of 
inflexion (Fig. 53). 

4. y=3a'—423—-62?, d’y/dx?=12(3x?—2¢—-1). Putting this 
=(0 and solving for x, we get x= —4, x=1, which determine the 
points of inflexion. 

Find the points of inflexion on the curves: 


5. @y=2e'—a’"), Vig. 17. Ans. (0, 0). 
6. zy=1+2°%. (1,0): 
7. (x+a)’y=a'2. Caezo). 

8. y=2(x—1)(x—2), Fig. 70. (dl, 0): 


9. 28?—axy=a'. (a, 0). 
10. (a?+2?)y=a’x. 
(0, 0), (taV3, +4aV3). 


11. yS=2' +302’, Fig. 38. (84,10): 
12. 23+y>=a', (a, 0), (0, a). 
13 Se — Ye oy. (2, —1). 
14. y?=22(2x—1), Fig. 33. (3, +23). 


15. Show that at a point (x, y) a curve is con- 
vex or concave to the axis of 2 (i.e., with reference 
to the foot of the ordinate) according as y d?y/dz? 
is + or —-. 

16. Show that the curves y=sinz, y=tan 2, 
meet the axis of x in points of inflexion. 

17. Where are the points of inflexion of the 
curve y=cos %+4 cos 3x? 

Ans. Where x=47n, n any integer not divisible 
by 4. 

18. On the witch y?(a—x)=a’w (Fig. 54), show that the points 
of inflexion are (a/4, +a/V3). 


Fig. 54. 


84. Centre, radius, and circle of curvature. Let P and 
Q be two points near one another on a curve APQE, 
Fig. 55, at which tangents and normals are drawn, the 
latter meeting in D. The limit of position C which D 
approaches as @ moves towards coincidence with P is 
talled the centre of curvature of the curve at P, PC is 
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called the radius of curvature, and the circle with C as 
centre and PC as radius is 
called the circle of curva- 
ture. 

The extremities of an infini- 
tesimal arc are called consec- 
utive points of the curve.* 
The normals at consecutive 
points are consecutive nor- 
mals. Hence the centre of 
curvature is the limit of the 
point of intersection of con- 
secutive normals. 

85. Let the length of PC Wie. 55. 
be R&. Let the tangents at P, 

Q make angles ¢, 6+4¢ with OX, then 46=PDQ. Let 
s=the length of the arc of the curve measured from some 
point up to P, d4s=the are PQ, and g=the chord PQ. Then 
PD/q=sin PQD/sin 46. The limit of sin PQD=1, since 
the limit of PQD is a right angle. Hence the limit of PD= 


£(q/sin 4¢)=£(4s/49) (§ 17) =ds/dg. 
“. R=ds/d¢. 


86. Imagine the tangent to be rolling round the curve, 
the point of contact having arrived at P. Then dd/ds is 
the s-rate of ¢, or the rate, in radians per unit length of 
the curve, at which the tangent is turning. This rate is 
taken as the measure of the curvature of the curve; hence 
1/R measures the curvature at P. Since all normals of a 
circle intersect in the centre and are equal to the radius, 
the curvature of the circle of curvature is constant and 


et) 


* The point consecutive to P is the point which is next considered 
and supposed subsequently to approach coincidence with P. 
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87. The circle of curvature generally crosses the curve at 
the point of contact, since in the circle the curvature is the 
same on both sides of the point of contact, which is not the 
case in the other curve except possibly at certain points, 
e.g., at the vertex of a conic section, where the circle of curva- 
ture does not cross the curve. 

88. Length of the radius of curvature. We have seen that 


R=%, (1); we also have oY tan dp. (2) 
Differentiating (2), 
de Py dy Pe _ soorg ap— (H#)*as, 
= dy (3) 
=e ae (a 


We may generally take x as the independent variable 
and therefore make d?zx=0; also ds? =dz?+dy?. 


2 
_ (dee tay)! [1+ (7) iF 


dx d2y = dy : (5) 

dx? 
The sign of R when found from (5) will be + or -- accord- 
ing as d*y/dx? is + or —, that is, according as the curve is 


concave upward or concave downward (§ 81). 
: If x and y are given in terms of a third variable m which 
is taken as independent, (4) may be expressed in the form 


e+ e'T 


Meo Ge (6) 


dmdm2 dmdm2 
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Ex. 1. To find the radius of curvature at any point (z, y) of 


; zy? ; 
the ellipse a + a 1, Fig. 56. 
By differentiating the equation 
of the ellipse we have 
dy bx dy _ bt 
a ati det a 
Substituting in (5), we have 
(aty? + btx?)3 
pecie © 
which gives RF in terms of x and 
y.* A more convenient expres- 
sion may be found by substi- 
tuting y? from the equation of 
the curve. Fig. 56. 
(a? —e7x?)3 
ape 


R= 


Then R=- 


where e is the eccentricity Va?—b?/a. 

It is known that (a?—e’«’)+=the semi-diameter parallel to the 
tangent, or perpendicular to the normal, at (x, y). 

Calling this b, we have 


i= —-—, (7) 


2. To find R at the origin of the curve ay?—3azx*y=z"*, Fig. 36, 
for the branch which touches the z-axis. 

Let y=mz,t then rx=a(m'—3m), y=a(m*—3m?). 

Thus x and y are known in terms of a third variable, and we 
require R from (6) form=0. Differentiating, 


dz/dm=a(3m?—3)=-—3a for m=0. 
d’x/dm?=6am=0 for m=0. 
dy/dm =a(4m'—6m)=0 for m=0. 
d’y/dm* = —6a. 
* The sign of R& will be — or + according as y is + or —. 
t See foot-note, p. 58, 
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Whence, from (6), R= 3a. 
Similarly R=24a for the other branches of this curve at the 
origin (m=V3). 


89. Coordinates of the centre of curvature. Let the co- 
ordinates be a and f. Then, Fig. 57, 


a8 a=xz—-Rsin¢d 
=2—R na Ss, ae ee) 

B=ytR cosh 
=e Sau a Re (2) 
Fie. 57. Evolute—Involute. The locus of 


the centres of curvature of a curve 
is another curve which is called the evolute of the given 
curve, and the given curve is called the involute of the 
evolute. 


Ex. To find the centre of curvature for any point (2, y) of an 
ellipse, and the equation of the evolute. 
If x is the independent variable, (1) and (2) become 


2 2 
ie (oY) i (3) 
pres dy dx rete dx 
de ay a ae 
dx? da? 


which for the ellipse give 


a’*—b? a’—b? 
sal re ae 


Solving for x and y and substituting in the equation of the ellipse 
we obtain 


(aa) + (b8)8 = (a? —b?)8 


for the equation of the evolute (see Fig. 56). If and y are sub. 
stituted for @ and , the equation becomes 


(ax)# + (by)* = (a? —b?)4. 
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90. Properties of the evolute. (A) Every normal of a 
curve touches the evolute at the centre of curvature. 


a=a—Rsing, .. da=dx—Rcos ¢ df—sin ¢ dR. 
But _ dx=ds cos $= d¢ cos ¢. 
“. da=—sin f dh. (1) 
Similarly df= cos ¢dR. (2) 


“. d8/da=—cot = —dx/dy. 


Hence the tangent of the evolute at (a, £) has the same 
slope as the normal at (x, y) on the involute, and (a, #) 
is on both lines, therefore they coincide. 


Fie. 58. 


(B) As long as the radii. of curvature of a curve continue 
to increase or to decrease, the difference of any two is equal 
to the arc of the evolute included between them. 

Let the are of the evolute be S. Then 


dS=V do? +df2=+4dRk, 
from (1) and (2). Suppose F to be increasing. Then dS=dR, 
hence S and R can only differ by a constant, and therefore 
any increment of S is equal to the corresponding increment 
of R. Similarly if R is decreasing, the increment of S is 
equal to the decrement of R. 
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From these properties of the evolute it will be obvious 
that if one of the tangents of the evolute were supposed to 
roll round the curve, a tracing-point in it would describe 
the involute. Thus although a given curve can have only 
one evolute, it can have any number of involutes. The 
involute might also be described by a tracing-point in a 
string which is kept stretched at the same time that it is 
unwound (“evolved”) from the evolute. 


Ex. The radii of curvature at the extremities of the axes of an 
ellipse are, § 88 (7), a?/b and b’/a. Hence the whole length of the 


evolute is 
a? pb? as —b}3 
8) (3) 


EXAMPLES. 


1. At any point of the parabola y? =4az show that R= —2Vr3/a, 
where r is the focal distance (=a+ 2) of the point. Hence it may 


Fig. 59. 


be shown that R=twice the intercept on the normal between the 
directrix and the curve. 


2. Prove that for y?=4az, a=2a+382, B= —y3/4a’, 
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3. Show that the evolute of the parabola is the semi-cubical pa- 
rabola 27ay?=4(x—2a)3, Fig. 59. 

4. Show that C, C’ are (8a, +4/2a), and that they are the 
centres of curvature of B’, B. 

5. Show that the are AC =2a(3V3~—1). 

6. Show that &R = (1+.?):/2b at the origin on the curve 


y=ax+ba?+cx?+... 


or r=ay+by?+cy?+... 
7. Find # at the origin of the following curves: 
(1) The parabola y?=4az, or x?=4ay. Ans. 2a. 
(2) y?=27?(1+2z), Fig. 32. We have 
y=a2(1+22)t}=2(1+a—4$27?4+...). +V/2 
(3) y?=2'(1+2z), Fig. 34. +4. 
(4) (y—2?)?=2'°, Fig. 31. 2 
(5) (y—2x)?=z', Fig. 30. 0. 
8. Find the R of c=y?+y* when r=2. Ans, —13V/26. 
9. Find R at the point of maximum ordinate on the curve 
yi=z' + 3ax’, Fig. 38. Ans. —*/2a. 


10. Show that R =2V2a on the branch of the curve ay’ —axy?= 
2°, Fig. 37, which touches y=z at the origin. 


_ fa\¥ fy\t 
11. The equation (:) + () =1 represents a common parab- 

ola, the origin being a point on the directrix, and the axes tan- 

gents to the curve. Show that R =2(ax+by)/ab. 

[Fractional indices may be avoided by using x=a cos*0, y=b sin‘0.] 
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12. Find R at any point of the curve x=a cos 0, y=a sin 0, 

13. In the hypocycloid x3 + y# = a# (Fig. 18) show that R =38/azy 
=8 times the perpendicular from the origin on the tangent (Ex. 
3, p. 46). 

14. Show that the radius of curvature at any point of the cycloid 
x=a(9—sin 0), y=a(1—cos 0) is —4a sin 49=twice the normal 
PB (Fig. 60). 

15. Also that a=a(0+sin 0), @= —a(1—cos @), and hence (see 
Fig. 20) that the evolute is an equal cycloid. 

16. Show that R=oo at a point of inflexion. 

ds? 
V (dn)? + (dy)? = (as) 


17. At any point of a curve R= 
Ex. 16, p. 70.) 


(See 


CHAPTER XIX. 
INTEGRATION. ELEMENTARY ILLUSTRATIONS. 


oi. Prop. The limit, when n is infinite, of the sum of n 
infinitesimals of the same sign is not changed if the infini- 
tesimals are replaced by equivalent ones (§ 15). 

Let the given infinitesimals be aj, @, ... and let 
fi, B2, ..- be equivalents. By a theorem of algebra 
(i: +Bot...)/(@aitagt+...) lies in value between the 
greatest and the least of the fractions* (@)/a,, P2/ag, ... 
But each of these fractions = 1 by hypothesis. Hence 


£(61+ 62+. a )=£(ait+aet. ue iF 
or f2B=fr2AQ. 


Hence (§ 16) the limit of the sum depends only upon the 
infinitesimals of the lowest order. 

92. In particular, if y is a function, and 4y and dy the 
infinitesimal increment and differential corresponding to 
the infinitesimal increment of the variable, then (§ 42) 
4y=dy+I, and hence £S 4y=£2 dy. This will be further 
considered in the following article, and a special notation 
will be employed for the limit of a sum. 


* Let Bn/an be the greatest of the fractions, and let it =r. Also 
suppose the a’s to be all positive. Then 


Bere, B2<rae, eeey Pn=Tan, coe 
Hence, the symbol & indicating the sum of all terms of a single type, 
PYG Py, Le PU ONO 


Similarly 32/2 a> the least of the fractions. 
93 
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93. Let F(x) be a function of 2, f(x) its derivative, and 
suppose F(x) and f(x) to be continuous from z=a to x=b. 
When x changes from a to b the change in F(z) is F(b)-—F'(@), 
or, in symbols, 


[7@].=F7o-Fo. 


Suppose that x changes by the successive addition of 
infinitesimal increments. When x has the increment dx 
the corresponding increment of F(a) is, § 42 (2), f(x) dx+J, 
where 7 stands for the higher infinitesimals. Hence F’(b)— 
F(a)=the limit of the sum of all such terms as f(x) da, while 
x changes from a to b, dx approaching its limit 0 and the 
number of terms being infinite. Let this sum-limit be ex- 

b 
pressed by | f(z) dx. Then 
a 


| ‘F@) aie [F@] =Fo-Fo. 


Hence, /(x) being a function of 2 which is continuous from 
x=a to x=), to find the limit of the sum of all such terms 
as f(x) dx when x changes from a to b we must seek the func- 
tion (x) of which the differential is /(x) dz, substitute therein 
b and a successively for x, and subtract the second result 
from the first. 

This process, which is analogous to summation,* is called 
integration (the making of a whole from infinitesimal parts); 
F(z) is called the integral of f(x) dz, and f(x) dz is called 
an element of the integral; a and 6 are called the limits t 


b 
of the integration; | f(x) dx is read “‘integral from a to b 
a 


(or between a and b) of f(x) dz.” 


* Historically, the symbol i is the old form of the letter s, the initial 
letter of the word sum. 


} This meaning of the word limit is not the same as that employed 


elsewhere. It here signifies a value of the variable at one end of its 
Tange. 
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It should be noticed that dx is here regarded as an in- 
finitesimal increment of x, and that the element or differ- 


ential f(x) dz is (§ 42) the increment of the function F(z) 


D 


Bra. Gle HIGs. 62) 


when the higher infinitesimals are omitted or disregarded. 
The practical applications of integration depend upon the 
fact that the element can be written down when F(z) is 
unknown. 

ILLUSTRATIONS. 

94. Areas of curves. Let y=/(x) be the equation of a 
continuous curve CD. Let OA=a, OB=b, OM=2x, MP=y, 
MN=dz, RQ=Ay, and let it be required to find the area 
ABDC. 

When z has the increment dz, the increment of the area is 
MNQP=rectangle MR+PRQ. MR=ydz, and PRQ<SR 
which=dz 4y and is therefore a higher infinitesimal. Hence 
the element of the area is y dz.* 


.. the area ABbc=| y ax=|4(2 dz= [rw]. 


where F'(z) is the function of which the differential is f(x) dz; 


e.g., the function of which the differential is rdz is rms 


except when n= —1, in which case it is log z. 


* Observe that the omission of the higher infinitesimals is equiva- 
lent to supposing y to remain constant while x increases by dz. More 
generally, the element of dz(P,+%)(P2+%)... is dv.P,P2..., and 

, Py... may, in obtaining the element, be regarded as constant 
while x changes to x+dz. 
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In other words, we imagine the area to be divided into 
narrow strips by lines drawn parallel to OY, express the 
area of a strip as a differential or infinitesimal element (all 
infinitesimals of an order higher than the first being omitted) 
and then integrate. The whole area is seen to be the limit 
of the sum of the rectangles as their breadth +0 and their 
number becomes infinite. 


Ex. 1. To find the area OBD of the curve y=’, Fig. 63, the 
limits of x being 0 and 1. 


1 1 1 
The area | y de | aes de=[ 40" =4, i., the area is one- 
0 0 0 
fourth of the square on OB. 


af ¥ 
D 
. Bok tO x 


Kia. 63. Fig. 64. Bigs 05. 


2. The area of the parabola y?=4az, Fig. 64; from x=0 to 
z=his 

h ei h 
| yar | V4a. 2x3 dx=[ V4a. 32? | 

0 0 0 


=3V/4a.hi=$h ./4ah=%0B .BD 
= two-thirds of the rectangle having the same base and height. 
3. The area of the curve y=sin 2, Fig. 65, from x=0 to x=z is 


[sin sde= [ —cos x)" =-2, 
0 


0 
i.e., twice the square on the maximum ordinate. 


95. Volumes of solids of revolution. Suppose the curve, 
Fig. 61, to revolve about OX and generate a solid. The 
rectangles MR, MQ generate cylinders of infinitesimal thick- 
ness dz, and radii y, y+4y, and therefore of volume zy?dz, 
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m(yt+4y)?dx. The latter=zy? dx when the higher infinitesi- 
mals are omitted. Hence the volume element =zy? dz. 


-, the whole volunie=2 [-y "y? de. 
at 

In other words, we imagine the solid to be divided into 
thin slices by p!anes perpendicular to OX, express the volume 
of a slice as a differential or infinitesimal element, and then 
integrate. The whole volume is thus the limit of the sum: 
of cylinders of volume zy? dz, i.e., of the cylinders formed 

by the revolution of the rectangles of Fig. 62. 


Ex. 1. The volume formed by the revolution of OBD, Fig. 63, 


round OX is 
m ydems |» ede=x =42 
[ cal 


2. When the area of the parabola y?=4az from x=0 to x=h 
revolves about OX the volume is 


h h he 
=| y*dz = -| 4ax dx=n| 4a : $2’ | =4}n(4ah)h=3xBD’ . OB, 
0 0 


0 


ie., one-half of the cylinder having the same base and height. 


CHAPTER XX. 
FUNDAMENTAL INTEGRALS. 1. 


96. We have seen that 


[i ar=[Fo],, 


F(x) being the function of which f(x) dz is the differential. 
If the limits are not expressed,* we may write 


ia) ax=F(), 


and hence | may be regarded as a symbol which indicates 


the operation of going from the differential f(x) dx back to 
the primitive function /(x), or of finding the antidifferential 
of f(x) dz, or the antiderivative of f(x). By this operation 
we can discover only the variable part of the primitive 


function; e.g., [22 dx=x*, or x?+1, or x?-+c, where c may 


be any constant (any quantity independent of z). To 
every integral thus obtained from a differential there should 
.”. be added a constant, the value of which must depend upon 
special data; we should then write 


fic) da=F (x) +e. 


* The integral is said to be definite when the limits are expressed, 
indefinite when they are not expressed. 


98 
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If we are hereafter to substitute limits, the constant c 
need not be expressed, inasmuch as it would disappear in 
subtracting. We shall accordingly, as a rule, omit the 
constant, but its presence is always understood. 

97. The various processes by which integrals are obtained 
consist almost entirely in so changing the form of given 
differentials as to make them appear as particular cases of 
the fundamental ones given below. 


Differentials. tits 
d(v")=nv"! dv CYS. ~[onde= oa LD hee 1 (a) 
ee — (B), - faves 20% () 
a(2)=-% B,), «.|G=—< (b1) 
d(a*)=A adv (Ti)ee fae dv= ay 

=logea (e) 
(er) =e de ), «.ferdv=er (/) 
d(log v) -@ (G), . .|e- =log v (9) 
d(sin v) =cos v dv (EL), +.[eos v dv=sin v (h) 
d(cos v) = —sin v dv cL) -.fsin vdv=—cosv (2) 
d(tan v) =sec?y dv (J); +. [sect dv=tan v (7) 
d(cot v) = —cosec?v dy (K), +. [eosec% dv=—cot v (k) 
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Differentials. | Integrals. 
d(sec v) =sec v tan v dv (L), +. sec v tan vdv=sec v (I) 
d(cosec v) = —cosec v cot v dv (M), +. [eosec v cot v dv 
= —cosec v (m) 
ei \ Sree oi ee, ee 
a(sin 2 | eae Ns ate [again = (n) 
-Y)\_ ady dts pa eee, 
a(tan °) aay? ea ee \ara= “te (p) 
Lav dv 1 v 
d “2 ) pe ae ; [2 BE ik 
(se a} w/a (2) vV v2 — a2 ree” (2) 


To these may be added: * 


dv La Oa aTS 
|e OVER, 0) 


dv il 1 atv 
a@—y 2a 08 a—»v/’ silo | 
cM 
D; 


and = 


| Rahs a pene aie Oe 
wet a@ © rive) © 
We add the hyperbolic equivalents of (r), (s), and (2). 
|4=- sinh-1~, 
a 


dv (r’) 


* Formule (r), (s), (¢) should be committed to memory with the 
others, as they are of fundamental importance. It will be seen later 


that they may be deduced from the preceding formule. Compare 


carefully (n) and (r), (p) and (s), (g) and (t). Notice that / _dv : 
vi—a 


= f wo and is therefore known from (s), 
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(s’) 


dv il Ge 
|x ao tanh oe v|<|a, 
and = 
a 


eoths*-—, <9} Slo, 
— on! coh a as cosech7!2, | 
vw a2 +2 a v a a 


d 1 


W 
i iia ae Ope cosh-12 = —= sech-12. | 
Wee 4 aa a 


CHAPTER XX. 
FUNDAMENTAL INTEGRALS. II. 


Examples. FormuLa@ (a) To (g). 


J 


> [aztde= tar’ [ (axe +0) dx =tax'+ ba, 


2) 
(ee! 


2 ee | ae! oy 


~ 


(2? —a?)*dxz= [o —2a?x?+a*) dxr=ta° —3a7x? + ate, 


(= —2)ta de= | (2? -2)8 (a? 2)=4(x2?—2)3. 


> 


Se 


cdu aes ee 
Va? —2x? Waa 


da , (die? —2’) 
xem ~4|—gecgr = ~ log (a?—2”), by (9). 


2 
a= eS ae ea ae~{(¢ 2-24) da 


=log x—2x?+42', 


—V a?—x?, by (b). 


8 


g 
P 


s 
x 
a 

a 

8 

us 


Ce FOC 2e Ce YY). 


a 


My 


Se 
a 


te—? dx= ae d(—x?) = —}he*’, 


azi dz = taxi. 10. [rs dx = —3a2-3. 
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11. ee oor mlog Var +a, 12. [obey ae— Oo, 
13. | v200— x? (a—x) dx =} (2ax —2?)3, 

14. [es dz =e%/a. liye [-1e()- 

16. | exereese 17. [zeae Ge e+2) 
18. | 2 4 log (a=): 19. | (log x)n = OE 
20. IE eee 18 (log x). 21. fia dz=a. 

22. | sveae 14, 23. [etae=2 24 [aoe 
25. ("o> 26. [ewae=z. 

Pife [iex+1)ae~ 4a3-—a—2, 28. [et de—e-1. 

29. [oem aat- 30. [vara adx = ai, 

31. is (atz)nd2— Or 32, fe bloe2 


a dz 1 
a j, (a+ax)” (n —1)(2a)»-” as 


1 
34. | (a+bx +cx?)x dz =7_(6a+4b+3c). 
0 


* It is implied in § 92 that a and 6 are assigned vataee of z In 
this example 4 is to be understood as the limit of Me when b is 
infinite. 
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a5 sa a dx poke 
f (@—24)!~ Gar 


2 lor 
37. | ke 4 (log 2), 
1 


x 


39. Kc —2«) 2¢ dx=7 6-08. 
0 


@ (a—2x)dx Belk 
0 V2ax—2? 


41. 


1 
22. | 3° dx = 26/log 27 
0 


CHAPTER XXII. 
FUNDAMENTAL INTEGRALS. III. 


Examples. FormuL@ (h) To (m). 


it [in 30 ao=4{sin 36 d(30) = —4 cos 34. 


ee feos 5@ cos 30 a0=3{ (cos 84+cos 20) do 


(=* sin 26 
Sa oe 


3 x dé i. sec?0d0 _ dtan@_| ' 
“|sin@cos@ | tand — tan 9 ~ 108 (tan ). 


do dé “ d(40) 
4, IE: 0 =|5 sin $4 cos 40 = (55 44 cos $6 =log (tan 40), 
by Ex. 3. 


dé d(4x + 8) 
> | cos ~ | sin G0)! tan (37+46), by Ex. 4, 


or =log (sec 0+ tan @).t 


* Integrals 3-11 deserve special attention on account of their fre- 


quent occurrence. 
¢ This important pee may also be treated as follows: 


sec 0 ¢ oO sec + an Te 
Jaa 20 ie g& ( ’ ( ) 


The integrals of Exs. 5, 4,3 may also be expressed thus (see foot- 


note, p. se 
do do ; 
cos oo (9), Sa pa ot) fa 6 cos 0 = M204) 


Numerical values of 4(@) are given at the end of the book. 
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sin. 0 dé 
6. [tan 6 ao-| I aes —log cos 6=log sec 0. 
6 dé 
Ue [ot @de= | Z =log sin 0 
sin 0 

8. [sin n’0 ams] —cos 20)d0=4(0—4 sin 20). 

9. [eos 870 d0 =; 3] (1-+e0s 20)d0=4(0+4 sin 20). 

10. [tan n’6 d0= { eer 1)d0=tan 0-0 

Le [in n20 cos’d dé = 4] sint20 dd =| (1—cos 40)d0 

=4(0—i sin 46). 
cos Z do : 1 

12% leer an = | Gin 6)-° d(sin 0) = Taentes 
iN}, [costae 1)d0=4 sin (30-1). 14. [sectao dé=+ tan 40 
15 sin’6 19 _ “ : : 

anatase 36 tan*@. 16. [eos nO dd=}$6+4(sin 2n8)/n. 
do ae = 
U7; ATT Oe =4 2 log tan (42 +40) =4V2 (6 —An). 
18. |v 1+cos 0 dd=2V2 sin 46. 
19. ae A/ 2), 4 V2 
| Se og tan ¢(z+ 0)=V 2 A($0). 
20. Jvi +sin 6 d6=2(sin 40 cos $0). 
yi eee rey) g 
* {1+cos g tan 5 ee (ees = tan ao —4). 
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23: [sia 58 cos 36 dd = —} (cos 20+4 cos 80). 
24. 


sin 36 sin 20 d0=4 (sin 6-4 sin 50). 


25: [sin 6d0= fo —cos’@)? sin 6 d8= —cos 0 +2 cos?¢—+ cos®0. 


—cos =o) 


26.* | sin*é dé = [Cc Pao 


=3/l1 —2 cos 20+4(1+ cos 40)]=$0—4 sin 20+, sin 46, 
Ped fe [tana ao~ | (seer —1) tan 0 d0=4 tan?0 +log cos 0. 


=sec 6+ cos 0. 


36 fa] mes s? 
98. sin do a cos’0) dcos 0 


cos?6 cos?0 


29. [os s*6 sin?0 d0 = — [costo —cos?0) dcos = —t cos'd +} cos’d, 


sin 40 
30. ee _ =tan 6—cot 9. 31. | mn 0 d0=log tan 3(z+ 0) 
=A(39). 
in?6 dé 
32. | a 7 ~log tan(4x +40) —sin 6= X(0) —sin 8, 


2 2 ae ib 
33. laso- I (1+tan?0) sec? d0=tan 0+4 tan*d, 


34. | sin 6d0=2. aos [cos 0 dé=0. 
0 


tx dé 


36. c0s?0 


io 


I 
tn 

Ip 37. | Pe al 
0 


tn tn 4x sin 6 dé — 
33. | Os cos?6 dé. 39. | ae Viet, 
0 0 0 


* Compare the methods in Exs. 25 and 26 according as the index 
is odd or even. 


43. 


44, 


45. 


46. 
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tn an 
; | be =}tlog2='347*. 41. | sec?d tan 0 d0=24. 
0 


i tan 0 


an 
; | cot?d dd =4(1 —log 2) =" 522. 


sec 6 d0="521. 
0 


[ (1+ cos 6) 2 10g ( Qn 


re 6+sin0 =) = "201. 


eg YEE Fo 


* Use the tables at the end of the book. 


CHAPTER XXIII. 
FUNDAMENTAL INTEGRALS. IV. 


EXAMPLES. FormuL@ (n) To (t’). 


dz 1 1 1 1 a+2 
Ee fee |saloes tone”, log (<=). 


: 1 1 ] 1 a+az 
It also [of ate -a—a)~ 5a log (<*2). 


This is (s). 


dx 1 d(xV'3) 1 33 
Baie eS. 
V/4—32? V3) 2?—(2V3)? V3 2 


zdz WT). ee 
3. Fo oa (2): 


4 === 2] ese =sin"(#=*) 
JV 2an —2? eS a }° 


dex d(x +a) 
; = Stel Wiese ee t+a+V2?+2az). 
4 lz +2ax \7e +a)?—a? og (x +a z ax) 


6 dx ES es 7 dx eh ( fir 
* |Qax—2? 2a°°8 \Qa—z)° ‘1324 2ar 2a °8 \z 42a)" 


| dx | dx Al jl (<) * 

8. = ——— a SN ry 

aV 2? —a’ a? a ays a z 
mshi gg? J 4 B 


*The integral is also * seet ©, These apparently different re- 


sults differ only by a constant (in this case z/2a), and therefore have 
the same differential 
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In a similar manner deduce (¢) from (r) and (é’) from (r’). 


x? dx Lae 1+2° 
9. [Tpgend tanta 10. [Fob log (=): 


x dx he Lear ee 
IU wine oe sin (3). 12 leper et 
d 
13. a =sec—! e% 14. | = — —gech- ef, 
a/ ert —] /1—e 


15. 


dx : dx = d(x —4) 
oor eeesey a le 4)? + (3)? 
=tan—!(2¢%—1). 


dx 2Qe+1 


| 
ee ee 
‘| 


1 
ee == sinh} (= EA ). 


V1i+a+2? V3 


de Vx?—a?_ / x? —a?—a see 
ie a 
[Rationalize the numerator.] 
19. ie Va —x? 


os x 
=Va?—2?-a sech~'=. 


20 


x 
a—2X — eRe 
ax, | =Va?—x? +a sin“'7- 


at+z% 


| 
a, ie (ee 


dx xta 
x 


23. 


d 
dx Zs —( (=, 5). 
a3 oS 


he =tsin-? (=) . 


ee ee So <5) 

IRD. [nara 4 sec—*(42). 
dx =f (- 

V5 — 498 V5 — (223)? V5. 


| 
24, | 
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1 
25. ee =} tan! 3 ="624, 26. | Eat ="78 
ae >V1—« 47 5. 
dz 
27. ie 345g) VY 10 tan (4/10) ="318. 
0 
+ xdz 2d 
28. ] ==" 12 5 = a 
ees at =} og 3 8. 29 lee 4 log $= 128 
Fe 4 dz 
30. [ac tan-?2="161. 31. | gegct tert B= 329 
ig dx tara 
32. a ="785. EN oe 
i ea a ETE aoe 


CHAPTER XXIV. 
INTEGRATION OF RATIONAL FRACTIONS. 


98. An algebraic fraction is rational when it contains no 
surd expressions involving the variable. 
If the fraction 1s improper, vt must first be reduced to a mixed 
quantity. 
1 


a4 
oS Sa a, . 
Ex. 1. jag" L+ia3 ; | 


x dx 
1l+2?_ 


403 —2+tan-'z. 


5d 
2. le |(e-=+p) dx = 4a! —42? +4 log(1 +2). 


When the fraction is a proper fraction, it should, in gen- 
eral, be decomposed into partial fractions. See Appendix, 
Note A. 


EXAMPLES. 
ee De ee ee ey 
* a(a—1)(a+2) PS Ah BY FAI UY aa 
v’?+3a24+1 
; ieee 1)@E2)™ —} log x+ § log (x—-1) —$ log (v +2) 
(e—1) 


=f log oes. 

MS aaa 

o, [A+30) de _ @ Cree es 
ie masa | - ite sey) 


2 
=log «—log (1+ 2) ieee (—) aes é 
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3. +) = 1 1 an aa & 
s- Slane aa, Wee (oe 
a at 1+2z 
irae rag 06 (Gag) 
82° dx 
ee =2z'-—2?+4 log (1+2z2’). 
(2x +1) dx z= 
2 eer log @+1), [x 
dx oe 1 
e ees log Lee ees 
8. RES EA 
laqsan PAIR cts 
(8a?—1) da _ 
9. See 349 32 +11 log (r—2)--2 log (x-1), 
a dx 
10. ‘ae 24 82¢+4 mlog (142) +555. 
(x3 +1) dx ee 
AS ao, = log (x—1)—log x. 
(+a) dx _ =) A 
12. [eae 2) tan oh ae SO 
2a dx S142? ie 
13. [peoeer 2448 108 ace +tan—'x 
2a dx i 1+27\ + 
14. | i ta(8424)~ (572) 
a akty 3a +4 e+1 
i (25542) sae leo) 2 


CHAPTER XXV. 
INTEGRATION BY SUBSTITUTION. 


99. To assist in bringing certain differentials under forms 
already considered various substitutions are employed, the 
most important of which will be mentioned in this chapter. 


il 
Ex. ees Let r=—, then dr= — ue and Ls de 
ax +ban Zz 2 x z 
Substituting, we have 
2m? dz log (az™-!+b) 
=p +b —a(n—1) ’ by (9), 
1 ant : 1 
= eT) log isa) , When z is replaced by rs 


2. Making the same substitution and integrating by (a) we 


have 
dx x 


dx ay 4 
(a?—2?)? a(a?—2)}? le +a’)3 — + oe? +a’)t 


Then v?+a?=2? and 2vdv= 


Vv 
22 dz. 


d ie wie. 
oF pa Let Vv? +a?=z. 
2 + a’ 


One dv 
Sis ei ie Fe » [Plog (0+2), 


dv 
or | Freer ke (w+ Vv? £a°). 
Thus formula (7) is deduced from (g). 
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100. Binomial differentials. Any expression of the form 
(ax? + bx?)" dx, the indices being positive or negative, integers 
or fractions, may be called a binomial differential. For con- 
venience in making the following statements it will be best 
to suppose the binomial differential to be given in the form 


x™(ax" +b)" dx. 


This can be integrated immediately in the following cases: 
(1) When r is a positive integer, expand by the Binomial 
Theorem. 


m+1 


= is a positive integer, let az”+b=z. 


(2) When 


(3) When mat +r is a negative integer, let az" +b=2x"z. 


toz1. When the differential is a function of a+bz let 
a+bx=2", where n is the L.C.M. of the denominators of 


the indices. 


dx __ [22 dz Tog Pe 
ue areca ate * ese 


-2( =2 tan—'z=2 tan-“'?V 1+42. 
1+z 


dx 
(Az? + B) Vax? +b 


let ax? +b=x22?. 


102. In 


103. sin”6 dé, |m odd and +, let cos 0=z, 
sin”@ cos"0d0, | .. —sin 0 d0=daz. 


m odd and+, let sin 0=2, 
°. Cos Odd = dz: 


) let tan d=z, 
sin”0d0, cos™0.d0, m even and—, | .*. cos 0=1/(1+22)}, 
sin”@ cos”60d0, m+n even and—, sin 06=z/(1+2?)4, 

J d0=dz/(1+2?). 


cos”é dé, 
sin” cos™0 dé, 


— 
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104. More generally, any rational function of sin @ or cos 6 
becomes algebraic and rational when tan30=z. For 


cos 0= (1—2?)/(1+2?), sin 0=2z2/(1+2?), d0=2 dz/(1+2?). 


105. Any rational function of tan 9 becomes algebraic and 
rational when tan 0=z. For d@=dz/(1+2?). 
106. Any rational function of e* becomes algebraic and 
rational when e*=z. For dx=dz/z. 
107. On the other hand, certain algebraic surds are ren- 
dered trigonometric and rational by substitution. For 
if c=asin 0, (a2—2?)t=a cos 0; 
if z=a tan 0, (x2+a?)t=a sec 6; 
if z=a sec 0, (x?—a?)t=a tan 0; 
if z=2a sin?0, (2ax—x*)t=2a sin 6 cos 6; 
if x=2a tan?d, (x? + 2axr)4=2a sec 0 tan 0; 
if «=2a sec?0, (x?— 2ax)*=2a sec 0 tan 0. 


Hyperbolic substitutions may also be employed. For 


if x=a sinh z, (x?+a?)*=a cosh z; 
if =a cosh z, (x?—a?)+=a sinh 2; 
if <=2a sinh?z, (x? + 2ax)+=2a sinh z cosh 2; 
if x=2a cosh2z, (x?—2ax)*=2a sinh z cosh z. 


108. Since az?+ba+c= 2 [(2ax +b)? + 4ac— b?], the follow- 


ing general results may be obtained from previous integra- 
tions by the substitution 2a%+b=z. 


| Ss tana (0th 
ee Aaa =e \/ 4ac— b2 


if 4ac—b? is+, and 


1 2ax-+b—V b2— 4ac 
SS OS 
/ b2— 4ac 2axth+yv be— 4ar 4ac. 
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if b?—4ac is +. 


dx Reortee ee  ES, 
@) pa" Va = log [2ax+b+2V a(ax’ +bx+e)) 


¥ 3(4 2ax—b wu). 
a a 
V—artbrte Va \ 4dact+b? 


lar arere 
lois 2(2ax +b) 


(3 eS eee 
ore, (4ac— b?)V ax?+ba+e 
(4) & ar eas bdx 
axz+ba+e 2a az?+bx+c 
dx 
aCe 2 Se ees AS 
log pibee ce sal arpa 
6) (23 ~via tiete- | __ 
Vare+bat+e @ 2a}\/az2+ ba +e 
) | x dx ee 2(bx + 2c) 
(ax? +ba+c)# (4ac—b2)V ax? +br+e 
109. If we put o=2in |S __, 
z xv az?+bx+e 
On, nth=sin peri ae 
(x +k)Vax2+ba+e. 


these integrals will be reduced to § 108 (2). 


EXAMPLEs. 


2 Peas 
t. SS tant, P=, Let V 2ax—a’?=z. 
a 


9. [522 -a2—p On 542 taux, Let a= x 
x 


laste? tan—1V/1 sete 
(Q+2)V1+z 
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dx ata 


a TET RE 8 rae et 
(Qax+2?)3 a2 2ax +x? 


Let e<+a=— 


ey 


5. | = =2Jloe (Vx Sarva): | 
V(«—a)(x—b) 
os aes Let z- 
2 sin 
. ie (a —a)(b—2) cA b-a 
We fea +22) %&da =? (7x? -2)(1+2?)5. 
dx _V2?=1 =a | 
‘ wie 227 
8 Taal aa ——(1+22?). 


9), 


de ah Latent eS 
(l+a?)V1—2? n/2 : 


10. | sin’é dd = —t cos’6 +2 cos*0—cos 0. 


[Ch. XXV 


a=2*. 


sin’d dé 1 1 : 
a 5 dM Oh SH 
We | eT Ba Qt 8 cosh 12. [ao Sa 9 —avean's 
13) | eh cod 2 cot P+ tan 0 
piagsty oko. = cot 6+tan 0. 
do ) 
“ awe Piswaa: 
sin 6 —sin?0 n 
iS: | 1+sin 0 dd= 20 + cos 0 + T+tan 30° 
16 do 
‘ }at+bcosd— wa tan-i(, fat tan 10), a|>|b, 


and 


ilefe | tan*é dd =4 tan*0—tan 0+. 


2 ib— 
rsa = tanhe Kee * tan 10), al|<|b. 
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ee ea, 
oV/ x21 2 oy” 


19 | dx 1 ; ip 
: = O : 
aVax?+bate Ve (Cr aes 


20. | dx eee be —2e 
‘ JaVazi+ba—c¢ Ve zV b? +4ac 


CHAPTER XXVI. 


INTEGRATION BY PARTS. 
110. Sincev dut+tudv=d(w), .’. [> du [u dv=uv, 


os [. dv=uv— fv du, 


or u dv can be integrated provided that v du can be. 
Integration by this formula is called integration by parts 


d 
Ex fo x dx = (log x)x -|= . = 
= (log Od log «—2. 


2. [sine dx = (sin—1x)a =| =z sin—4#+V1—27?, 


pe 
V1—2? 


2 2 
3. fe log x az= [log x.x dx= (log a F da 


2 & 
ee x 
= log #— 4° 
IgG pipes Ss gnti 
4. Similarly, iE log « dx=7 5 log Gate 


111. It is often necessary to repeat the integration by 
parts before the complete integral is obtained. 
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Ex. 12 cos x ae=[2* . Cos & dx=2z? sin e—2f sin x dz. 


Again, [> sin x ae~|s . sin x dx= —2 cos r+ [eos x dx 
=—2zcoszx+sin x. 
Substituting, |» cos x dxr=x? sin x+2z cos x—2 sin x. 


112. Sometimes the integration reproduces the given ex- 
pression with a new coefficient. 


wey: 
Ope ne = 
Va? —x? 


dx a? dz 
-. [Vame dx = Ee = 


5 x a 
=a? sin“ fe d(—V a? —2?) 

Sat +; —_— 
=? sin~" +2Va?—2? -[ve —x? dz. 


Transposing the last term to the left-hand side and dividing 
by 2, we have 


2 
[v a?—x? dx=5 sin +5V a’—x?, (1)* 


2. Similarly, 
2 ——— 
| VerEa dem 45 log (ct Vatda) +5V0 £0’. (2)+ 


* (1) and (2) are of frequent occurrence and should be carefully 
noted. They are also easily eg ae by the substitutions of § 107. 


y 2 eee, ie fesie 2 2 
+Or, [ve dr=& sinh +5 z*+a?, i 


— ar Coe 
Pea pre moh aA / SDD 
[vi a? dx 3 cosh ts a*—a’, 
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3. [see 6 tan?0 d0=tan 6 sec 8 - [se0% dé, 
rence, since sec?@=1+tan?0 and [ee 6 d0=log (sec 6+tan 9), 


[ee 6 tan?0 d0 =4 sec 0 tan 0 —4 log (sec 0+tan @). 


EXAMPLES. 


ile E cos x dx=x sin x+cos x. 

2. | tan—z dx=a tan—z—log V1 +2. 
3 iE tan—'a2 dz=} (1+27) tan—'x —42. 
4. [2 sec“ 2 da =} (x? secx —V'x?—1). 
lay. | zea =(x—1)e?. 

6. [re dz = (a? —2”+2)et. 

he [ersin x dx=er(sin x—cos2). . 

x? sin x dx=2z sin x+ (2—22) cos a 


9. le sec’a dx=az tan x +log cos x. 
ex 

10. le sin 2x dx = (sin 22 —2 cos 22). 

ven 


x tan’s dx=ax tan x+log cos x — 4a, 


a 
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12. [a "(log x)*dx => = (dog x)?—3 log +2]. 


13. [see c°0 dd=% sec 6 tan 0+4 log (sec 0+ tan 0). 


aL 


e2f cos mx dx = a (6 cos mx-+m sin mz). 


14. 
az 


5 e : 
e% sin mz dx= 3 (a sin mz —m cos mz). 
a*+m 


f— 
or 
ee eee Poe 


/2ax —4- dx == Van — —x? +o sin! (=) 


eee ie an 
17. eee (c+a+V 2ax +2), 


CHAPTER XXVII. 
SUCCESSIVE REDUCTION. 
113. To integrate sin”@ d0, n being a positive integer. 
| sin"9 d0= | sin”-19 sin 0 40 
=—sin” 14 cos 6+ (n— 1)[sinr-20 cos?@ dé, 
and writing 1—sin?0 for cos?0, 
=—sin”—1@ cos 6+ (n— 1) |sin»-29 d0~ (n— 1) [sino dé. 
Transposing the last term and dividing by n, we get 


innr-l —_ 
[sinno fe EN SU | sin*-20d0. (1) 
n n 


Writing n—2 for n, we have 


sin”-39 cos 6. n—8 


Inn—2 es 
[sin 6 dé =o er 


| sinn40 d0. 


Thus by each integration the index is diminished by 2, 
and hence will in the end depend upon [sin 6 d0=— cos8, 


or [a0—6, according as n is odd or even. 
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By a similar process 
cos*“17 sin 6 n—1 
n 


/ 2 ee 2 
14. [= {= O+sin?0 |p ie 510+ | ao 


sin”@ sin”? sin” sin?-29° 


[cosa d= [cos»-29 dé. (2) 


The first term = | cos 6d (— ee 


¥ cos 0 ab! dé 
(n—1) sin®1@ n—1)sin"-2¢° 


= 


| do cos 0 | ao 


sin"@ (n—1) sin” 0 ' n— 1) sin™-20’ 
by which we may reduce to 
dé dé 
\anan log tan40, or \san- —cot 0, 


according as n is odd or even. 


Similarl sO . sin 0 = do 

ape la (n—1) cos” 10  n—1) cos”-26’ 
Ag : dg 

and lee — log tan (An a. 40), lesera =tan 0. 


115. [tara a9 |tan**0 (sec?0—1)dé 


Il 


[tanr20 d(tan 0)— [tanr-20 do 


tan”19 
me tal 


= | tan”-20 dd, 


and fan 6 d0=log sec 0, {a0— 0. 
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(Oi! 
ee — feot-24 dé, 


Similarly, [eotra dj=— a 


and Jeot 6 d@=\log sin 8, |a0- 0. 


Inntl 
116. [cosa sin”? a9 |cos™10 d (= *) 


n+1 


- cos”-14 sin’*19 m—1 
= n+1 n+1 


[cosm-24 sin”*26 dé, 


and writing sin”*?@ in the form sin”@ (1—cos?0), 


pcos sin"™41@ m—1 
= n+1 v n+1 


n+l 


[cosm-20 sin”@ dé 


| cos” @ sin”6 dé. 


Transposing the last term and dividing, 


cos™—14 sin™*+19 m—1 
m+n m+n 


[cosmo sin”? d0= [eosm-20 sin”6 dé. 


In a similar way we might have obtained 


m+1 inn-l i 
[oosma Be pe ee 7 {eos a sinn20 dé. 
m+n mtn 
117. The following will present no difficulty: 
(— ee cos™ 19 asta cos™ 29 
sin”0 (n—1) sin"716 n—1)J sin™29 ~’ 
le = sin”19 wedi sin”-2@ do 
cos” @ (m—1)cos™ 19 m—1Jcos™-29 ~~ 
dé (cos? + sin20 
116. ae sin”6 | cos™@ sin”@ ag 


| dé dé 


cos” 26 sin@ J cos™@ sin”-26 
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I —1 
eee | cos ig” se 1) a) 
ca i m— | dé 
(n—1) cos™ 16 sin™6 = n—1)cos™@ sinr-20° 


Substituting this, we get 
| d0 if m+n-2 { dé 


seer Sa : ; 
cos™@sin"@ = (n-1)cos™-1@sin™-16 n-1 Jcos”@sinn-2@ 


By treating the second term in the same way we might 
have obtained 


dé 1 m+n =| dé 
cos™@sin"™9 (m—1)cos™1@sin™1@ > m—1 Jcos”™-2@sin"@’ 


Hence the integration may be reduced to one of the fol- 
lowing: 
dd do dé 
{ao, lz @sin@’? Jsing’ ° jz ] (Oa 
119. The following may be obtained from the preceding re- 
ductions by the substitutions of § 107; they may also be 
obtained directly (cf. § 112). 


{ edt, Ee) x2 dx 


ae me n n A), gee, 
dx > Va x n—2 | dx 
lowe a a?(n—1)a"-! a? (n—1)) gn-2v/ g?2— x?’ 
x” dx = ar-W/ 2ax— we a(2n— >| x1 da 
J V2ax— 42 n n V Qaa— x? 
1a gnW/ 72 + Zaz a(2n— »| Haman § fe 
V/ 22 + 2axz n n V 92+ 20x 
n 
i x(a2—22)2 an EL 
(Jol SOUS Wag el RE cane gM pce ale Way pee Silage Pm 
Je LNA ae a7 {G ZF) 2 


128 INFINITESIMAL CALCULUS. [Ch. XXVII. 


EXAMPLES. 
1. Obtain the results of §114 by integrating sec™@dé@ and 
cosec”6 dé. 


z™ cosnxz ma™—! sin nz 
n ie 


Pre |= sin na dx = — 


_ m(m—1) 


7 ie sin nx daz. 


a™ sin nz mz™—! cos nz 


Se [2 cosnz dx = 


n fis 
m(m—1) 
| |? COS HD CE 
n 
xrer= HN 
4, [zene dx= ——|anr—leat dr. 

a a 

5 ert x eat ° a fer dz 

: an (n—1)ar-* © n—-1} ar-?* 


xm+1 (log x)" n 
mt+l m+1 


6. |2™dog 2)" de= [2mdog aye a. 


CHAPTER XXVIII. 
CERTAIN DEFINITE INTEGRALS. * 


120. The first term of § 113 (1) is 0 when @=0 and alsa 
when 6=47; hence 


R f 


[{ sina do (n—1)(n—8)... aa 


UR= 2055 o 
each set of factors being carried to 2 or 1, and a being 5 


when vn is even, and 1 when n is odd. 


Also, | ? cos") d0= | ?sinnO a0. 
0 0 
121. By examining the results of § 116 it will be found 
that 


Battie (Gn in =3) Ale D@e2).. 4 
iE sin”@ cos”6 d= OE 3; 


each set of factors being carried to 2 or 1, a being . when 
m and n are both even, and 1 in all other cases. 
: pe ies 
This reduces to et if n=1, and to ror u m=1. 
122. Many integrals may be reduced to the foregoing. 


pes ie : GES =a] inno d0. Let x=asin @ (§ 107). 
oV a?—z? 0 


* For a collection of indefinite and definite integrals see Peirce’s 


Short Table of Integrals (Ginn & Co.). 
129 
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nu 


a 3 z 
2 | (a? —z?) de= antl cos"t16 dé, 
0 0 


zn 
4 n 3g 
3. I wn(a?—at) “demamént| sin™6 cost'6 dé. 
0 (0) 


2a andz 
0 V 2ax —2? 


z 
=2(2a)>| sin?”6 dé. 
0 


n 
2a n Py 

5. | x” (2ax—2x?) dx= 2(2aymtets | sin?™+n2+16 eognt+19 da, 
0 0 


oe ae 
6. | Sarat cos"—*6 dé. 
° (a +22)” 


« Y 
ae —— 


a 
ry 

Te | xz™(a —x)” dx=2qm+n | sin2™ +16 eos22 +19 dé, 
0 10) 


123. From § 93 it is plain that 
b a 
[,1@) a2=- |" fe ars 


that is, interchanging the limits merely changes the sign 
of the definite integral. 

124. It is possible in certain cases to arrive at the value 
of a definite integral when the indefinite integral is unknown. 
The following important integral is an illustration. 

; 0 Wis 

To prove | e-* da=——, | 

0 2 

From § 120 we have 


nT 


aN 2 i Be 
[sin a0. [sin 6 dé rank ie (1) 


4 
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22 
Let sin"@=e—, or 6=sin-! : 4 : 


which, by the Exponential Theorem, 


2 4 
Bs wha ee ahs 
n n  38n? 


Substituting in (1) we have 


a(S) 
ie ee des i Riese dr. sla 
BT eee Nan Nee D a1 2" 


or 
a nt?) 
Pe dz {* RAD I. 7 
0 D : 0 /9) Wael 4 


Now let n= ; then D=1, and a (=1+-) also = 1, 


co 2 x a) Se 
ss eo ac | =—, .% | e *%* dx=—. 
LY, 4 0 2 


EXAMPLES. 


i. [[sinva a0=2| 2 sinnd dé, n&=0. 
0 0 


ae [{oosto dé=0, nodd, and =2/8 cos" d@, n even 
0 0 


ud : 
3. [2 sin x cos nx dx =(— De a j 7 an integer not 1, 
tT] 
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and aoe if n=1 
n mm P 

4, [2 cosa sin nx dx=(—1)"75—7, n an integer not 1, 
ty) 

d “ ifn=1 

an =a the We 


(e.2} 
5. The Gamma Function. The integral | x—le-® dx (n positive) 
0 


is called the gamma function and is represented by I'(n). Inte- 
grate by parts * and show that 
i 
P(n)=—P(n+1), or P(nt+1)=nP(n). 
6 Show that ’(1)=1, and deduce 7'(2)=1. 7'(3)=1. 2, T(4)= 
1.2.3,...I'(n)=(n—1)! if n is an integer. 


7. Show that ’'(4)=Wz. Let x=z? in the integral. Deduce 
P(n+4)=1.3.5... (Q2n—-1)Vx/2", n an integer. 


ce Te, 
8. | gn—le-ar dx = = n and a>0 
0 


(o.2) 
9. | e—lte—z? dy =4I'(n),n>0. Let z?=2 
0 


1 1\ »-1 
10. | (log =) dx=I'(n),n>0. Let x=e-*, 
0 


1 1\"1 > (n) 
—1 = = 
Mil, {, am (log - ) dx we and n> 0, 


es, 


* Lew t%e-*=0 for all values of n. 


1 \n 
Ror, weet a [BE eee ea 
r En Sa aes 


The conclusion is obvious directly if nZO. 
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Many other integrals may be expressed by means of gamma 
functions. The following, known as the Beta Function, is an 
important illustration (see Williamson’s Integral Calculus, § 121). 


1 ie Le 
| aml (| —7)n Igy = AE m and n> 0. 
0 


I'(m+n)’ 
Assuming this result deduce: 


ie [i2n-Na —)n —ldz Seg) 
0 


I'(m+n) ° 
eae de (mm) P's) eS 
iy, iE Gtaymen T(m#n) * Let 1+2= = 
1 
7 f. dx Vx ry) 
; oV1—2" n uk 1 ' 
Paes) 
= ed 
15. [?sinma cos”@ d@ =—~—_——————_—_——_., mandn> —1. 
2 m+n+2 
. eee 
2 
Let sin’ =z. 
nm+1 
seat rte ; 
16. \eiawo vole a= = eee > 4 
‘ . r (+1) : 
WA 


Values of I’(n) for values of n between 1 and 2 are given at 
the end of this book. Other values are unnecessary on account 
of the relation [(n+1)=n I'(n). 


CHAPTER XXIX. \ 


AREAS AND LENGTHS OF PLANE CURVES. 


SURFACES AND VOLUMES OF SOLIDS OF REVOLUTION. 


125. Let P be a point on a continuous curve CD whose 
equation is given. Let OA=a, OB=b, OM=z, MP=y, 
MN=dz, RQ=dy, RT =dy. 

We have seen ($$ 94, 95) that 


b 
(1) The area ABDC=| y dx.* 
(2) The volume formed by the 
revolution of this area about 
b 
OX all y? dx. 
Let the length of the curve 
measured from some point up 


to P be s; then PQ=4s, PT =ds. Also (§§ 92, 93) £3 ds= 
f£5ds. Hence; 


2=b 


(3) The length cp=| ds, where ds=\V da? +dy?. 


C= 


4s and ds being equiva'ent infinitesima's we assume that 
they form equivalent areas in revolving about the z-axis. 


b : 
* The area=sin w f y dx if the angle between the axes is w. 
a 


134 
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But ds describes the lateral surface of the frustum of a 
cone whose area 


=2n(y+4dy)ds=2ry dst+I, 


where 7 is a higher infinitesimal. Hence 
(4) The area of the surface formed when CD revolves 


z=b 
about OX is 2x| y ds. 


z=a 

Since higher infinitesimals 
are to be omitted in finding 
the element of an integral we 
may use dy for 4y and accord- 
ingly regard dx and dy as 
simultaneous infinitesimal in- 
crements of x and y in the 
same figure. Thus (Fig. 67) 


OF 
(5) The area ECDF -| dy, and the volume formed by 


OF 
revolving this area about oY=n| x? dy. 
OE 


If CABD revolves about OY, the volume formed by MQ= 
ydx.2nx+I. Hence 


(6) The volume formed by revolving CABD about 
b 
oY =2n/ xy dx. 


(7) Similarly the volume formed by revolving CABD 
about BD 


b b 
-| y dz . 2x(b—2) =2n| (b—x)y dz. 


Other relations may be written down in a similar way 


136 INFINITESIMAL CALCULUS. (Ch. XXIX, 


Ex. 1. To find the length of the semi-cubical parabola ay?=2z3 
(Fig. 68) from the origin to the point (a, a). 


; 3 
F th t have dy= + 
5 rom the equation we have dy 5 Ppa dx, 
D 
Vda +92 
=V dz? + dy?= eee dz. 
2Va 
a 
a 344 
J - eA an [Eaten 
6) ren Tae 4 0 2Va 27Va 
Fig. 68. _ 138V13- 8. 
27 


2. The area OBD =2 


ay irs volume of Aen about OX =47a?. 
66 CiCmmG 66 Ova sna, 
ce ce 60> 68 6c BD= era}, 


4. Find the surface of revolution of the cubical parabola a?y=<! 


about OX, x varying from 0 to a. Ans. 57 (10V 10 — Pass 


126. It is sometimes desirable to express both x and y in 
terms of a third variable. 


Ix. The equation zi+yi=at (Fig. 18) is satisfied if we put 
x=asin*0, y=acos*d. 
a tx 
Then dr=3a sin?@ cos 0d0, .*. [ ydx = 3a? | cos*0 sin?0 dd, 
/0 0 

Seo 
° 2G 2 AU Oe 
which, § 121, =3a 6.4.99 3970". 
*, the whole area bounded by the curve =3za?, 

For the length, ds = dx? +dy?=3a sin 0 cos 0 dd, 


tn 
.. whole length = 120 sin 0 cos 6 d0=6a. 
0 


Similarly it may be shown that the volume of the solid made 
by revolving the whole area about one of the axes= zo 57a5, and 
that the surface of this solid =1/za’. 
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127. It will often be necessary to determine the limits 
of the integration from the equation 
of the curve. Thus in finding the Y 
whole area enclosed by the curve 


a2y2= 42(a2— 22), 


it will be seen that the curve cuts x : 
the z-axis at (+a, 0) and that the 
general shape is that of Fig. 69. Fic. 69. 


Hence the complete area 
a 
-4| y dx=4a?, 
0 


The volume of the solid of revolution about the z-axis 

= 74203, and about the y-axis=472a%. 
128. When y is negative the sign of ydx is —, and accord- 
ingly an area lying below the axis of x will be affected by 
the same sign. Hence in calculating 


J an area, care must be taken that y 
does not change sign between the 
given limits. Thus in the curve 

24 c y=x(x—1)(a—2), Fig. 70, 


Fia. 70. y is + from x=0 to z=1, — from 


z=1 to x=2; it will be found that 
1 2 2 
| yaet, [yae=—t, | ydz=o. 
0 1 0 


And generally the sum-limit given by a definite integral 
b 
j(x)dx is that of the algebraical sum of the elements, 


which will be equal to that of the arithmetical sum only 
when /(z) is of the same sign for all values of x between a 
and 0. 

129. If y is infinite in a given interval of xz, the area will 
have a limit (and will therefore remain finite) if the indefi- 
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nite integral fy dx remains finite for the interval of z in 


question. For example, if y%(@—1)?=1, Fig. 71, y=o 
when z=: 1, and 


[iyaz=s[ce—1] <3, [=3 76: 


Y 


2 
< 


Fig. 71. Ides, (72. Vite 7h 


Thus if the area is imagined as described by an ordinate 
which starts from the y-axis and moves towards the asymp- 
tote x=1, the area=3, and this is what is meant by the 
area between the curve, the axes, and the asymptote. Simi- 
larly if the ordinate starts from the line x=2 and moves 
towards the asymptote x=1 the area +3, and the sum 


2 
of the area-limits=6= | ydx as if y were continuous for 
0 ; 
the interval [0, 2] of z. 
Similarly if y8(7—1)=1, Fig. 72, 


C= r— = ) = ) => ’ 
oY z P z ; z 
the algebraical sum of the area-limits. 


But if y(e—1)?=1, Fig. 73, the indefinite integral | y dz= 


= when x=J, and the area=o. In this case 
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2 
| ydx=—2, which represents no part of the area for the 
0 


interval [0, 2] of x On the other hand, the area for 
fz, oe pet. 

130. As x increases the volume-element zy?dx changes 
sign only with y?, i.e., when y becomes imaginary. Thus in 
Fig. 70, 


2 16z 1 
Pie Ds Ra 2 
[=v dz 105 2| xy dx. 


EXAMPLES. 


1. The circle z?+y?=a’. Show that 
(1) Area=za?. 
(2) Length = 2za. 
(3) Volume of sphere = 4za?. 
(4) Surface of sphere = 4a’. 


2. The witch y?(a—z) =a’z, Fig. 54. 

Let =a sin’), then y =a tan 0. 
(1) Area between curve and asymptote = za’. 
(2) Volume of this about asymptote =477a'. 
(3) Volume of same area about OY =$z7a’. 


3. The cissoid y?(a—x)=2?, Fig. 41. 

Let z=a sin’0, then y=a sin’0 tan 0. 
(1) Area between the curve and asymptote = 7a’. 
(2) Volume of this about asymptote = 77a’. 
(3) Volume of same area about OY =$77a’. 


4, Find the area bounded by the rectangular hyperbola zy=1, 
and the lines y=0, z=1, x=n. Ans. log n. 
5. The curve y?(a?—2?) =a‘, or x=asin 0, y=asec 8. 
(1) Area between curve, y-axis, and asymptote z=a is xa’. 
(2) Volume of this about y-axis =4za'. 
(3) Volume of same area about asymptote =2za'(z—2). 


6. The curve y=e-*. 
(1) Area from «=0 to r= is 1. 
(2) Volume of this about z-axis = }z. 


(3) Convex surface of this solid=z[V2+log (1+ V2)]. 
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7. The curve 2?y?+a7y?=a’x’. 
The area between the curve and each asymptote = 2a’. 


8. Find the area between the following curves and the z-axis: 


(1) (y—x)?=z', Fig. 30. Ansar. 
QGa2) =2", Fig. 3k. er. 
(3) a’y=2(x?—a?), Fig. 17. 4a’. 
(4) yd +a?) =1. z: 
(5) y=2(1 —2’). 3. 
(6) y= (a1). tz. 
9. Find the area of a loop of the curves: 
(1) y2=2*(24+1), Fig. 34. Ans. tés. 
(2) y2=27?(22+1), Fig. 32. +. 
(8) ay?=(a@—a)(a—2a)?. a’. 
10. The parabola (<) : +: (2) 2 1. See Ex. 11, p. 91. 


(1) Area between curve and axes= ab. 
(2) Volume of this about OX =7szab?. 


11. The cycloid x=a(0—sin 0), y=a(1—cos 0), Fig. 19. For a 
single arch: 
(1) Area=3za?. 
(2) Length =S8a. 
(3) Volume about base = 5z?a3, 
(4) Surface of this solid=4za?. 
(5) Volume of the area 3za? about tangent at vertex =777a8, 
(6) Show that in Fig. 20, s?=8axr (s=OP, x=OM). 


12. The curve x=a(1—cos 0), y=a0; Fig. 20. 
(1) Area =2za?. 
(2) Volume of this about OX =x(x?—4)a’. 
(3) Volume about OY =5z?a’, 


RRA : 
13. Ihe ellipse —tGo 1, or =a sin 0, y=bcos 0. Show that 
(1) Area=zab. 
(2) Volume of prolate spheroid * =4zab?. 


aa Ee 


* The solid formed by the revolution of an ellipse about its major 
axis, 
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(3) Surface of prolate nerd a 
. € 
(4) Volume of oblate spheroid * =4za”b. 
2 
(5) Surface of oblate spheroid =2na'-+ = log eS E 
Norre.—The eccentricity e= Va? —b?/a. 
x? y? 
14. The hyperbola Foo te 1, or e=a sec 0, y=b tan 9. 
Show that the area bounded by the curve, the z-axis, and 
the ordinate at the point (z,, y;) is 


zy 1 
dry, —b ab log (+4), 


and hence that the second term in this result is the area of the 
hyperbolic sector OA P, where O is the centre, A the vertex, and 
P the point on the curve. 
15. The parabola y’?=4az, Fig. 74. 
If OA =2,, AB=y,, show that 


(1) Area OAB=32,y. c . 
ot 2 2 
(2) Length OB tay 12 +Y, ", 
+a log yitV 4a ty? fe) Ce Anne: 
2a Fig. 74, 


(3) Volume of OAB about OX =4zy,’a. 
(4) Surface of this solid= gy (4a tus?) ~8a°] 


= S [{normal* —subnormal’]. 


(5) Volume of OAB about AB=7572,"y;. 
(6) Volume of OBC about OY =4}x2,7y,. 
(7) Volume of OBC about BC =§zy,’a. 


* The solid formed by the revolution of an ellipse about its minor 
axis. 


CHAPTER XXX. 
SIMPSON’S RULE. VOLUMES FROM PARALLEL SECTIONS. 


THE PRISMOIDAL FORMULA. LENGTH OF A CURVE 
IN SPACE. 


‘131. Simpson’s rule. An area (Fig. 75) is bounded by 
a line which is taken as the z-axis, a curve, and two ordi- 


Ys 


Fie. 75 


nates of length y,, y3, at a distance fh apart, and yo is the 
ordinate midway between them. 


The area 
A= th(y +4y2+ys), (1) 
provided that the equation of the curve is of the form 
y=a+be+cx? +dz3, (2) 


where a, b, c, and d are constants. (1) is the statement 
of Simpson’s Rule. 

For convenience take the origin at 0, the foot of the middle 
ordinate. Then the area 


th th 
A=| y de | (a+be+ca? +dzx3)dx 
th th 


=ah+ych3 =th(6a-+ 4ch?). 
Y1, Y2, yz are the values of y in (2) when z=—}h, 0, $h; 
“. Yitys=2at+ gch?, and y,=a. Hence (1). 
142 
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The origin may be any point in OX, for the equation 
would remain of the form (2) if the origin were transferred 
to O. 

/132. When the equation is not of the form (2), or is 
altogether unknown, the area may be divided into four, 
six, or an even number 7 of parts by equidistant ordinates, 
and (1) applied to each part; the result will be a more 
or less close approximation to the correct area. This de- 
pends upon the fact that y can, in general, be expressed 
as a series of powers of z, and that higher powers than the 
third may, for purposes of approximation, be neglected if x 
is small. Formula (1) now becomes 


h 
3, it syetyst. pero s 51a) els 


h being the whole base, n the number of parts, y; and yn+4 
the extreme ordinates, y2, y4,... the even-numbered ordi- 
nates, y3, ¥s,... the remaining ordinates. 

Ex. If in Fig. 75 the base h were divided into three equal parts, 
show that the area 

=FW(ys + 8y, + 3ys+y,) *, 

where y, and y, are the extreme ordinates, y, and ys the inter- 
mediate ones. 


fo) dx Xx 


Fic. 76. 


133. Volumes from parallel sections. Let a solid be cut 
by parallel planes at perpendicular distances a, x, x+dz, b 


* Another of Simpson’s Formule. 
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from a fixed point, and let A be the area of the section at 
distance x. Then if A can be expressed as a function of 2, 
the volume of the solid between the extreme planes is 


b 
| A dx. 
For the volume of the-slice of thickness dx is (A +7) dz, 
where 7 is infinitesimal, .. the element of the integral is 


Adz. 


Ex. 1. To find the volume of the ellipsoid = = ise Vee. The 


equation may be written 
2 


2? 
+ =1 
x? x? ’ 
(1-3) (1-3) 


which, x being regarded as con- 
stant, is the equation of a 
section at a distance x from 
the origin. The area of any 
ellipse y?/a?+2?/B?=1 is za. 
Hence the area of the section 
of which DEF is a quadrant is 


2 

rbo(1 -*) - e. the whole 
HiGaiise a? 
volume is 


2rbe (i ») d= 4xabe. 


2. Find the volume of the elliptic paraboloid y?/b?+2?/c?=2z2 
from x=0 to r=a. Ans. xa’be. 
3. Find the volume enclosed by the plane x=h and the surface 
(1) y?/a?+27/a2=1, (2) zy?+az?=azr’. 
Ans. (1) $xah?, (2) 22a2hi. 
4, Find the volume of the tetrahedron formed by the codrdi- 


nate planes and the plane et nase pee Ans. tabe, 
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5. Two cylinders of altitude h have one extremity, viz., a circle 
of radius a, in common; the opposite extremities toucn each 
other. To find the common volume. 

A section of the common volume parallel tc the plane CDEF 
(which contains the centres of the circles) and at a distance OA =x 
from that plane is a triangle GBH similar to EQF. The area of 
EQF is ah. 

,_ GBH Al? ax 
ah OF? a? 
a v=25" (a? —2”) tans 
ajo 3 


= GBH =2(a'—2"). 


HiGseiS: Fie.79. 


6. A square moves with the middle points of its sides on the 
circumferences of two equal circles at right angles to each other. 
To show that the volume and surface of the groin thus formed 
are each 4/z times those of the inscribed sphere. 

Let BCDE (Fig. 79) be one position of the square, OA =z, AP=y. 
The volume and surface elements of the sphere are zy’dx, 2zy ds; 
those of the given solid are (2y)’dz, 4(2y)ds; hence the proposi- 
tion. The volume and surface are therefore 3,°a°, 16a’. 

The solid is evidently the common part of two equal right 
circular cylinders whose axes intersect at right angles. 

7. A right circular cylinder is sharpened to an edge coinciding 
with a diameter, the equal plane faces forming a wedge. Find 
the volume cut off. 
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Let a length h be cut from opposite sides of the cylinder of 
radius a. Sections may be made by planes parallel to the axis 
and the diameter, or parallel to the axis and perpendicular to the 
diameter. Ans. 4a*h. 

Show that for any diameter of a right elliptic cylinder the 
result is $abh. 

8. A parallelogram moves with its angular points on two ellipses 
which have a common axis. The semi-axes are a, b, c, and the 
angle between the curves is » Show that the volume is abc sin o. 

9. Show that the volume of any cone or pyramid = 4.base X 
height, assuming that the area of a section parallel to the base 
varies as the square of its distance from the vertex. 

10. A straight line is parallel to a plane which contains a closed 
curve. Another straight line moves so as to intersect the curve 
and the fixed straight line and remain perpendicular to the 
latter. Show that the volume of the right conoid thus formed= 


$ base Xx height. 


8 


Fie. 80. Fie. 81. 


11. Form of an inverted column of uniform strength. Let A be: 
area of a horizontal section at a distance x above the base, which 
is also assumed to be horizontal and of area a. The prescribed 


condition is that A varies as the volume V below A; hence dA 
varies as dV. 


“. dA=kAdz, or dA/A=kdz. 
Integrating, log A=kx+c. But A=a when x=0, .”. loga=c. 
“. log (A/a)=kz, or A=aer*, 


12. Such a column is to be cast in the form of a solid of revo- 
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lution, R and r being the radii of the extremities, and h the height. 


How much metal is required? Ans. Vol. i. 
2log (-) 


134. The prismoidal formula. The extremities of a 
solid are parallel planes of area A, A3, at a distance h apart, 
and A» is the area of a parallel section midway between 
them. The volume 


v=$h(A, + 442+ Aa), (1) 


provided that the area A of any section parallel to the ex- 
tremities can be expressed in the form 


a+bae+cx? +dz3, (2) 
where x is the distance of the section from a fixed point. 


(1) is the Prismoidal Formula. Since the volume= | A dz, 


the proof is the same as for Simpson’s Rule. The Pris- 
moidal Formula will give exact values of the volume of 
many of the common solids, such as cones, pyramids, prisms, 
spheres, ellipsoids, paraboloids, etc. It will apply to Exs. 1-9 
of § 133. (In Ex. 7 it will apply to the second mentioned 
sections, but not to the first.) 


Ex. 1. The area of a section of a sphere at a distance x from the 
centre is z(a?—2z”), which is of the form (2), hence the Prismoidal 
Formula will apply. For the whole volume h=2a, A,=A:=0, 
A,=7a’,. .«. V=§rar. 

2. Find the volume of the greatest solid that can be cut from 
a sphere of radius a, the parallel sections to be regular polygons 
of n sides. Ans. $na‘ sin 2x/n. 

The volume of a sphere may be deduced. For 

sin 2z/n_ 


zna’ sin 2x/n= 370° ay = $za’ when n=, 
m/n 
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135. Length of a curve in space. 
Ex. 1. To find the length of the curve of intersection of az=2’ ye 
and _3a’y = 2x from the origin to the point (2%, y;, 21). La 


2x2 ? 

We have (§ 66) ds?=dx?+dy?+dz?= (1 a) dx, 
Aa Dye DP ig 

., =|) (1 +7) demm+3 go aty 


2. Find the length of the helix x=asin nz, y=acos nz, from 
the origin to the point (a, y,, 2). Ans. 24,/1+n?a?. 


CHEV PISS, BOGE 
POLAR COORDINATES. 


136. Let O be the pole or polar origin, OA the polar axis 
or initial line, (6, r), (@+40, r+dr) the codrdinates of P 
and Q, ¢ the angle which the tangent at P makes with the 
radius vector OP. Take PR perpendicular to OQ. Then ¢ 
is the limit of OQP as Q approaches coincidence with P, 
and tan OQP=PR/RQ. 


¥ 
Fig. 82. Fig. 83. 


But PR=rsin 406=r40+h, ($16), and 
RQ=r-+4r—r cos 40=4r+r(1—cos 40) =4r+1p. 


. tan Y= Lr Ped (§ 17) a, 


Similarly sin g= S, cos $=— 
149 
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Squaring and adding, 1= (r?d6? + dr?) /ds?, 
or ds? = r2d 6? + dr?. 


137. Through the origin O (Fig. 83) let a line be drawn 
perpendicular ‘to the radius vector OP, meeting the tangent 
in 7’ and the normal in N. Then 7'P is called the polar tan- 
gent, NP the polar normal, TO the polar subtangent, and 
ON the polar subnormal. The lengths of these lines in terms 
of r and @ can be written down at once; e.g., 


TO=r tan ¢=r2d6/dr. 


The tangent at any point P is easily drawn by calculating 
OT and then joining T to P. 

138. Some of these quantities are more conveniently ex- 
pressed in terms of 0 and the reciprocal of r. Calling this wu, 
we have w=1/r, du=—dr/r?; hence the polar subtangent 


TO=—d0/du. 
The polar codrdinates of TJ’ are (2-40 ) 
2 ) du . 


Let OG, the perpendicular on the tangent, =p. 
Then *.. O7'P is a right-angled triangle and OG the per- 
pendicular from the right angle to the hypotenuse, we have 


1 1 1 il du\ 2 
piesa Fee == SSA aie 
OG 0 Ol! ae a ale 


(1) 


139. The polar equations of some of the commoner curves 
are as follows: 


(1) r cos 0=a, a straight line. 

(2) r=a cos @, a circle of diameter a (origin a point on 
the circumference, initial line a diameter). 

(3) r? cos 20=a?, a rectangular hyperbola, Fig. 98 (origin 
the centre, initial line the transverse axis). 

(4) r? =a? cos 20, a lemniscate, Fig. 27 (origin the centre 
initial line the axis). 
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(5) r* cos 40= at, or r(1+cos @)=2a, a parabola (origin 
the focus, initial line the axis). 

(6) r+=at cos 30, or r=4a(1+cos 0), a cardioid, Fig. 89. 

(7) r1+ecos #)=m, an ellipse, hyperbola, or parabola 
according as the eccentricity e<, =, or >1 (pole the focus, 
initial line the axis, m half the latus rectum). 

(8) r=n(1+e cos @), a limagon, Figs. 88, 89, 90, according 
asne< =, or > 1; 


Fig. 84. 


(9) r=a0, a spiral of Archimedes, Fig. 84. 
(In Figs. 84, 85, 0 varies from a little less than —2z7 to 
a little more than 27). 


A 
Hie, 85. 


(10) r9@=a, a reciprocal or hyperbolic spiral, Fig. 85. 


Fic. 86. 


(11) r26=a?, a lituus, Fig. 86 (@ is necessarily +, and 
varies in the figure from 0 to a little more than 2z, ris + 
for a given value of 6). 
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(12) r=a*, a logarithmic or equiangular spiral, Fig. 87 
(r=1 when @=0, r=a when 
§@=1 radian, r<1 when @ is 
negative). 

Since 6 may be supposed to 
increase or decrease without 
bound, each spiral «consists of 
an infinite number cf whorls or 

Fic. 87. ; 
spires. 

140. Equations (1) to (6) are all included under the form 
r™ cos mO=a™; in (1), (3), and (5) m has the values 1, 2, 4, 
respectively; in (2), (4), (6), it has the values —1, —2 
—4. In all cases a is the intercept on the initial line. The 
equation 7” sin m@=a™ represents the same series of curves, 
the initial line having been turned backward through the 
angle z/(2m). Similarly (9), (10), (11) are particular cases 
of the equation r™=a™g”, 

141. The radius vector of the limagon, equation (8), is 
proportional to the reciprocal of the radius vector of a conic 
section, equation 7; hence the limagon is called the inverse 
of a conic section with regard to afocus. Sincer=encos 6+n, 
the radius vector is equal to that of a circle of diameter en 
plus a constant line n, and hence the curve is easily con- 
structed. (The construction or auxiliary circles are shown 
in the figures.) 


Fig. 88. Fig. 89. Fie. $0. 


When e=1 the curve becomes a cardioid (eqn. 6), which is 
therefore the inverse of a parabola. When e=2 the curve is 
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called a trisectrix, the loop then passing through the centre 
of the circle. 


EXAMPLES. 


1. If r™=a™6", show that tan Fey 
n 


(Differentiate logarithmically.) 

2. Ifr™ cos m# =a", or r™=a™ cos m4, show that tan ¢=cot m8, 
ie., that the angle between the radius vector and normal=m60, 
and hence that GOA (Fig. 83) =(m—1)0. 

3. In the logarithmic spiral r=a® show that ¢ is constant and 
=cot—! (loge a). 

In Fig. 87. a=1°318 cm.; show that ¢=74° 33’. 

4. To find the polar subtangent of a conic. 

From the equation 1+ecos 9=m/r=mu we have —e sin 0 d0 

*mdu, and the polar subtangent = —d0/du=m/(e sin 0). 

5. In any conic prove that 


Posie 
jie =(; 2m i: 
6. In the curve r™ cos m0=a™ prove that pr™—t=a™, 
7. Changing the sign of m, show that pa™=r™+t! in the curve 
rm =am™ cos md. 
8. Show that the polar subnormal of any curve =dr/d0. 
In what curve is the polar subnormal constant? 


9. In what curve is the polar subtangent constant? 
10. Show that the polar normal=ds/d0. 


Asymptotes. 


142. The position of any line is known when its direc- 
tion and one point in the line are known. We may there- 
fore determine an asymptote by finding a value of @ for 
which r=o or w=0, and then calculating the codrdinates 
(§ 138) of 7, the extremity of the corresponding polar sub- 


tangent, viz. (+9, =) , remembering that the asymptote 


and radius vector must be parallel. 
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EXAMPLES. 


) ik al dé 
1. p< (Fig. 91), or Cs ipy is = whence —=-—aé?, and 


1-6 du 
r= or u=0 when 0=1. Hence the asymptote passes through 
the point ($z+1, —a) or (1—}z, a) and is parallel to the line 
6=1. 


Fig. 91. Fia. 92. 
2. Find the asymptotes of the curve (r—a)6?=r (Fig. 92). 
Ans. Lines through ($z+1, +4a) parallel to 6= +1. 
3. Find the asymptote of the reciprocal spiral r?=a (Fig. 85). 
Ans. A line through (4z, a) parallel to the initial line. 
4. Show that the initial line is an asymptote to the lituus 
r’0=a? (Fig. 86). : 
5. Find the asymptotes of the curve r sin 40=a (Fig. 93). 
Ans. Four pairs of parallel lines, each pair 4a apart. 
(The numbers in figures indicate the order in which the branches 
are formed as @ increases from 0 to 27.) 
6. Find the asymptotes of the curve r? sin 40=a? (Fig. 94). 
Ans. Four lines passing through the origin. 
7. Find the asymptotes of the curve r cos 20=2a. 
Ans. Four lines parallel respectively to 6=42, 0=$2, 0=5n, 
6=jzx, and passing through the points (?z, —a), (£x, 2), 
(ix, —a), (22, a). 
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8. Show that the rectangular equation of an asymptote of the 
curve r—!=/(9) is 


/’(«)(x sin a—y cos a) +1=0, 


where a is one of the roots of the equation /(#)=0. 


ie) 


\J 
»s 


——_— 


8) 
“fA 


a 
aN 


Fic. 93. Fig. 94. 


a 


Asymptotic Circles. 


af a 
1-¢@ 1 
io 1 
and hence the circle of radius a is called an asymptotic 
circle. The curve approaches the circle from the outside 
when @ increases from the value 1, and from the inside when 
@ decreases from the value 0. Similarly r=a is an asymptotic 


circle of the curve r(6?— 1)=aé? (Fig. 92). 


143. In the curve Fig. 91, r= +—a ifd=+40, 


Points of Inflexion. 


144. Whenever the extremity of the radius vector passes 
through a point of inflexion, the perpendicular on the tangent 
is a maximum or a gaa and hence dp/dr changes sign. 


du 
ripen |. 
Differentiating u2 + (5 a ie (§ 138) we have 
2 2 du d?u d?u 
aie Se crm a =2du(u+T). 


156 INFINITESIMAL CALCULUS. [Ch. XX XI. 
Also r=1/u, dr=—du/u?, 


dp _)» a/ 2 
ae Uta ‘ 


2 
Hence at a point of inflexion ut changes sign. 


EXAMPLES. 


1. Find the points of inflexion on the curve (r—a)#?=r or 
au=1—06-? (Fig. 92). Ans. (+3, $a). 

2. Find the point of inflexion on the curve r(1— 0) =a (Fig. 91). 

Ans. 9 is a root of the equation 6*—6?—2=0, .. (§ 50) 
9=1.696 rdn.=97°°2, and ... r= —2°437a. 

3. Find the points of inflexion on the lituus r?0=a? (Fig. 86). 

Ans. (4, +aV2) 

4. In the lemniscate r?=a’ cos 20 (Fig. 27) show that dp/dr 
=3 cos 20, and hence that the origin is a point of inflexion on each 
branch. 

5. Show that a curve is concave or convex to the origin accord- 
ing as u+d’u/dé? is + or —. 


Multiple Points. 


145. The equation of a curve being r=/}(@), the direction of 
the curve at the origin is determined by the values of @, 


2 


2 
Fie. 95. Fic. 96. 


which satisfy the equation /(0)=0. If this equation have 
two or more roots there will be a multiple point at the origin. 
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EXAMPLES. 


1. In the lemniscate r?=a?cos20 (Fig. 27) the equation 
_ cos 20=0 gives = +4 for the directions of the tangents at the 
origin. 
2. Find the tangents to the curve r=asin 40 (Fig. 95) at the 
origin. Ans. 0=0, 4x, 42, 32. 
These lines are also tangents to the curve r?=a’ sin 40 (Fig. 96) 
at the origin. 
3. Find the tangents to the curve r=a sin 30 at the origin. 
Ans. 0=0, 42, 2x. 
4. Show that the curve (r—a)0’=r (Fig. 92) has a cusp at the 
origin. 


Curvature. 


146. Let PD, QD be consecutive normals (see § 84), and 
let the angle PDQ=4¢. We shall first show that DP—DQ 
is an infinitesimal of at least the 
second order, PQ or 4d being of 
the first. 

Draw QF perpendicular to DP. 
Then 

DP—DQ=FP—DQ(1—cos 4¢). 

But 1—cos 4¢ is of the second 
order; so is FP, since it=chord 
PQxXcos FPQ, and each factor is 
infinitesimal. Hence DP-DQ is of 
at least the second order. 

Let PD=n, then QD may be Fia, 97. 


written n+T/. 
Let OP=r, OQ=r+4r, OT=p, OT’=p+Ap. Then in the 
triangle OPD 


OD? = PO? + PD?—2P0 . PD cos OPD 


=12+n?—2rn sin f=r? +n?—2pn. 
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Hence in the triangle OQD 

OD? = (r+ dr)? + (n+1)2?—2(pt+4p)(nt+1). 
Equating and simplifying, 

O=2r dr—2Qn Apth, «. Ln=L£(r Ar/Ap). 
But £n=R, the radius of curvature PC, § 84. 


we Moat: (1) 
Hence also (§§ 138, 144) 


1, (f+@] 


usp (u a us (wu i 


1 sdu, 2792 
I= (& 
or patitala) J Ue in) ] (2) 
US ag 


EXAMPLES. 


1. Find the radius of curvature at any point of r™cosm@é=a™ 
or prm—'=qm, 

rm+t r? 
(m—l)a™ = (m—1)p’ > 

am pe 

(m+1)r™—-1 (m+1)p" 

2. The equation r?=p?+a’ represents an involute of a circle, 
find R. 

3. In the logarithmic spiral r=a9, p=rsin ¢, and ¢ is con: 
stant, hence R=r/sin ¢=the polar normal. 

4. Show that the evolute of the logarithmic spiral is an equal 
logarithmic spiral. 

(OC is aradius vector and PC a tangent to the evolute, and ia 
this case the angle OCP=¥, a constant.] 


Ans. R= — 


If rm™=a™ cosmé, R= 
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5. Prove that in any curve 


Cee 
- Gin mien 
r42(T) —T aps 


[We have w=1/r, du=—dr/r*, d’u= —(r*d’r—2r dr*)/r', to 
substitute in (2).] 

6. In the spiral r=aé (Fig. 84), R= (a?+r?)3/(2a?+r?). 

7. In the spiral rd =a (Fig. 85), R=r(a?+r?)3/a3. 

8. If a curve touch the initial line at the origin, prove that 
R=the limit of 4r/@ at that point; and hence show that the radius 
of curvature of the curve of Fig. 91 at the origin is half the radius 
of the circle in the figure. 

9. Find R for the curve r=a sin né at the origin. Ans. 4na. 

10. Prove that the intercept of the circle of curvature on the 
radius vector of any curve =2p dr/dp. 

In the curves r™ cos m0 =a™ and r™=a™ cos m0 show that these 
chords= —2r/(m—1) and 2r/(m-+1), respectively. 


Areas, etc. 


147. Let AOP=0, POQ=d0, OP=r, OQ=r+4r. (1) The 
area-increment POQ lies between the circular’ sectors 
POD, EOQ, whose areas are 4r2dé, 
4(r+4r)?d0. .. area POQ=4r2d0+I. 


Q 
Hence the area between the curve \ 
and two radii vectores is eg Ws 
B 
ZN 
a7 dé. - Z 


(2) The area bounded by two radii EE TGS 


vectores and two given curves r;=/,(9) and rg=/f2(0) is 
B B 
3 (ro2—132) dO or a] (ro? +11”) dO 


according as the curves lie on the same side or on opposite 
sides of the origin. 
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(3) Thelength s= fas = [_vrar +dr?, 


taken between assigned limits. 
(4) The area of the surface formed by the revolution of 
the curve about the initial line is (§ 125 (4) ) 


2a|r sin 0 ds. 


EXAMPLES. 
1. The cardioid r=a cos’$0 (Fig. 89). 


(1) The area= 38] cost 40 d0 = 3nxa’. 


Ren (4 


(2) The length-element ds=Vr?d6?+dr?=a cos $0 d0, which 
does not change sign while @ increases from —z to z, hence the 
whole length of the curve is 


al” cos 40 dé =4a.* 
(3) The surface of revolution about the initial line 


al r sin 0 ds=2e| a cos’*40. sin 0.acos $6 dd 
0 0 


=4ra*| cos‘'}0 sin 40 dd =8za?, 
0 
(The volume =4za’, § 178, Ex. 6.) 
2. The spiral of Archimedes r=aé (Fig. 84). 
(1) Let it be required to find the area included between the 
nth and (n+1)th spires. On the former r=a{2(n—1)z+ 6], and 
on the latter r=a[2nz+ 6], hence the area between them 


2n 
= 30 | (ons +6)?— (20 —1)x+ 0) Jao =8z5a'n, 
0 


and is .*. proportional to n. 


* A change in the sign of the length-element indicates a cusp, 
which occurs in this case when 0=z. As @ increases the area-element 
3r°d@ can change sign only with r’, 7.e., when r becomes imaginary. 
Hence if we had integrated between the limits 0 and 2z we should 
have obtained 0 for the length, whereas the area would have been the 
same as above. 
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(2) Show that the area of the first spire (9 varying from 0 
to 2x) =8x%a?/6. 
(3) The length of the curve from the origin to r=7, is 


| ‘Va? +r? dr (see § 112, Ex. 2). 
0 


This is easily shown to be the same as the length of the parabola 
y’ =2azx from the vertex to y=r,. 
3. The lemniscate r?=a’cos 26 (Fig. 27). 
(1) The area=a?. 
(2) Show that rds =a’dé. 
(3) The surface of revolution about the axis=2za?(2—V2). 
(4) The surface of revolution about a tangent at the centre 
=47a’. 
[This tangent being taken as initial line, the equation becomes 
r?=a’ sin 20.] 
4. Prove that the length of any curve= | Te , and that the 


pr dr 
area=3[p as—3| 
5. To find the length and area of the logarithmic spiral r=a? 
(Fig. 87). 
(1) Let ¢ be the constant angle between the radius vector 
and the tangent. Then ds=dr/cos ¢, whence 


fi dr rT; 


pS 
m4 €O8 ¢ cos¢ 


where r, and r, are the radii vectores of the extremities of the arc. 
(2) For the area, 4p ds=4r sin ¢ dr/cos ¢. 


Ts 
*, area=4 tan ‘| r dr=t(r.?—1,”) tan ¢. 


r) 


6. The length of the spiral r=e~? from 9=0 to = is 479. 
7. In the curve r?=a’sin 40 (Fig. 96) show that the area of 


each loop = 4a’. 
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8. In the curve r=a sin 40 (Fig. 95) show that the area of each 
\oop=ys7a?=} that of the circumscribed circular sector (centre 
‘he origin). 

tee! 
9. Prove that the length of the curve r” =a” cos me is 


n(n—2)... 9 
(n-l1)(n-3)...° ae 
where «@ is 1 or 4 according as 7 is even or odd. 

10. In the spiral ré=a (Fig. 85) show that the area bounded 
by two radii vectores and the curve is 4a(r,—1;). 

11. The polar equation of the cissoid (Fig. 41) is r cos 0=a sin?8, 
that of its asymptote is r cos 0=a, that of the circle of diameter 
ais r=a cos 0; show that the area between the cissoid and its 
asymptote =%za’, and that the area between the cissoid and the 
circle = ($7 —1)a?. 

12. Find the area of a sector of the rectangular hyperbola 
r* cos 20=a? (Fig. 98) between 0=0 and 0=a. 

Ans. 1a? log tan (47+ a). 

13. Find the area of a sector of any hyperbola between 6=0 
and @=a, the centre being the origin and the transverse axis the 
initial line. a a 

Ans. 4ab log (eee e a ‘A : 

14. Find the area of an elliptic sector between 0=0 and 0=a, 

the centre being the origin and the major axis the initial line. 


Ans. 4ab tan (- tan a) 2 


15. Show that the area of the limagon r=n(1+ecos @) is 
mn?(1+4e?), 

16. The chord which is drawn through the origin so as to cut 
off from a given curve a segment of maximum or minimum area 
is bisected by the origin. 

For d (area) =4$r,? d0—4$r,? d0=0, .°. r:=1,. 

17. Find the area enclosed by the curves 

(1) r?=a? cos?0 +b? sin?6. Ans. 42(a?+b?). 
(2) r?=a? cos?0 —b? sin?6. ab + (a? —b?) tan-!(a/b). 

18. The area of the common parabola r cos? 40=a from 0=Q 
to 0=a is a?(tan $a+4 tan’ $a). 


148.] POLAR COORDINATES. 163 


19. If the conchoid r=a sec @—b has a loop, show that the area 
of the loop is aV b?—a? +b? cos-!(a/b) —2ab cosh—!(b/a). 


148. It is in general impossible to obtain the area exactly 
unless one codrdinate can be expressed in terms of the 
other, or each in terms of a third variable. 

When the rectilinear equation of a curve consists of terms 
of two dimensions only, both z and y are expressible in 
terms of m, the slope of the line drawn from the origin to 
(z, y). We can sometimes obtain the area by taking m 
as the variable. 

If m=tan 0, dm=sec?6 dO, .*. 4r2 d0 = 41? cos?0 dm= 32? dm. 


*, the area= uf dm. 


The area included between two curves will be 


} | og 


EXAMPLES. 


1. The ellipse ax? + bry +cy?=k. 
Substituting mx for y, we have z?=k/(a+bm+cm?’). 
Hence the whole area 

ie k dm 2Qxk 


a+tom+em? A dae , (see § 108 (19) 


2. (1) The folium z°+y?=3azy (Fig. 28). 
Here x=3am/(1+m?), .*. area of the loop 
9a?’m? dm 
= (i Cer ome =20BAC. 


(2) On the asymptote x+y+a=0, m=—a/(1+m); hence 
the area in the second and fourth quadrants between the curve 


and the asymptote 
a Or 9a’m? 5 
=e verre (1-+m*)? amy m= te 


Adding 4a’, the area of the triangle ODE, we have the whole 
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area between the curve and the asymptote=3a?=the area of the 
loop. 
3. Find the area of the closed part of the curve a’y’(y—x)+a°=0. 


Ans. psa’, 

4. Find the area of a loop of the following curves: 
(1) ay? —3ax’y=2"*, Fig. 36. Ans. 3$V3a?. 
(2) ay? —ar?y’?=2", Fig. 37. sisa’. 
(3) 24+y1=4azy. $za’, 


(4) az’ +y%=azy. sou’. 


CHAPTER XXXII. 
ASSOCIATED CURVES. 


Inverse Curves. 


149. If on the radius vector r of a curve, a distance r’ 
is measured from the origin so that rr’=k?, where k is con- 
stant, the locus of the extremity of r’ is called an inverse 
of the given curve. The radius vector of the inverse curve 
is proportional to the reciprocal of that of the given curve, 
and its polar equation may be found from that of the given 
curve by substituting k?/r for r. Thus (see § 139) the 
inverse of the equilateral hyperbola with reference to the 
centre is a lemniscate (Fig. 98), that of a conic section with 
reference to a focus is a limagon of the form Figs. 88, 89, 
or 90, according as e is <, =, or >1, ie., according as the 
conic is an ellipse, parabola, or hyperbola. 


IeXAMPLES. 


1. Show that the inverse of a circle with reference to a point 
on the circumference is a straight line, and that with reference 
to any other point it is a circle. 

2. The angle between the radius vector and the tangent at 
any point of the inverse is the supplement of the corresponding 
angle in the given curve. 

For, if OPQ, OP’Q’ (Fig. 98) are consecutive (see § 84) radii 
vectores meeting one curve in P, P’, and the other in Q, Q’, the 
rectangles OP . OQ, OP’. OQ’ are equal, .*. acircle may be described 
through P, Q, P’, Q’, ... Q’P’P+ PQQ’ =two right angles; hence, 
supposing P’ to approach P, the tangents at corresponding points 

165 


‘ 
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P ana Q make supplementary angles with the common radius 
vector. 
Otherwise thus: r=k?/r’, .*. log r=log k?—log 1’, 
1 
ae * dr/d0 = ~ ar" 108, or cot¢=—cotd’, «©. #W=x—y¢. 


3. Hence show that the inverse of a logarithmic spiral with 
reference to its origin is a logarithmic spiral. 


Fie. 98. 


4, Show that the curves Figs. 84 and 85, 93 and 95, and 94 
and 96 are the inverse of each other. 


Pedal Curves. 

150. The locus of the foot of the perpendicular from a 
given point on the tangent to a given curve is called the 
pedal of the curve with reference to the point. For ex- 
ample, the pedal of a parabola with reference to its focus 
is a straight line (the tangent at the vertex); the pedal 


of an ellipse or hyperbola with reference to a focus is a circje 
(the auxiliary circle). 
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In Fig. 97, T and T’ are consecutive points on the pedal, 
corresponding to P and Q on the givencurve; and the limit 
of position of TT’ produced is the tangent to the pedal. If 
the angle AOT =¢ and OT = p, then (¢, p) are the polar coér- 
dinates of the point on the pedal corresponding to (6, 7) 
on the given curve. If then we can express =: in terms of 7, 
and ¢ in terms of 6, the polar equation of the pedal will 
be easily obtained from that of the given curve. 


EXAMPLES. 


1. The pedal of an equilateral hyperbola is a lemniscate (Fig. 98). 

For pr=a’ (Ex. 6, § 141), and 6=@ (Ex. 2, § 141), hence sub- 
stituting in r?cos20=a? we have a’?cos2$=p’, or writing @ 
and r for ¢ and p, r?=a’ cos 20, the equation of the lemniscate. 

In a similar way it may be shown that the pedal of any curve 
of the form r” cosm#=a™ is r” cos nd=a", where n=m/(1—m), 
and that the pedal of r™=a™cosm@ is r™=a" cosn0, where 
n=m/(1+m). 

2. The angle between the radius vector and tangent at any 
point of the pedal=that between the radius vector and tangent 
nt the corresponding point of the given curve. 

For, in Fig. 97, let TP produced meet T7’Q in S. ThenO,T7,T’, 
S are on the circumference of a circle since the angles at 7, T’ 
are right angles, .. OT’T’=OST, and the limits of these angles 
are the angles referred to in the enunciation. (In Fig. 98, OPT 
=OTV, if PT and TV are tangents.) 

3. Prove that the pedal of a circle with reference to any point 
is a limacon of the form Figs. 88, 89, or 90, according as the point 
is inside, on, or outside the circumference. (These figures are 
the pedals with reference to O of the circles with centres B and 
radii BA.) 

4. Show that the pedal of a logarithmic spiral with reference 
to its origin is also a logarithmic spiral. 

5. Find the pedal of a parabola with reference to its vertex. 

Ans. r cos §=a sin?0, the polar equation of the cissoid, Fig. 41, 

(The directrix of the parabola is the asymptote of the cissoid.) 

6. Show that the pedal of the involute of a circle is a spiral 
of Archimedes. (It will be found that tan ¢ is proportional to 
the radius vector.) 
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7. Find the pedal of the ellipse with reference to the centre. 
Ans. r?=a’? cos?6 +0? sin’6. 


Polar Reciprocals. 


151. The inverse of the pedal of a curve (both pedal and 
inverse being taken with reference to the same point) is 
called the polar reciprocal of the given curve. 


EXAMPLES. 


1. Show that the polar reciprocal of a circle with reference to 
any point is a conic section. 

2. Find the polar reciprocal of a parabola with reference to 
its vertex and with reference to its focus, of an ellipse with refer- 
ence to its centre and with reference to its focus. 

3. Show that the polar reciprocal of a logarithmic spiral, r=a?, 
with reference to its origin is another logarithmic spiral. 


Roulettes. 


152. When one curve rolls on another, the curve described 
by any point connected with the rolling curve is called a 
roulette. 

The simplest case is the cycloid, the properties of which 
have already been considered. Any involute of a curve 
may also be regarded as the roulette traced by a point in 
the tangent of the curve as it rolls round the curve. 

153. The property of the normal of the cycloid holds 
for all roulettes, viz., the normal to the roulette at the tracing 
point passes through the point of contact of the fixed and 
moving curves, since at each instant the point of contact 
may be regarded as an instantaneous centre of rotation. 

154. When a circle rolls on a straight line any point not 
on the circumference describes a curve called a trochoid, 
the equations of which are easily shown to be 


x=al—b sin 0, y=a—b cos 8, 


where a is the radius of the circle and b the distance of the 
tracing point from the centre (axes as in Fig. 19). 
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155. When the circle rolls on the circumference of a fixed 
circle, the curve described by a point in its circumference 
is called an epicycloid or a hypocycloid according as the circle 
rolls on the outside or inside of the fixed circle. Corre- 
sponding to these curves we have epitrochoids and hypo- 
trochoids described by points not in the circumference. 


Fia. 99. 


For the co6drdinates of any point P (Fig. 99) on the epi- 
cycloid we have 


x=OB=OD cos 0— PD cos (6+ 0’). 
Hence, since are PE=b0’= AE =a, 
x= (a+b) cos 6—b cos (*) 0. 


’ y +b 
Similarly, y=(a@+b) sin 0—6b sin CS) 0. 
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The x and y of a point on the hypocycloid may be obtained 
in a similar way (or from the epicycloid by changing the 
sign of b), and are 


x= (a—b) cos 0+6 cos () 0. 
y=(a—b) sin 0—b sin (=) 6. 


The equations of the epitrochoid and hypotrochoid are 
of the same form, the coefficient b in the second term being 
changed into h, where h is the distance of the tracing point 
from the centre of the rolling circle. 


EXAMPLES. 


4. Show that in any epicycloid 


6 


ds=2(a+b) sin a 


Dire cs 
d@=2(a+b)— sin=dé’, 
a 2 


and hence that the length of the curve from cusp to cusp is 
8(a+b)b/a. 

2. Show that the epicycloid is a cardioid when b=a. 

3. Show that the hypocycloid is the curve x? + y#=ai (Fig. 18) 
when b= 4a. 

4. When a circle rolls inside another circle of double its diam- 
eter, show that every point in the circumference describes a straight 
line and every other point an ellipse. 

5. The radius of curvature at any point of an epicycloid 


_A(atb)b . a6 _A(a+b)b . 6 _2(a+b) 


a+2b Sh Gone a ton ee 


and is therefore proportional to the chord EP. 


For, if the tangent at P make an angle ¢ with OX, ¢=04+46! 
and R=ds/d¢ (§ 85). 


6. Show in a similar way that in the cycloid 
x=a() —sin@), y=a(l—cos 4), Fig. 60. 
ds=PB8 dd, 6=42—40, and hence that R=2PB. 


156.] ASSOCIATED CURVES. 171 


Envelopes. 


156. Let f(x, y,a@)=0 represent the equation of a curve 
(i.e. of any plane locus, including a straight line), a being a 
quantity involved in the equation, but independent of z 
and y for its value. As @ may have any value the equa 
tion may be regarded as representing a family of curves. 
Supposing a to have a certain value in one instance, let it 
receive an increment 4a. The two equations 


i(z, Y; a) =0 GQ), j(@, y,a+4a)=0 (2) 


then represent two curves of the family. Their points of 
intersection approach limits of position as 4a+0. The locus 
of these point-limits for all values of @ is called the envelope 
of the family of curves. 

The quantity @ is called a variable parameter. 


Y 
oe 
fe) x 
Fic. 100. 


Ex. y=a’x+a represents a family of straight lines. Consider 
the two for which ais 1 and1+4arespectively. The lines y= +1, 
1 I =) 


—24d4a’ 2+4a 
The limit of this when 4a =0 is (—4, 4). This is therefore one 
point on the envelope of the family. 


y=(1+4a)’x+(1+4a) intersect jn the point ( 
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157. Equation of the envelope. The points of intersec- 
tion of (1) and (2), § 156, lie on the curve 


1G, Ya de) IG, oye 
Aaa igen oe (3) 


since this equation is satisfied by any simultaneous values 
of x and y which make f(z, y,a) and f(x, y,a+4a) sepa- 
rately=0. As 4a=+0 the limit of (3) is 


Of GU, ae 
sores ie (4) 


the differentiation being partial since only @ varies. The 
point-limits of the intersections of (1) and (2) therefore 
lie on (4), and their locus, the envelope, is obtained by 
eliminating (aw) from (1) and (4). 


Ex. Equation (4) for y=o’x+a is 2ax+1=0. Eliminating a, 
4ry=—1 The envelope is therefore a rectangular hyperbola 
(Fig. 100). 


158. Prop. The envelope touches every curve of the family. 
Let wu stand for f(x, y, vw), and suppose (2, y) to be a point 
common to the envelope and curve (1), § 156. For dy/dz, 
the slope of the tangent of (1), we have (§ 47), 

Ou Ou 
bandh Ps ce A 
or eee 0, 
a being constant. We may consider (1) to be also the 
equation of the envelope, a being a variable, viz., that 
function of x and y obtained from (4). Hence for the envelope 
Ou Ou Ou 
pial Poh see yee cde te 
an eer yta ida 0. 

But Ou/da=0 from (4). Hence dy/dx at (zx, y) is the 

same for (1) and the envelope. 


Ex. In the example of §§ 156, 157, y=x+1 and the envelope 
Ary = —1 touch at the point (—4, 4). 
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159. The given equation may contain two or more vari- 
able parameters, subject however to other relations con- 
necting them, whereby all except one may be eliminated 
from the given equation. 


Ex. To show that all ellipses having the same centre and 
area, and their axes in the 
same directions, touch a pair 
of hyperbolas of which the 
axes are asymptotes. 

We have to find the envelope 
of 2?/a’?+y?/8?=1, where af 
=k?, a constant, whence 
B=k?*/a. 

Substituting, the equation 
becomes 2?/a? + a?y?/k*=1. 

Differentiating with regard 
to a, —2x?/a?+2ay?/k*=0. 

Eliminating «, ry= +}$k’, Fig. 101. 
the envelope (Fig. 101). 


EXAMPLES. 


1. Two sides of a right-angled triangle are given in position 
and the area is constant, find the envelope of the hypotenuse. 
Ans. A rectangular hyperbola. 
2. Particles are projected in the same vertical plane with the 
same velocity v, but at different elevations; show that their paths 
all touch the parabola 


of which the point of projection is the focus. 
[In other words find the envelope of 
y=a tan a—gax?/(2v’cos?«).] 

3. Show that the circles described on the double ordinates of 
the parabola y’=4ax as diameters touch the equal parabola 
y?=4a(r+a). 

4. Find the envelope of wa?+va+w=0, where u, v, w are 
functions of « and Ye Ans. v?=4uw. 
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The result is the same as the condition that the given equation 
should have equal roots. Explain. 
5. Find the envelopes of 


ucos™d+v sin™d=w, (1) 

u sec”) —v tan™) =w. @) 
Ans. (1) meee ‘ a: 
(2) vim ae pe ee ee 


Many examples may be reduced to these by observing that a 


in ie 
condition of the form Ei + (F) =1 is equivalent to the two 
2 es aN aN 
relations a=acos7r 0, B=bsinr 0, while =) = (5) =1 is equiva- 


2 2 
lent to a=asecr 0, P=b tanr 0. 
6. Find the envelope of a line which moves in such a way that 
the sum of its intercepts on the axes is constant. 


We have ie =l,anda+f=k. We may substitute the value 


of @ and then differentiate, or we may proceed as follows: 

Let a=kcos?0, @=ksin?0; the line becomes z(cos 0)-?+ 
y(sin 0)-?=k, hence (Ex. 5) the envelope is 2? +y?=k}, a parabola 
touching the axes. 

7. A straight line of given length k moves with its extremities 
on two rectangular axes, find the envelope of the line. 

Ans. 23+ y?=Kki, a four-cusped hypocycloid. 

8. Given in position the axes of an ellipse and that their sum 
= 2k, show that the ellipse touches the curve 274+y?=k#. 


: F v m y ™m 
9. From any point in (=) ab (5) =1 perpendiculars are 


drawn to meet the axes in A and B, find the envelope of AB. 


n n 
Ans. (=) =e a! =1, where n= ue 
a m+1 


10. To the ellipse or hyperbola ~ u oe pairs of tangents are 


drawn from points in the ellipse ae 1, show that the chords 


2 
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of contact touch the ellipse 

MN 
en 3 
11. When the tangents are drawn from points in the hyperbola 


2 2 
z = 1, show that the chords of contact touch the hyperbola 


a’ 6 
Lio ae (OU) 
bas 
12. The evolute of a curve may be considered to be the en- 
velope of its normals; find in this way the evolute of an ellipse. 


The normal at (a, f) is oe PY ag 7? 


8 


or, writing a cos 0 for a, and b sin @ for f, 
x .a(cos 0)—1!—y . b (sin 6)-!=a?—-B?, 
the envelope of which is (Ex. 5), 
(ax) 4+ (by)# = (a? —b?)4, 
which is therefore the evolute (cf. § 89). 
13. Show in a similar way that the evolute of the hyperbola is 
(ax)4 — (by)# = (a? +b)8. 
14, Parallel rays of light are reflected from the circumference 
of a circle. Find the envelope of the reflected rays. 
Take the centre for origin and the z-axis parallel to the incident 
rays. The equation of the ray reflected fron: the point (a cos 0, 


asin 9) is 
x sin 20—y cos 20—a sin 0=0, 


whence the envelope is 
x=ta(3 cos 9—cos 30), y=ta(3 sin O—sin 30), 


an epicycloid formed by a circle of radius ta on a circle of radius $a. 


CHAPTER XXXII. 
CENTRES OF GRAVITY. 


160. In finding the codrdinates Z, y of the centre of 
gravity of a body, we suppose the body to be divided into 
parts of weights w1, w2 . . ., and of which the centres of gravity 
are the points (a1, yi), (®2, Y2),---, then equate the sum 
of the moments of the weights to the moment of the sum 
of the weights if placed at the centre of gravity. Thus 
supposing gravity perpendicular to the x-axis we have 


W121, +Weto+... = (wi +wot. oe ve, 
; za Wit + Weta t+... _ Swe 
en La 


Similarly supposing the body and the axes placed so that 
gravity is perpendicular to the y-axis, we have 


W1Y1 + Weyot. . = Day 
UIP Uae 6 < 07 


These formule also hold when the points are not in one 
plane, there being also a third codrdinate, 


2= Swe/ Sw. 


If the parts referred to are infinitesimal the sign of inte- 
gration replaces that of summation to indicate the limit of a 
sum. 

161. The division. into parts and the limits of the sum- 
mation in the following cases are the same as if we were 
about to calculate an area, volume, or length. The bodies 
are assumed to be homogeneous (of uniform density) and 

176 


y= 
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hence weight is proportional to volume. For such bodies 
the centre of gravity is also known as the centroid. 

162. Anarea. To find the c.g. of a thin plate or lamina * 
of the form ABDC, Fig. 61, we have the element of area=y dz; 
element of weight=w.ydz, where w=weight per unit area; 
6.g. of element at (+7, 4y), where 7 is infinitesimal; hence 
element of moment=wy dz. x when gravity is perpendicular 
to the z-axis, and=wy dx. 4y when gravity is perpendicular 
to the y-axis. Dividing the sum-limit of the moments by 
that of the weights (§ 160), 


when w (which is assumed to be constant) is cancelled. 
It will be noticed that the denominator=the area. 
163. A solid of revolution about OX. Element of vol- 
ume=zy? dz, of weight=w. zy? dz, w being the weight per 
unit volume, element of moment=w. zy? dx. az, 


fv? dx 
.. f= 4 =0. 


[v dx 


The denominator = volume/z. 
164. An arc. Proceeding as above we have for the c.g. 
of a material line in the form of the curve CD,T 


IE ds fy ds 
C= , y= ; 
| ds | ds 


* Results for a lamina are limits for a uniform and infinitesimal 


thickness. ; hp. 
{+The results are limits for a body of uniform and infinitesimal 


cross-section. 
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165. A surface of revolution about OX. For a curved 
surface of this form and of infinitesimal thickness, 


166. An area in polar codrdinates. Element of area= 
hr? dO (§ 147); its c.g. 1s distant %r+7 from the origin; * 
hence if the initial line is taken as z-axis, 

fw . 472 dé. 3r cos 0 |r cos 0 dé 


t= 2 


ae 
ic . sr? dé | r? d0 


| ey 


jr do 


167. The subject may also be considered from the point 
of view of geometry only. Let a be an area-element or 
volume-element which is infinitesimal in every direction, 
and which contains a point (a, y,z). Then the limits of 


Le Oy aes Oe 

pe ed 
are the same as the z, y, z of § 160 for homogeneous bodies; 
and are the codrdinates of a point which is called the cen- 
troid (or centre of gravity) of the area or volume. Or, a 
may be taken as a mass-element, in which case the point 
is called the centre of mass (or centre of gravity) of the body. 
168. Pappus’s (or Guldin’s) properties of the centre of 


gravity. From § 164 we have ly ds—3| ds, and multiplying 
both sides by 2z, 


and y=4 


* The c.g. of a triangle is assumed to be the point of intersection 
mA the medians. 
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Joey .ds= (fas) ~ 27Y: (1) 


Similarly from § 162, 


fry? f= ( | y ax) ~ 2ry: (2) 


These results are equivalent to the following statements, 
which are known as Pappus’s or Guldin’s Properties: 

(1) The surface of a solid of revolution is equal to the 
length of the revolving curve multiplied by the length of 
the path of the c.g. of the curve (i.e. of the arc). 

(2) The volume of a solid of revolution is equal to the 
revolving area multiplied by the length of the path of the 
c.g. of this area. 

N.B. The axis of revolution may touch but not cut the 
curve. 


EXAMPLES. 


1. The parabolic area OAB, Fig. 74. Ans. £=32,, y=. 
Of the solid of revolution round OX, x= 42. 


‘ ee 4b 
2. The quadrant of an ellipse. Ans. = a Te 
3. Half of a prolate spheroid. Ans. %=#a. 


4. The circle 2?+y?=2ar between x=0 and 2x=-h revolves 
about the axis of 2, find the c.g. of the volume of the spherical 
segment thus formed. —_ (8a—3hy\ h 

Ans ae 


For a hemisphere this = 3a. 
Show that for the surface of the segment z=4h. 
5 A eircular arc. 

Ans. Distance from centre of circle=chord Xradius/are. 
For a quadrant this=2V2a/z, and =2a/z for a semicircular 

are. 
6. A circular sector. 
Ans. Distance from centre=# chord Xradius/are. 


For a quadrant this=4V2a/32 and =4a/3z for a semicircle. 
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7. A circular segment. 
Ans. Distance from centre =chord?/(12 Xarea of segment). 
8 Surface and volume of a right circular cone. 
Ans. Distance from vertex=(1) 4 axis, (2) ? axis. 
9. The area between the curve y=sin z (Fig. 65) and the axis 
of x, from x=0 to v=7z. Ans. 2=42, y=4r. 
10. The cycloid, Fig. 19. Ans. Distance from base = 4a. 
11. A quadrant of the curve x#+y#=a# (Fig. 18). 
Ans. £=256a/3157=y. 
Of the are, x=fa~=y. 
12. A quadrant of the whole area of the curve a’y?=2?(a?—2’), 


(Fig. 69). Ans, =%;n0a, ¥=ta. 
13. The area between the curve y?(a?—x?)=a' and the asymp- 
tote x=a. Ans. =2a/z, y=0. 


14. Find by Pappus’s Properties the surface and volume of a 
torus (or anchor ring), formed by the revolution of a circle of 
radius a when the centre describes a circle of radius b, bS a. 

Ans. 4x?ab, 227a°b. 

15. Find by Pappus’s Properties the c.g. of the arc of a semi- 
circle and that of the area of a semicircle. 


CHAPTER XXXTV, 


MOMENTS OF INERTIA. 


169. The Moment of Inertia is a quantity which is often 
required in connection with the motion of a body about an 
axis. The following is an illustration. 

170. Kinetic energy of rotation. Let it be required 
to find the kinetic energy which a body possesses on account 
of its rotation about an axis. 

Let the perpendicular distance of a particle of mass m, 
from the axis be r; and let w=the angular velocity of the 
body about the axis. Then the kinetic energy of the par- 


ticle 
= 4 (mass) X (linear velocity)? =3m, (wr1)?=}0?myr7?, 
and the whole kinetic energy of the body, 
= he? (mrP+me?2t+...)=4o7l, 


where [= myrj}2+More?+... 

The quantity J is called the moment of inertia of the 
body about, or with reference to, the axis; hence the fol- 
lowing definition: 

The Moment of Inertia of a body about an axis is the sum 
of the products obtained by multiplying the mass of each 
particle of the body by the square of its distance from the 


axis. 
181 
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Since the particles of a body are infinitesimal portions 
of the body, the moment of inertia is obtained as follows: 
Imagine the body to be divided into parts which are infini- 
tesimal in every direction, and find the limit of the sum 
of the products of the mass of each part by the square of 
the distance of some point in it from the given axis. 

Since both factors of the product mr? are essentially +, 
the moment of inertia is always +, and the moment of 
inertia of a body about any axis is always equal to the arith- 
metical sum of the moments of inertia of its parts about 
that axis. 

171. Prop. The m.i. of a body about any axis=the m.i. 
about a parallel axis through the centre of gravity +Mh?, 
where M is the mass of the body and 
h is the distance between the parallel 
axes, 

Take at a point P in the body a 
particle of mass m,. Let a plane 
through P perpendicular to the axes 
in question meet the one through 
the centre of gravity G in G’ and the 
parallel one in A’, then G’H’=h. 
Draw PK perpendicular to G’H’ and let G’/K=2,. Then 


Fig. 102. _ 


sy2=ry2+h?2—2Qha, (Euc. UT. 13), 
J. Ms = mr? +m4h?— 2hm427. 
Similarly for particles mz, m3, etc. 


aie M4812 + Mo8o?2 + = (myry? + mere? + oe =) +h2(m, +Mot+. . =) 
— 2h(m42 SPUGSON AR 6 0 6 iS 
The left-hand side=the m.i. about the axis through H; 


and of the three terms on the right, the first =the m.i. about 
the parallel axis through the centre of gravity, the second = 
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Mh?, and the third=0 (§ 160), since the centre of gravity 
is in the line from which 2, 22, ... are measured. 

172. The proposition just proved is true for all bcdies, 
but the following applies only to lamine. 

Prop. Let X’X, Y’Y be two lines in the plane of a lamina 
and meeting at right angles in O, and let Z’Z be a line through 
O perpendicular to the plane. 

Let J,;=the m.i. of the lamina 
about X’X, Jz=that about 
Y’Y, I=that about Z’Z; then 


[=1, +13. [on 
x 
Forr? =a +y1’, a eg 


/mre=mare+myyy?. Fra. 103. 


The proposition is therefore 
true for a particle at P, and hence it is true for all the 
particles of the lamina. 

173. When the m.i. is put into the form Mk? (M being 
the mass), k is called the radius of gyration; hence the radius 
of gyration of a body with reference to an axis is the dis- 
tance from the axis of a point at which a particle having 
the same mass as that of the body may be placed so that 
its m.i. may be the same as that of the body. 

If k=the radius of gyration with reference to an axis 
passing through the centre of gravity, and k, that about a 
parallel axis at a distance h, we have k\?=k?+h?, since 


(§ 171) 
Mk,?=Mk?+Mh?. 


174. In the following examples the density, i.e., the mass 
per unit volume, is represented by yw, and the bodies are 
assumed to be homogeneous, i.e., of uniform density, unless 
the contrary is specified. 
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Ex. 1. To find the m.i. of a rectangular lamina whose sides are 
a, a, b, b, about an axis bisecting the 
sides a, a, Fig. 104. 
‘Divide the rectangle into parallel 
strips of length 6 and width dz, and 
measure x from the axis. The elements 


0 « x are as follows: area=bdz, volume= 
a t.bdx, where t=the thickness of the 
Fig. 104. lamina, mass= /. tb dx, m.1.= pth dx. x’, 


since every particle is at a distance 
xz+7% from the axis, 7 being infinitesimal. Integrating between 
0 and 4a and doubling we have for the m.i. of the whole rectangle 


a 


2 a 
2| piba? dx = 75 ptba? = (utab)— 
(0) 12 


The quantity in parentheses is the whole mass (=X volume), 
2 a 


: a ; : ae 
eveeuhenmt: =Mz55 and hence the radius of EyTauOn ae Simi- 


2 
larly the m i. about the axis bisecting the sides b, b is mo, 


2. The m.i. of the rectangle about a normal axis through the 
a? +b? 

12 

The same formula is true for any parallelogram (of which a and 
b are adjacent sides) about an axis drawn as in this case through 
the intersection of the diagonals at right angles to the plane. 

3. The m.i. of the rectangle about 


intersection of the two axes of Ex. 1 is § (172) m 


B 


a side b is (§ 171), E 
a’? CINE Ur 
m 12 +m (¢) =m 3° : 
4, The m.i. of the rectangle about a : 
normal axis through one angle= ¢ D 
2 2 
mo sae 9 Fig. 105. 


3 


5. Any triangular lamina (Fig. 105) about one side BC. Let 
BC=a, the perpendicular OA=h. Then DE:BC::FA:0A, 
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°. DE/a=(h—«x)/h, .. DE=(h—zx)a/h. 


2 


h 
x mi.=| uh —2)~ Nb Ge rte 
0 h 6 


\ 

6. A circular lamina of radius r about a normal axis through 
the centre. 

Consider the annulus between the concentric circles of radii 
xandxa+dz. Theelements are: area=2zx. dx, mass= ut . 2xx dz, 
m.i.=yt. 22a dx.x, since every particle of the annulus is at 
a distance x +7 from the axis, 7 being infinitesimal, 


tee te i 
*, whole m.i ral Pes untae’ dx =} yntr* =ms> 


7. A circular lamina about a diameter. 

Let the required m.i.=J. The sum of the moments of inertia 
about two diameters at right angles to each other=2/; it also 

2 r? 
(by § 172 and Ex. 6)=m5, 2 Lam; 

8. A circular lamina about a normal axis through the centre 
when the density is supposed to vary inversely as the distance 
from the centre. 

Let »=k/x, where k is a constant. Then m.i. 


r/k 
-| (=) . Qrta® dx = 4atkr*. 
0\e 


z 
But the mass m -|. (=) . 2Qax dx . t=2zktr. 


ae OE : 
9. An ellipse tp? =1 about its minor axis. 


a 
The m.i. -4/ u.ydx.t.x. Substitute y from the equation of 
0 


a 
the curve and let r=asin 9, The result is my 
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: MiccMe. 
Similarly about the major axis the m.i. is my. 


10. A sphere about a diameter. 

Take the diameter as z-axis and the centre as origin. 

Consider the sphere to be made up of laminz perpendicular to 
the axis, and of thickness dy Then m.i. (see Ex. 6) 


a 2 
=| iony’ «dx: e and y’=r?—z?, whence the m.i.=m?r’. 
0 


11. A right circular cylinder of radius r about its geometrical 
axis. 


The cylinder may be considered as made up of circular lamine 
z 
perpendicular to the axis, hence (Ex. 6) the m.i. =m. 


Similarly for a cube, a right prism, etc., about an edge or any 
parallel axis. 

12. A right circular cylinder of radius r and length 1 about 
an axis bisecting at right angles the geometrical axis. 

As before, suppose the cylinder to be made up of circular 
lamine. The mass of the lamina at a distance x from the axis 
=p.nr* dz, and its m.i. about a diameter in its own plane and 


2 
parallel to the given axis=mass x5 (Ex. 7), .°. its m.i, about 


2 
the given axis = mass eC +24) ($ Tvl); 


41 re ss r2 1? 
e t — 2 = = pa Ae 
- whole m.i. af par? dx G +2?) m( ae = 


175. As in Ch. XXXIII, the subject may be considered 
from the point of view of geometry alone. If a is an area 
(or volume) element which is infinitesimal in every direc- 
tion, and r the perpendicular distance of some point in it 
from a straight line, the limit of Sar? is called the moment 
of inertia of the area (or volume) with reference to the straight 
line. The results are the same as those calculated for homo- 
geneous bodies, area (or volume) taking the place of mass. 
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EXAMPLES, 
Find the moment of inertia of 


1, A triangle about (1) an axis through the centre of gravity 
parallel to the base, (2) a parallel axis through the vertex. 


h I? 
Ans. (1) mgs (2) m >. 
ab? 
2. A rectangle (a by b) about a diagonal. Ans. "Pay 
3. An isosceles triangle about a normal axis through the middle 
point of the base. 4 alt.” + base? 
Ans. UE Oe emery 


4, An isosceles triangle about a normal axis through the vertex. 


12 alt.” + base? 
MES i ———— 


24 
5, A circular annulus of radii R, r about a normal axis through 
the centre. R+r 
Ans. m : 
2 
2 
6. A circular annulus about a diameter. Ans. We io) 
7. A circle about a tangent. Ans, mé&r*, 


8. A circular are of length s, radius 7, and chord c, about an 
axis through its middle point perpendicular to its plane. 


Ans. m. (1 4) 


9. A circle about a normal axis through a point in the cir- 


cumference. Ans, m§r’. 
2 
10. A parabolic area, Fig. 74, about the z-axis, Ans, me 
11. The same about the y-axis. Ans. m#x,’. 
12. A spherical shell of infinitesimal thickness about a diameter. 
Ans. mr’, 
13. A right circular cone of radius r and altitude h about its 
geometrical axis. AUIS, Tee tae 
14. The same about an axis through the vertex perpendicular 
to the geometrical axis. Ans, mic +3r? 


20 
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15. The same about an axis through the centre of gravity per- 
pendicular to the geometrical axis. 3h? + 12r* 
Ans. it 30 ae 
16. An oblate spheroid about its geometrical axis. 
: Ans, ma? 
17 Any area ABDC (Fig. 61) about the z-axis, 


|v dx 
Ans. 3 : 
iE dx 
18, The hypocycloid x3 +y3=a3 (Fig. 18) about the z-axis. 
Ans. mz4a? 


CHAPTER XXXV. 
SUCCESSIVE INTEGRATION. 


176. Successive integration. Let 7 be a function of u, 
v, and w, and suppose the following operation to be per- 
formed: 7 dw is integrated between the limits w; and wo, 
u and v being treated as constants; the result is mul- 
tiplied by dv and integrated between v, and v2, wu being 
treated as a constant; the result is multiplied by du and 
integrated between wu, and ug. The whole operation is 
indicated by the notation 


| Pe | : | Aye Nanna 
UJ Vid Wy 


The limits of w may be functions of u and », the limits 
of v may be functions of u, but the limits of wu are constants. 
Instead of three variables there may be two or four, or more. 


2 72 2 fz 2 
1 Boda he | | x’y dx ay=| (| xy dy) ae=| ha* dxr=3y. 
1J0 1 JO 1 
3 x faty 3 (x 
2 | Fy (@—y)de dy de= | | (x? —y?)dx dy 
0/0/0 0/0 
3 
-| 428 dx =134. 
0 
23 
3. [oxy dz dy =35 
2 


I 
2 2x fraty 

4, | | | dx dy dz=94. 
1Jo JO 


ao 
| r a0 dr=tz'a’. 
0 
189 
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ug 


2x9 f2acos6 
6. | | | r3 sin 0 cos 6 d¢ dé dr=$xa'. 
0oJ0J/0 


Applications of Successive Integration. 


177. Plane area. Rectangular codrdinates, Let P be the 
point (a, y), and let PR, PS be dz, dy, infinitesimal incre- 
ments of a2 and y. The 
rectangle PQ=dx dy may be 
taken as an element of area. 
To illustrate the method of 
finding the limit of the sum 
of such elements by succes- 
sive integration, let it be re- 
quired to find the area of the 
figure KM, which is bounded 
_by the lines z=a, r=b, and 
X the two curves KL or y=f(z) 
and NM or y=F (2). 


CG b 
(1) (| pi) = EG. de, 2) [ EG. da KM. 


The first result is the sum of such rectangles as PQ, which 
make up the rectangle HH, which is equivalent (§ 15) to 
the strip HIJG of the given figure, the second is the sum of 
such strips for the whole area. The final result is the limit 
of the sum of such rectangles as PQ when both dz and dy =0. 

The whole operation is indicated by the ‘‘double integral’ 


b (Ye b (F(x) 
| | dxdy or | | dx dy, 
avy a J f(x) 


yi and yg being the y’s of the curves y= (x), y=F(z). 

More generally, let wu be a function of 2 or y, or of both x 
and y. The limit of the sum of such products as u dx dy 
taken for all parts of the area KM is 


b fye2 
| | wu dx dy. 
avVi 


Fig. 106. 
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Ex. 1. Find £5 y dz dy for a quadrant of the circle C= a2. 
. a y 
We are to obtain | | 'y dx dy, where y, is the y of 2?+y?=a?. 
oJo 


a fn ra YU a a 
f { y de dy=| ({ y dy) da=|"ty,tde~ |"s(0"—a?)de= Jo 
0J0 0 0 0 0 


This is the moment of the area with reference to the x-axis. 
2. Find £= y’ dx dy for the same area. 


@ (V/Giaa 
; | | y? dx dy =5xa". 
0/0 


This is the second moment, or moment of inertia, of the area 
with reference to the z-axis. 

3. Find £2 zy dz dy for the same area. Ans. ta‘. 

This is the product of inertia of the area with reference to the 
axes. 

4. Show that the volume of a solid of revolution about the 


2@-axis 18 
2r | y dx dy, 


and deduce the formula of § 95. 


178. Plane area. Polar coérdinates. Let P be the 
point (9, r), and let POR=d0, PS=dr. With centre O 
describe the arcs PR, SQ. Then 
the element of area PQ 

=4(r+dr)? d0— }r? dé 
=r d0 dr+4 dr? dé, 
the last term being a_ higher 
infinitesimal. 
Bees P= £ dir dl dr: 
Let KLMN bea figure bounded 


by the lines 0=a, 0=f, and the 
curves KL or r=/(9) and NM or 
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r= (0). Proceeding as in § 177 we find the area 


Bre BF(6) 
=| rdédr, or | r dé dr, 
ad Ty ad f(0) 


r, and rg being the r’s of the given curves. 

The first integral 4(r2?—1,?)d0 = EGJF, which is equivalent 
to the sectorial strip EGHI of the given figure; the second 
is the sum of such strips for the whole area. The final 
result is the limit of the sum of such figures as PQ when 
both dé and dr=0. 2 

Observe that the element rd? dr=PR. PS as in Fig. 106. 


Ex. 1. The area (Fig. 108) between the circles r=2a cos J, 
r=2b cos 9, (b>a), is 


a ‘2b cos 0 
2 | pal tema (R02) 


0 2a cos 6 


2. Find the area (Fig. 109) bounded by the curves 0=r? +r, 
G=r—7, r=1. 


Fic. 108 Fia. 109. 


[Integrate first with regard to @.] Ans. 3. 
3. The moment of inertia of the circle r=2a cos 6 with refer- 
ence to a normal axis through the polar origin 


us 
2 f2acos 6 
=2 | rd0 dr =3za‘'. 
0 J0 


4, Find the moment of inertia of the lemniscate r?=a? cos 26 
(Fig. 27) with reference to a normal axis through the origin. 
Ans. }za‘. 
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5. The potential of a particle of mass m at distance R being 
m/R, show that the potential of a lamina (thickness ¢, density 1) 
at a point B on the perpendicular to the lamina through the polar 


origin O (OB=c) is 
utr dé dr 
es +r?" 


(1) Find the potential at B if the lamina is the circle r=a. 
Ans. 2nput(Vc?+a?—c). 
(2) Find the potential of a circular lamina at a point in the 
circumference. Ans. 4apt. 
6. If a curve revolve about the initial line show that the volume 


=2e| [72 sin 0 dé dr. 


Find this volume for a complete revolution of the cardioid 
r=a cos’40, Fig. 89. Ans. 4nxa’. 

7. Find the moment of inertia of an anchor-ring (see Ex. 14, 
p. 180) about its axis. 

Take as origin the centre of the circle (radius a) to be revolved, 
and the perpendicular (length b) on the axis of revolution as 


z[@ 
initial line. The m.i =2| | p..2nx(b—recos 0).rd0dr.(b—rcos 0)? 
0/0 
Ans. m($a? +6"). 


179. Volume of asolid. Rectangular codrdinates. Let P 
be the point (z,y,z) and let PR, PS, PT be dz, dy, dz, infinitesi- 
mal increments of x, y, and z. The parallelepiped PQ =dz dy dz 
is taken as the element of volume, the limit of the sum of 
such elements being obtained by successive integration. 
Thus to find the volume of the solid, Fig. 110, bounded by 
the coordinate planes and a surface whose equation is given: 


IU 

(1) (| dz) dx dy=IU. dx dy, 
0 
DG 

(2) (| IU . dy) de=VDG . dz, 
0 


OA 
(3) | VDG . dx=COBA, 
0 


the required volume. 
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The first result is equivalent to the column standing on 
1K (=dz dy), the second to the slice between VDG and WEF 
and therefore of thickness dz, the third is the sum of such 
slices. 


We 


ais 
Y 


Fie 110. 
The whole operation is indicated by the “triple integral ” 
au [%4 
| | | dx dy dz, 
oJoJo 
where 2, is the z of the given surface, y; is the y of the curve 
AGB in which the surface is cut by the plane z=0, anda=OA. 


Ex. 1. To find the volume of the ellipsoid a ia et 
av-|"|" I dy dz, where 2, is the z of = +045 =1, and 


y, is the y of — ote Le 


c 
== (a2) and a= (yy) 
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=| or 2d. =| ze, savage zal 
0 


~. V=4szabe. 


mabe 


2, dx dy is equivalent to a column dx to a slice, and or is 


mC 
apy 
the sum of the slices for an octant. 

2. Find £2(y?+z’)dx dy dz for an ellipsoid, i.e., the moment 
of inertia with reference to the x-axis. 


Y i” 
s|"| if; nly? +22)dx dy dz= 8a [ta + fade dy 
0/0 


b? ne 
= pret) |" yt dx=ypsnabeu(b?+c2)=m 5 


3. Find the volume of the hyperbolic paraboloid az=z?—y? in 


the first octant, x varying from 0 to h. 
g2—y?2 


h fz 4 
Eislca : de dy de= 4". 
0J0J0 6a 


4, Find the volume of 2?—y’?=<’z? in the first octant, x varying 


from 0 to h. : Ans. $xh? 
5. In Ex. 3 find the moment of inertia with reference to the 
2-axis. Ans. m $¢h? 


6. A rectangular parallelepiped which has its base in the zy- 
plane and its sides parallel to the other codrdinate planes, 
intersects the hyperbolic paraboloid az=ay. Show that the 
enclosed volume = base Xmean length of the vertical edges. 

7. Find £3 cy dx dy dz and £* xyz dx dy dz for the octant of 

ipsoid. a’b?c oe 
an ellipsoi Peat) a. (2) ae 

8. Find the volume enclosed in the first octant by the ccor, 


dinate planes and the surface ie 4 + G) ‘ ae ) oe a 
abe 


Ans. oe" 
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180. Volumes. Polar codrdinates. Let O be the origin, 
OA the initial line, BAOC the initial plane. A plane re- 
volving through the angle ¢ 
about OA from the initial plane 
contains a point P, OP=r mak- 
ing an angle 6 withOA. The 
polar codrdinates of P are ¢, 0, 
r; rand @ are the ordinary 
polar codrdinates of plane 
geometry, and ($178) PM= 
r dO dr+I,, where J; is a higher 
infinitesimal. The increment 
df brings P to T and PM 
to TQ, PT=PAdd=rsm Odd. 
Hence the element of volume PQ 


Fig. 111. 


=(r dO dr+1,)(r sin 6 df+T2) =r? sin 6 dd dé dr+T3. 


- v=|[[r gin 0 dh dO ar. 
(The element is, as in Fig. 110, PR. PS . PT?) 


Ex. 1. Volume of a sphere. (1) The origin being the centre, 
2n (zx fa 
v-| | [ire sin @ a a0 ar 
_ JoJojo 
Qn fr 2n 
=| | 4a’ sin Od¢ wo=| 203 db=4za', 
0 Jo 0 


The first integral $a’ sin 6 dé d0=a pyramid with vertex at the 
centre and base on the surface of the sphere, the second 3a5'd¢é=a 
wedge of which the angle isd¢ and the edge a diameter of the 
sphere, the third $za’=the sum of the wedges. 

(2) If the origin is on the surface, and the initial line a diameter, 


T 


2 (Q (2a cosé 
v-| | | r> sin 6d¢d0 dr. 


0/0/0 
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(3) If the origin is a point on the surface, the initial line a tan- 
gent, and the initial plane passes through the centre, 


= F (2a sin 9 cos 0 ; 
ve | | r? sin 0 d¢ dé dr. 
oJolo 
2. The vertex of a cone of vertical angle 2a is on the surface of 
a sphere of radius a, and its axis passes through the centre of 
the sphere. Find the common volume. Ans. $za3(1—cos*a). 
3. The moment of inertia of a sphere about a diameter 


2x = a ; 
=2| | [ ur’ sin?0 d¢ dé dr=m 3a’, 
o Jo Jo 


and about a tangent line 


> = 2a sin 6 co8 p ; 
-4| | pr* sin30 dd dO dr=m ta’. 
o Jo Jo 


4. The potential of a solid sphere (density ) at a point on the 


2x = 2a cos 0 4 m 
surface~ | | | ur sin 0 d¢ dd dr=fura=—. 
0 JoJo . 
5. To find the potential V of a spherical shell of infinitesimal 
thickness (radius 7, thickness ¢, density “) at any point A. 
Take O, the centre of the sphere, as origin, OA as initial line, 
and let OA=c. Then 


a Qn F ur? sin Odd dd .t 
rh Vc? +r? —2er cos 0 


where r is constant. 


ae 


te [(e+r)—(c—r)], e>r, 
= a 
and ——[(r+c)—(r—c)], c<r. 
pe WE ; 
ae ee 98 for A outside the sphere, 


and =4nyrt=— for A inside the sphere. 
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In the former case the potential is the same as if the whole 
mass were at the centre of the sphere, in the latter it is inde- 
pendent of c, and therefore the same at all points inside the sphere 

6. To find the potential of a homogeneous solid sphere (radius a) 
at any point A. 

Consider the sphere as made up of concentric shells of infini- 
tesimal thickness t=dr. Then from Ex. 5, 


Arp. [4 Le mya? mM 3 
er \e dr=s ae A outside, 
and tle ar-+aralr dr =2zp:(a?—4c?), A inside. 
0 c 


181. Volume. Mixed codrdinates. A volume =| [2 dx dy 


if the base is in the zy-plane. Instead of dx dy for the base 
of the column of height z we 
may take the polar element of 
area rdpdr. Then 


Vie | [er ab dr. 


Ex 1. For the volume of a 
sphere by this method, 


22 fa 
w-=| | Vae—r?rdddr 
ORD: 


2x 
= | 305 db= za‘, 
0 


The first inetgral $a° d¢ is a wedge whose edge is OZ and angle 
d¢, the second is the sum of such wedges for a hemisphere. 
2. The axis of a right circular cylinder of radius b passes through 


the centre of a sphere of radius a(>b). Find the common volume. 


20 
2| | Va?—r* r dd dr=$n [a*— (a? —b?)3}. 
0/0 
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3. A right circular cylinder of diameter a penetrates a sphere 
of radius a, the centre of the sphere being on the surface of the 
cylinder. Find the common volume. 


ud 


1 vara rad dr =2 (382 —4)a3, 
0/0 


4, The axes of two equal right circular cylinders of radius a 
intersect at right angles. Find the common volume. 


3 fa Sema a: Eee re. 1—cos*¢ 
8|° [va r?sin’?¢ r d¢ dr |" (eae ) ag 


: 2 
= ia°[ tan e +sin 6| = fas, 
0 


5. The volume between the surface z=e-(” +) and its asymp 
totic plane z=0. 
This is a surface of revolution about the z-axis 


Qn (2 
(1) v-| [#740 ar, and 2?+y?=r’, 
0 Jo 


0 ie.) 
awe V=2r| redr=2n| —he-7 | =, 
0 0 
co OO CO co 
(2) Also V=4 | | zdz ay=4/ | e® , e-wdax dy 
oJo or 0 


(ea) [e's] ie.) 2 
=4 | evdy. | e-Vdz *=4 (| -*dr) ; 
0 0 0 


(ee) Nia 
- From (1) and (2), | eV da=——* (Cf. § 124.) 
0 


— 


* If the integration limits of each variable are independent of the 
other we evidently have 


f fi@Pr@aray=fi@ae. [roay. 
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182. Area of any surface. Let the parallelepiped, Fig. 42, 
which has the base dz dy in the xy-plane and its sides parallel 
to the z-axis, intersect the tangent plane at P(z, y, z) and 
the surface in sections of area A; and Ag, respectively, which 
are assumed to be equivalent infinitesimals. Let a, 8, 7 
be the direction angles of the normal at P. Then 


dxdy=A,cosy, .. Ag=sec y dx dy+I, 


where J is a higher infinitesimal. Hence the surface S 


= [cc x dx dy= [sec a dy dz= [sec B dz dx. 


: Ou Ou Ou 
sa, cos G, cos 7 are ort 1 (§ 63 pe 
COS @ B, cos 7 proportional (§ 63) to Sp eon ee if 
u=c is the equation of the surface, and hence to 1, = 
g 


-= if the equation is in the form z=f(zx, y). Hence 


ROR Sr 


or Sle ee 


Ex. 1 A right circular cylinder of diameter a penetrates a 
sphere of radius a, the centre of the sphere being on the surface 
of the cylinder. Find the surface of the sphere which is inside 
the cylinder. 

Let the equations be 2?+y?+z?=a? (1), 27+y?=azx (2). 

a 
Vara aaye 


For (1) sec r=s z= 
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GAS pn aee d 
ae s=a["| aes — tom erie [sin-s [e2oae* 


= aa (e +a) me: — ee =2(xz—2)a’. 


2. In Ex. 1 find the eeiete valame 9 the cylinder which is inside the 
sphere. 


4a a ; P 
For (2), sec gaa a and (1) and (2) intersect in 


a (V@—az adxz dz NE 
4 —__———. = 2a — dx=4a?. 
I; i 2V ax—x? i‘ 


3. The axes of two equal right circular cylinders of radius a 
intersect at right angles. Find the cylindrical surface enclosed. 
Let the equations be z?+2?=a?, y?+z2?=a’. Ans. 16a’. 


* Let c/(a+2) =sin’0, 


CHAPTER XXXVI. 
MEAN VALUES. 


183. Let the base b—a of the curve, Fig. 113, be divided 
into n equal parts, at the extremities of which ordinates 
Yi, Yo,-.. are drawn. The 
limit of 

YitYoat .-. +Yn 
n 
for n infinite is called the 
mean value of y for the in- 
terval ato bof z. If dx=the 
inpee aes length of the equal segments 
of b—a, n=(b—a)/dzx. Hence 


the mean value of y is 


b 
dx 
d | a 
£24 = (1) 


—a b—-a 


Since the numerator=the area ABCD, the mean ordinate 
is equal to the height of a rectangle which has the same 
base and area as the given figure. 

The result (1) may be regarded as the mean value, for 
the interval a to b of the variable, of any function which is 
single-valued and continuous for that interval. 


; Ra : 7a? 74 
Ex. 1 The mean ordinate of a semicircle of radius et = 


2a 4 
='7854a. 
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183, 184.] MEAN VALUES. 203 


2. The mean square of the ordinate of a semicircle 


3. Find the mean ordinate and the mean square of the ordinate 

of the curve y=asin nz from x=0 to x=z. 
Ans. (1) 2a/nz, (2) a?/2n. 

4. The are of a semicircle is divided into equal parts, from 
the extremities of which perpendiculars are drawn to the diameter. 
What is the mean value of their length? 

Radii through the points of section divide the angle at the 
centre into equal parts. Hence 


£2asin po =* |"sin 0 zy 
dé xzJo Te 
5. In Ex. 4 find the mean distance of the points in the cir- 
cumference from one end of the diameter. Ans. 4a/z. 
6. A straight line AB of length a is divided into equal parts, 
P being a point of section. Find the mean value of AP. PB for 
all positions of P. Ans. 4a’. 
7. The northern hemisphere is divided into zones of equal 


area. Find their mean distance from the pole. 
Ans. Arc=radius. 


8. A rectangle is divided into rectangles by lines which divide 
the sides equally. Find the mean square of the distance of the 
~ rectangles from one corner of the given rectangle. 

The sides at that corner being axes, 


L3(a?+ reer : Gas die (a? +?) 
YT de dip, OPN lic : 


184. Let dA be an element of any quantity (length, area, 
volume, mass, time, etc.), and wu a variable which is taken 
any number m times per unit of A. Then 


LX umdrs £Suda 
LW OAD 2S dak 
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expresses the limit of the sum of the w’s divided by their 
number, and is thus the mean value of wu for the range in- 
volved in the summation. If the elements are unequal 
the result is still the same as the mean value of wu taken 
once for each of the elements if they were equal, since 1 for 
each one-mth part of the unit is equivalent to m per unit. 


Ex 1. To find the mean distance of points within a circle of 
radius a from a given point on the circumference. 

In this case dA is an element of area, say rdé@dr ($178), u 
is r, hence the mean value 


oy 2a cos 6 

2 | r?d0 dr 

0/0 v4 
ra? 9x 


2. The plane base of a hemisphere of radius a is horizontal, 
Find (1) the mean height of points within the hemisphere (the 
element being one of volume), (2) the mean height of points on 
the curved surface, (3) the mean depth of points in the base 
below the curved surface. Ans. (1) $a, (2) 4a, (8) %a. 

In (1) and (2) the mean height is the height of the centre of 
gravity,* in (3) it is volume/base. 

3. Find the mean square of the distance of points within a 
sphere of radius a from (1) the centre, (2) a point on the surface, 
(3) a diameter. Ans. (1) $a’, (2) $a?, (3) 2a? 


*The point whose codrdinates are the mean values of the rec- 
tangular coérdinates of points in a body for equal elements of mass 
is easily seen to be the centre of mass (or of gravity) and therefore 
the centroid if the body is homogeneous. The centroid is sometimes 
called the centre of mean position, 


CHAPTER XXXVII. 


INTRINSIC EQUATION OF A CURVE. THE TRACTRIX 
THE CATENARY. 


Intrinsic Equation of a Curve. 


185. Let the tangent or normal of a curve turn through 
an angle A while the point of contact moves a distance s 
along the curve. The equation con- 
necting s and A is called the intrinsic 
equation of the curve. 


Ex. 1. The intrinsic equation of a circle of Pp 
radius a is obviously s=a. x 

2. To find the intrinsic equation of the 5 
semi-cubical parabola ay’?=x* (Fig. 29), the Fig. 114. 


intrinsic origin being the cusp. 
The tangent at the origin is the z-axis. Hence 


tan Beene (=) e 


Gl P24 \Gi 
. 2=4atan?s, whence y= ;a tan®,. 
Also ds=V dx? + dy? =a sec*A tan Add. 


A 
“. 8= ia] sec*Atan Add, or s=z8,a (sec’A—1), 
0 


the equation required. 
3. Find the intrinsic equation of the common parabola y?=4az, 


the origin being the vertex 
If the tangent make an angle 4 with the positive direction of the 
y-axis, tan A=dz/dy. 
Ans. s=asec A tan A+a log (sec 4+ tan 4). 
205 
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4. Find the intrinsic equation of the cycloid z=a(#—sin 4), 
y=a(1—cos 0) (Fig. 19), the origin being at a cusp (say, at r=0, 
y=0). 

[Show that 4(=Y SP) =40.] Ans. s=4a(1—cos 2.) 

5. Find the intrinsic equation of the four-cusped hypocycloid 
x=asin*), y=a cos*0 (Fig. 18), the origin being at a cusp (say at 
x=0, y=). 

[Show that 4(=OST) =9.] Ans. s=%a(1—cos 2A). 

6. Show that an equation may be transformed to a new origin 
at (s’, 1’) by substituting s+s’ for s and 4+ 7 for A in the given 
equation. 

7. Find the equations of the curves of Exs. 4 and 5 when the 
origin is a vertex (the middle point of the arc between successive 
Susps). Ans. (1) s=4asin 4, (2) s=#asin 2A, 


186. Instead of expressing x and y in terms of A, we 
may be able to express s and A in terms of x or some other 
variable, and eliminate that variable. 


Ex. 1. The catenary y=acosh (x/a) (Fig. 117), the origin 
being the lowest point, and hence the initial tangent being parallel 
to the x-axis. 

tan A=dy/dx=sinh (x/a), and ds=cosh (x/a) dx, whence 
SSO Sin Oi), Po SH=aiBin 7b 

2. The cardioid r=a(1—cos @), the cusp being the polar and 
the intrinsic origin. 


ds =Vr7d6? + dr? =2a sin 40 d0, .*. s=4a(1—cos $6). 
Also A=6+¢, where ($136) tan ¢=r d0/dr=tan 40. 
*, 4=$0. Hence s=4a(1—cos 4), 
Show that the equation is s=4a sin 42 if the origin is the porate 
most remote from the cusp. 
3. Show that the intrinsic equation of an epicycloid is 


4b(a +b) ar 
gare ce eery) 
when the origin is a cusp, and 
_ 4b(a +b) a aa. 
a a+2b’ 


when the origin is a vertex. 
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187. The radius of curvature. The curvature is the 
s-rate of A (§ 86) and hence R=ds/dd=}'(A) if s=j(A) is 
the equation of the curve. 

188. The evolute. Let O be the origin of the given curve 
s= (A), P any other point on the curve, C, Q the centres of 
curvature of O and P, and let C be taken 
as the origin of the evolute. Then PQ 
=//(A) and OC=}' (0), also CQ=PQ—O0C 
(§ 90 (B)). Hence the equation of the 
evolute is 


s=/’(A)—}’(0). Fie. 115. 


Ex. 1. Show that the evolute (1) of a parabola is a semi- 
cubical parabola, (2) of a cycloid is an equal cycloid, (3) of a 
four-cusped hypocycloid is a similar curve of twice the size of 
the given curve, (4) of a cardioid is a cardioid of one third the 


size of the given one. 
2. What is the intrinsic equation of the involute of (1) a circle, 


(2) a catenary, the involute beginning at a point on the given 
curve? Ans. (1) s=}$ai*, (2) s=alog sec 2 


The Tractrix. 


189. This is the curve in which the tangent is of con- 


stant length. 
Let (z, y) be the coérdinates of a point P on the curve 


(Fig. 116), and let the tangent P7’=a.* 
From the figure dy/dxr= —y/V e—y, from which the 
equation may be found by integrating, the result being 


z=a sech!(y/a)— Vae— y?. 


* The curve is the path of a body which is drawn along on a rough 
horizontal plane by a string of length a, the other end of which is 
moved along a straight line OX; whence the name of the curve. 
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Since yde=—dyV a?—y?, the element of the area of the 
curve=the element of the area of the circle of radius a, .’. 
the whole area between the curve and its asymptote (the 
z-axis) is the same as that of the circle, viz., za?. 


Fig. 116 


The length of the curve from Y to any point whose ordinate 
is b may be found as follows: 


Let the tangent make an angle 4 with YO. Thens= 
a log sec 4, which is the intrinsic equation (origin Y) of the 
curve. Hence the radius of curvature=ds/dd=a tan A, 
and the evolute is ($ 188) s=atan A, a catenary (§ 192). 

The area of the surface of revolution * of the curve about 
the z-axis=47a?, and the volume= za. 


* This surface is known as the pseudo-sphere. 
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The Catenary. 


190. This is the curve formed by a uniform chain hanging 
vertically. 

Let A be the lowest point, P any other point. From P 
draw PB vertically and equal to the length AP ors of the 
chain, and from B draw a horizontal line to meet the tan- 
ent at P in C, and let BC=a. 


Hig iz, 


191. Mechanics of the figure. The portion AP of the chain 
is in equilibrium under the action of three forces, viz., the 
horizontal tension at A, the tension at P in the direction of 
the tangent, and the weight, which is vertical. Hence PBC 
is a triangie of forces for AP, and since the vertical force on 
AP is the weight of a length PB of the chain, it follows that 
the tension at P is equal to the weight of a length CP of the 
chain, and the tension at A to the weight of a length a of the 
chain, and therefore a is constant. 

192. Geometry of the figure. Draw from A a vertical line 
and take OA=a; take O as the origin, OA as y-axis and a 
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horizontal line OX as z-axis. Then OM=2,MP=y. (By 
this choice of axes the constants of integration will=0.) 


Since CB, BP, and CP are a, s, and a? +82, respectively, 
we have 


dy_ 8 dx _ a dy _ s 
dz a (D); S/o ae ( ys ds Vee (3). 
From (3) dy=s ds/V 2 +82, °. y=V a2 +82=CP, (4) 


“. the tension at any point P is equal to the weight of a 
length y of the chain. 


From (2), dz= a ds/V a2 +82, “. £=a sinh—"(s/a), 
bre ee Cn ae 
oa sinh ~, or =5 (€a—e a), (5) 


which gives the length from the lowest point to the point 
whose abscissa is 2. 


From (1) and (5), dy=sinh = de. 


x x 


x Or PE WS 
“. y=a cosh —, or =5 (cate a), (6) 


the equation of the curve. 

From (1), s=atan¢, the intrinsic equation (origin A) 
of the curve. 

The normal. NP:MP::CP:CB, .. NP/y=y/a,orNP= 
y?/a. 

The radius of Curvature. R=ds/db=a sec?h=ay?/a?= 
y”/a, or the radius of curvature is equal to the normal. 

Let D be the foot of the perpendicular from M on PT. 
Since MP=CP, .. MD=CB=a and DP=BP=s. 

Hence the locus of D is the involute of the catenary. 

Also MD, the tangent at D to the involute, is of constant 
length, .°. the involute is a tractrix. 

The intrinsic equation of the evolute is s=a(sec2f—1). _ 


CHAPTER XXXVIII. 
INFINITE SERIES.* 


193. A series is a succession of terms which follow one 
another according to some law. The series is said to be 
infinite when it does not terminate. If we add the terms 
of the infinite series 1+4+4+1+...it is seen that the 
sum approaches a limit, viz., 2; for this reason the series 
is said to be convergent. That the limit is 2 is also seen 


by taking the sum of the first n terms, which is eer est: 


and finding the limit of this when n=. 
This series is a particular case of the infinite geometrical 
progression 
ltata?+a3+... (1) 


From elementary algebra the limit of the sum is 1/(1—z) 
if |z|<1. If |z|S1 the series has no limit or is non-con- 
vergent. 

194. Let up tuytuetugt ... HUntUngit... (2) 
be an infinite series, and let s, be the sum of the first n terms. 
The series is then convergent if s, has a limit when n=; 
let the limit, if it exists, be s. The limit must as in all other 
cases be a definite finite quantity (§ 2) such that s—s, has 
the limit 0. Hence a series cannot be convergent unless 
Un==0 when n=, i.e. unless the terms tend to a limit 0. 
This is a necessary but not a sufficient condition for con- 
vergence. 


Introduction to Infinite Series (Harvard University), also Gibson’s 
Calculus (Macmillan). me 
de 
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If a series is non-convergent it is either divergent or oscilla- 
tory, divergent if s, becomes infinite with n, oscillatory if s, 
remains finite but does not approach a limit. Series (1) is 
divergent if |z|>1 or z=1, and oscillatory if s=—1, s, in 
the latter case being 1, 0, 1, 0, etc., as n increases, but never 
approaching a limit. 

In general, a series is of no practical value unless it is 
convergent. 

195. Without expressing s, in terms of n it may be pos- 
sible to test a given series for convergence. For this pur- 
pose various methods are given in works on algebra; we 
recall a few results which are of importance in our work. 

(1) A series is convergent if (a) the terms are alternately 
+ and —, (b) the absolute value of the terms constantly 
diminishes, and (c) the limit of that value is 0 when n=. 


Ex. 1—4+4-4+... is convergent (see §2, Ex.3). The. 
limit of the sum lies between *69314 and °69315. It=loge2 (§ 197 


Ex.1). The series 2—$+4—... satisfies conditions (a) and (6) 
but not (c). It is oscillatory (see § 2, Ex. 4). 
(Mee . 

(2) The series l+s; tagt ...18 convergent when c>1, 
divergent when c2=1. Thus the ‘harmonic series ” 
1+4+4+...1s ree but ltt gt ..JS conver- 
gent. 

Ex. 1 ee + i i i 

lps: 8 convergent, since each term is 


less than the corresponding term of 1+ at ig 


I ae 1 
: Beier aoe a>O0O, is divergent. For it ek mo 
+..., where b is.an integer larger than a, and this is a part of 


the divergent series 1+4+4+... 


(3) If a series is convergent when all the terms are posix 
tive, it will be convergent if any of the terms are negative, 
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cosxz cos2x 
ie 
if all the terms were positive they would not be greater than 


Ex +... is convergent for all values of x, for 


the corresponding terms of nites ok s 

The contrary is not necessarily true, that is, a series may 
be convergent when some of the terms are negative, but not 
when those terms are made positive. Thus 1-4+4—...is 
convergent, but 1+4$+4+...is divergent. 

A series is said to be absolutely convergent when the abso- 
lute values of the terms form a convergent series, i.e., when 
the series remains convergent if all the terms are made posi- 
tive. If not absolutely convergent it is said to be con- 
ditionally convergent. Thus 1—4+4—}+... is absolutely 
convergent, 1—4+4—1+...is conditionally convergent. 
It is known that the convergence and limit of an absolutely 
convergent series are independent of the order in which 
the terms are taken, whereas the terms of a conditionally 
convergent series may be grouped so as to converge to a 
different limit (in fact to an assigned limit) or to diverge. 
For example, arrange the series 1-4+}—4+... as follows: 


S27 8) 8 eT) 


This=4—44+4—-44+... =401—44+4-4+4+...), one-half 
of the original series. 

(4) A series up tuyt...+tUn+Uni1 +... is absolutely con- 
vergent if R, the absolute value of the limit of u,41/u, when 
n=o, is <1, divergent if R>1. It may or may not be 
convergent if R=1. 

196. Power series. The most important infinite series are 
those of the form 


Ap taye+agr? +4303 4+... 4+0nt™ tan, i19"tI+..., (1) 


which is called a power series in x. The indices are posi- 
tive ascending integers, and ao, a1,... are independent of x, 
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By assigning values to x any number of series may be formed 
from a given power series. 

Let the absolute value of the limit of @,/an,1 when n= 
be r. It follows from § 195 (4) that the power series is 
absolutely convergent, if |z|<r (ie. if « >—r and <r); 
divergent if |x|>r. If |zj|=r the series may be convergent 
or non-convergent. If dy/dnii;=% When n=, the series 
is convergent for all values of 2. 

Since the limit for n+1=0 is the same as for n=, 
the value of r may be found equally well from ay41/dny9 
or from ay_1/dn, or any two successive coefficients. 


nr 


ae age x 
Ex. 1. l+2+—+ RTE Of 


2 3 
1 
a pee oes =1+—+1 when n=o, ..r=1. 
n GQnt1 7 n 


Hence the series is absolutely convergent if |r|<1. It is con- 


ditionally Oe aca if <= —1, divergent for all other values of a. 
a3 


unr 
Pe i+e+5 +5 IP OOP =SaPO OC 
3! n! 


An/dn+,=(n+1)!/n!=n+1=0 when n=0. 


Hence the so is paar ier san for all values of x. 


2 : 
3. tote on Weand ts. aie .. are parts of the series of 


Ex. 2, and are therefore AE SHE convergent for all values of 2. 
4, The Binomial Series 1+ma+ uae 1) 


gra. 


Gn/On41= (n+1)/(m—n)=—1 when n=o, .°. r=1. 


Hence the series is absolutely convergent if |a| <1 whatever the value 
of m. It may be proved to be absolutely convergent if |z|=1 and 
m is positive, and conditionally convergent if =1 and —1<m<0O. 


5. If the power series a)+a,c+a,2?+... is convergent when 
|e|<r, the series a,+2a,r+... formed from the derivatives of 
the terms is also convergent when |a| <r. 

n 

For 


(eee Gog te 
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6. Show also that the series c+a jr +4a,z?+4a,75+... formed 
by integrating (c being a constant) is convergent if |x| <r. 


197. A power series dg+a,x+dor7?+ ...may be such 
that the limit of the sum for every value of x within the 
interval of convergence (—r<a<r) is equal to the value 
of some function f(x) for that value of z On this under- 
standing we may write 


(x) =a +a4,u+aou? +... (1) 


Thus if |z|<1, (Lt2)m=1+ma+ MD 2 4 aber aD. 
as a particular case 1/(l+z)=l—a+a?—.... If |z/>1 
there is no connection between the value of the function 
and the sum of the terms of the series. 

If we differentiate both sides of (1) as if the series were 
finite we have 


]’ (@) =a, +2ao%+3agx7+... (2) 
Similarly, multiplying (1) by dz and integrating, 
F(x) =c+aoxr+ $a x? +4aor?+..., (3) 


c being the integration constant, viz., the value of F(z) 
when x=0. It may be proved that these results hold true 
(t.e., the new functions are equal to the limits of the sum 
of the terms of the new series) for all values of x for which 
the new series are convergent. These values are —r<a<r 
(§ 196, Exs. 5, 6), the same as those of the original series. 
If, however, any one of the series is also convergent when 
x=r or —r7, it, must not be assumed that the others are also 
convergent for those values. Integration in general increases 
the rapidity of the convergence of a series, and it may change 
a series which is divergent when x=r into one which is con- 
vergent. 
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Thus 1+4¢+40?+...is divergent when w=1, but 


Bt ayt aso + ...18 convergent when z=1. 


Ex. 1. Logarithmic series. If |x| <1, 


1 
2 $a HK 24s oe 
1+ 


Multiply by dx and integrate. Then if |z|<1, 
log (1+2)=2—4$2?+42%—4at+... (1) 
(No constant of integration, since both sides vanish with 2.) 
(1) is also convergent if c=1, §195 (1), .°. log 2=1—44+4—- 
(1) may be used for the calculation of the Napierian logarithm 
of any number > —1 and <1, but it converges too slowly te 


be of much value for such calculation, unless |z| is very small. 
Change x in (1) into —z and subtract from (1). Then 


log (~) =2(r+4ar>+ia°+...). (2) 
Let y=(1+2)/(1—2z), then x=(y—1)/(y+1) Substituting 
in (2), 
eal 3 : y-1 5 
log y= [ (4) oleae, alere +... |. (3) 


This series may be used for the calculation of any Napierian 
logarithm, since (y—1)/(y+1) is necessarily a proper fraction 
when y is any positive quantity. 


Thus if y=2, (y—1)/(y+1) =, 

ee ee ee ..]="693147. 
Similarly loge 3=2 [$+3($)'+3§(4)' +... ]=1°098612. 
Also, loge 4=2 te 2=1°386294. 


Another series may be derived from (2) thus: put (1+2)/(1—2) 
=(1+y)/y, then x=1/(1+2y); hence, remembering that 
log [((1+y)/y]=log (1+y) —log y, 


log (1+y) =log y+2[ 5 +3 fee er Ga re a 


~ 
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Thus if y=4, loge 5=loge 4+2[$+4(4)?+4(4)5+ ..]=1'609438. 
Hence loge 10=loge 5+loge 2=2°302585, and hence the modulus * 
of the common logarithms (which =1/loge 10) is *4342945. The 
common logarithms may therefore be found from the Napierian 
logarithms by multiplying by °4342945, and, conversely, the 
Napierian from the common logarithms by multiplying by 2°302585. 

2. Gregory’s series. Prove that for —1<a<1, 


tan! z=x2—4ei+ie-... (1) 


This series gives the radian measure of an angle in terms of 
its tangent. Show that 


Tt 1 \ 
le ce ae cere 
oe eee, 


This converges slowly, but by applying (1) to the relation 
1 : ; 
74 tan—! 3 — tan "535 a rapidly converging series for the calcu- 
lation of z is obtained. 
: tps 
Since tan-tz=> —tan-'—, if |z|>1 we have 
ae 
~ 2 2 3a* 5a* 
3. Prove that 


: 12? 132° 527 
sin—ta=x2+——-+ = 


pe a eat ed 
a a Ee Cee We Oh ees: 


and hence, making x=, that 


jee s . 
= pee eae ) ae AERO 
= Wea ae ) 314159 


*If z=logay, then by definition of a logarithm, at=y. Taking 
logarithms of this, the base being supposed e, we have x logea=logey, 
loge y 
logea’ 


to base a by multiplying by eer which is called the modulus of 


or the logarithm of y is changed from base e 


*, x or logay= 


the system of base a. 
hence the modulus of the common system 


If y=e, logae=T5p,0’ 


is also equal to log, e. 
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OE sien So 
y i6gt) 254s see eo. 
198. Maclaurin’s Series. If there is a power series * 


which=/(z), that series is #0) +f'0)2 +O Se 


Show also that sec~!z -5- Fale ie 


For, suppose it to be agt+ayx+aoqr?+... Tee 


f(x) =d0 +a,%+ aq? +a3%3 +a4r4+ ... (1) 
Differentiating successively, 

}’ (x) =a, - 2a9x7+ 3agz?+4agx3 +... (2) 

}’’ (@) =2ag4+2 . 8ag7+3 . 4aga?+ ... (3) 

j’’ (a) =2 . 3ag+2.3.4agr+... (4) 


etc. If (1) is convergent for |r|<r, (2), (8),...are con- 
vergent for the same values of x, and this interval includes 
x=(0. Making x=0 in (1), (2), (3),...we have 


f0)=a, fO)=a, 7’ (O)=2a2, 7’ (0)=2. 3ag,... 
Substituting in (1), 


ja) = 70) +7 «+ 


LD, B+... (5) 


This is Maclaurin’s Series. In substituting in (5) we are 
said to expand or develop /(x) into a power series. 


Ex. 1. To expand sin a. 


j(x)=sin g, “. f(0)=sn0=0; 
j’(z)=cos a, . }'()=cos0=1; 
j’(«) = —sin a, .. 7’’(0)=—sin 0=0; 
}’" (x) = —cos x, .. 7’’’(0) = —cos 0= —1, ete. 
Substituting in (5) we have 
ae Aer 
sin z=2— 31 tay (6f 


which gives the sine of an angle in terms of its measure in radians 


* There is such a series in most cases if f(@) and all its derivatives 
are real and finite when x=0. See § 210. 
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The expansion of cosz may be found in the same manner, or 
by differentiating (6); hence 


x 
cos x=1——+—-.... (7) 


(6) and (7) are convergent for all values of x (§ 196, Ex. 3). 
2. The expansions of e* and a? are particular cases of Maclaurin’s 


Series. For 
ix) =e, [P/(e)=e*, jf’ (x) =e, etc.; 
2. /O==1, 7O)=1, -('(y=1, - ete. 


3 


ee 
elit ta te (8) 
A? 2 A3 8 
Similarly, at=14+Ar+—— +5 +... (A=loge a). (9) 


These series are also convergent for all values of x (§ 196, Ex. 2). 

199. If we attempt to expand cot x by Maclaurin’s Series 
we meet a difficulty at the outset, viz., cotO=0. This 
implies that there is no power series for cot a. 


Ex. To expand x cot z. 
2 4 2 
Ae ee 


Assume 2 cot x=1+a,2?+a,7*+... (There cannot be any 


odd powers, since « cot x is an even function. See Ex. 12, p. 40.) 
Then ; 
Te bo eee P 
ae aa ta = = ee : . (G30? F424 ons 
Multiplying * and equating coefficients, 


Hence cot eee ie: cn 


* The product of two convergent series is obtained by multiplying 
them term by term as if they were finite series, provided that one 
of them (at least) is absolutely convergent. 
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200. Formule derived from the exponential series. In 
§ 198, (8), write xz for x, where i=V —1 (observe that 722=—1, 
ed aay grmel, =et, CbC.), 
oa : xo. 
or e'=cos +7 sin 2. (1) 
Writing —z for 2, 
e-%— cos r—1 sin 2. (2) 


Adding and subtracting, 


cos =} (ete), (3) 
‘ 1 
sin ¢= THe e7™), (4) 
1 /eti—e-* 1 /eett—_] 
whence tan ¢=— (a) = (Sa) : (5) 


These are Euler’s Formule. 
In (1) write nz for zx. 


. COS aed sin nx = ert = (e%)"= (cos +7 sin x)”, 
. (cos +7 sin x)”=cos nx+7 sin na. (6) 
This is Demoivre’s Theorem. 


201. Taylor’s Series. Suppose the function of x to be 
j(A+a). The first 2-derivative is 


Ph+ajdh+«)/de=jf'(h+2). 


The second is /’(h+2), etc. The values of the function 
and its derivatives for x=0 are f(h), f’/(h), /’’(h),... Hence 
Maclaurin’s Series takes the form 


jh+2)=j0) +7 0)2+ Me OO 4, 


This is Taylor’s Series. The conditions under which 
the function is represented by the series will be considered 
in Ch. XXXIX, 
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m(m—1) 
2! 
sin h , cosh Fe 
Se She 


3. If {(x)=25—-2x?—2x+3, write down f(z+h). 


Ex. 1. (h+2)™=h™ 4+ mhm—tz + (La les SE 


2. sin (h+2)=sinh+cosh.x— 


EXAMPLES. 


1. Expand (1+2)™, log (1+2), tan-'z, by. Maclaurin’s series. 
2. tanz=z2+ Aiea ie ae sis 
, igs) oo 507.9 


x* 5a* 612° 


3. sec x 1+574 Fre 6! 
4. log sec cares = list St 
ete eo 1G. 45° 2520 
oa Ta 
3 ey ae 
5. cos*x=1 3 + 3 
gt 2 
sin t — SS = ae 
6. é Ltete 8 mo 
7. e@ secr=1l+at+a?+3e%+... 
8 ge ae 
-cosect=— tai ta at «- 
9. Show that 
af 
cosh «= Pe et, , sinhz= ote tate 
and hence that cosh x= cos 72, as ie aa ix, Where 1=V —1, 
re 23 1 
10. Assuming at gt ait: re =7 show that 
Uy le eal n 1 Seles n 
fl ah get oe gt and A gh ge ao: 
1? 
Also e: > log (L+2x)da=75. 
dz ik ake db eh al 
. Show that —-—.—-+—.--... 
“4 at | Tee 2°5 2.829 


12. When x = 0 show from the series that 
(1) (sin z)/r=1, (2) (tanz)/r+1, (3) (1—cos#)/z’? = 4, 
(4) (tanz—sin z)/z?+=4, (5) (@-1)/e+1. 
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13. If a circular are (radius a) subtends an angle @ at the centre, 
show that when @ is very small 


arc — chord = 3,0, nearly. 
14. If @ is a small angle, show that 


sin 0=06%/cos 0, | 
, rnearly. 
tan 0=0*/ cos~“0 J 


From these formule are derived the rules given in Mathe- 
matical Tables for finding the sines and tangents of small angles. 

15. The chord of a circular arc is C, the chord of half the arc 
is c; show that the length of the arc is 


2c+4(2c—C), very nearly. 


This formula (Huyghens’s) will give + of the circumference 


of a circle of 100 feet radius with an error of less than 14 inch; 
it gives $ of the circumference of the same circle with an error 
of less than .5 of an inch. - 


CHAPTER XXXIX. 
TAYLOR’S THEOREM. 


202. In Ch. XXXVIII the existence of a power series 
for f(z) or f(h+z) is assumed. We have now to consider 
under what circumstances this assumption may be justified. 

203. Theorem of Mean Value. Let /(x) be a single-valued 
function, and suppose f(x) and its first derivative /’(x) to 
be continuous from z=a to z=b. The Theorem of Mean 
Value asserts that 


where x, is some value of x between a and b. 


iN 
Ri Q 
P Re 
Oo A Cy C2 BX 


Fig. 118. Fic. 119. 


Let (Fig. 118) OA=a, OB=b. If PRQ represents the 
graph of f(x) from r=a to =b, AP=f(a), BQ=f(b). Hence 
Ee is the slope of the straight line PQ. At some 
point R between P and Q the tangent is parallel to PQ, and 
the slope of the tangent at R is f(a), where x,=OC. 
Hence the equality stated in (1). It should be noticed 
(Fig. 119) that 2; may have more than one value. 
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The theorem may not be true if, between x=a and x=), 
f(z) (Figs. 120, 121) or ies (Figs. 122, 123) has a finite 
or infinite discontinuity. 


Fig. 120. Fie. 121. Rrgoei22. Fie. 123. 


204. If, in (1), f(6)=j(@), then f’(7,)=03; ie., if 7@) and 
j’(x) are continuous from x=a to x=b, and if f(a)=f (0), 
then }’(z)=0 for at least one value between x=a and r=b. 
This is known as Rolle’s Theorem. 

205. In Fig. 118 let AB=h and AC=6h, 0<0<1. Then 
(1) becomes 


Let 12) _v(a+0n), 


~ 


or f(ath)= f(a) +hf’ (a+Oh). 


This may be regarded as the beginning of an expansion 
of f(a+h) in powers of h. We have now to show that the 
expansion may under certain circumstances be continued 
to three or more terms. 

206. Taylor’s Theorem. Let f(x) and its first n deriva- 
tives be continuous from x=a to r=a+th. Let P be a 
quantity which is such that 


jla+h)—f(@)—f @h—Pie— .., -E 0) Ont = PI. (2) 


Consider also the following function of z: 
f(a+h)—j(2)—f@)(a+h—2)- Da pn—aye— 


(n- 5 
daa poke gas (3) 
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and let this be called F(x). Differentiating, we obtain 


— 
=)! 


F(z) = (a+h—2x)"14+Pn(a+h—z)-1, (4) 
Since f(z)... Pe (x) are continuous from z =a to x=a+h, so 
also are F(x) and F’(x). Also F(a) =0 by (2), and F(a+h) =0 
by (3); hence (§ 204) F’(x) =0 for some value a+ 6h between 
(n) 
a and a+h. Hence, from (4), P = 
Substituting in (2) and transposing, 


joa), 
ar 
4S (a+ Oe 


n! 


j(a+h) =f(a) +i(@rt Dre +. wet 
(5) 


Hence if f(x) and its first » derivatives are continuous 
from x=a to x=a+h, f(a+h) can be expanded into the 
finite series (5). This is Taylor’s Theorem. It is really a 
generalization of the Theorem of Mean Value. It should be 
noted that h is not necessarily positive. The number 0 
>0O and <1, but its value generally depends upon a, h, 
and n, as well as the form of the function. 
heh (—1)"—thn 


h 
Ex. log (a+h)= log a+— na Bie Bat eas Ole 


207. If x is written for a, (5) takes the form 


f(a+h) = (2) +7 @h+ Pies ie oS 


208. The remainder. The last term of (5) is known as 
Lagrange’s form of the remainder (R,,) aftern terms. Another 
form of the remainder R, (Cauchy’s), viz., 


f(a + Oh) 


Gaur 


may be found by starting with Ph instead of Ph” in (2). 
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R,, is the amount of the error when the first n terms of 
the series are taken as the value of f(a@+h). Thus for 
log (a+h) (§ 206) the numerical value of the error would 


hie hr 
ne Ce 1 
lie between ae and lath the greatest and least: values 
Oimlun: 


The method of making small corrections explained in 
Ch. XI is equivalent to the use of the first two terms of 
Taylor’s Theorem. In this case the error is therefore 
$f’ (a+ Oh)h?, where 0<0<1. 

209. Maclaurin’s Theorem. Taking a=0 in (5) and 
writing x for h, we have 


C92 


T(x) =f) +f O)x+ 


{™ (6x) - Gs) 
Pee eee ~ (n—I)! 


according as Lagrange’s or Cauchy’s form is adopted for the 
remainder. (7) is the statement of Maclaurin’s Theorem. 
The expansion is therefore possible if f(z) and its first n 
derivatives are continuous from x=0 up to the value of z 
adopted in the series. 

210. Maclaurin’s Series. Taylor’s Series. If /(2) can be 
expanded by means of the series (7), and if the values of x 
are such that £,-~. R,=0, then 


where R,= C=Oee 


je) =f0) +7 Oat Pers ..., 


or f(x) is equal to the limit of the sum of the terms of an 
infinite power series (Maclaurin’s Series). 
Under similar conditions we obtain from (5) 


Hath) =f + Port Ors 


which is Taylor’s Series. 
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5 


3 
Ex. 1. From (7) sinz=2— a +5 —...+Rn, where Rn (Lagrange’s 
, aN Ae % Qe eee 
form) =sin (9¢-+n=) ri Now Vi EL and each frac- 


tion after a certain point is numerically <1, hence the limit of the 
product=0 for n=. Also sin (02+n=) remains finite as 


increases, since it cannot be >1 or <—1. Thus £r-0 Rna=0 
for all values of x. Hence, for all values of z, 


3 
sin DoT ere Ae 
Ue 
Similarly, cos a=1 Poi are —... for all values of x. 
Le x . 
2. log (1 ut a es oe ..+Rn, where Rn (Cauchy’s form) 
(—1)"(1—0)"—44m  (—1)"-1/1-0\ 
(1+ 0x) 1-0 ie, 
x 


1 F : , 
But a aS beam if —1l<z<l. Also 1—@ remains finite. 


Hence, for these values of z, 
oF sees 
Ln= 0 ln=0, and log Ue = 


For all other values of x the series is non-convergent (§196) and 
hence cannot represent the function. 


2 3 
3. Show that @=lte+> ay +... for all values of x. 


CHAPTER XL. 
FOURIER’S SERIES. 


211. (a) A function /(z) may be developed into an infinite 
series of the form 


A+a, cos +42 cos 224+... +4, c0osnz+..., (1) 


consisting of a constant term A, and cosines of x and mul- 
tiples of xz, with constant coefficients a,, a2,... For any 
value of x from x=0 to x=z the series will represent the 
function, i.e., the limit of the sum of the terms of the series 
will be equal to the value of the function. 

(b) f(z) may also be developed into a sine series of the 
form 


ay sin +42 sin 24+... +a, sinnz+... (2) 


and the series will represent the function for any value of x 
between 0 and z. 

(c) {(z) may be developed into a sine and cosine serie 
of the form 


A-+a, sin +2 sin 247+...+b; cos r+b2 cos 2z+..., (38) 


and the series will represent the function for any value of x 
between —zx and zx. 

Whether the series represent the function for values of x 
other than those stated will depend upon the nature of the 
function. 
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The above propositions were fully investigated for the 
first time by Fourier (Théorie analytique de la Chaleur, 1882) 
and the series are called Fourier’s Series. 

212. Assuming the form of the series we shall explain a 
method of calculating the constants. It will be necessary 
to make use of the following results of integration which may 
be easily verified by the student (see Ch. XXII). 

Supposing n and m to be integers and n¥™m, the follow- 
ing integrals have the values herewith given: 


From 0 to z. From —z to z. 
feos TED CHE OPO SCL IE 0 0 
fin LUE OLE saat aa Nod res oto 5/08) oo: 0 
fos MEI COSIUT Gls.) siclsiers\zi 0 0 
if SULLA TEES LI HOP ee 0 0 
fosin EI ACOS MEL ODMMN ohoes ooksiet a1 0 
fcostns Chas oreo IOC TOE OR an T 
fsintne AP & se Send ae NE ae et nee 4x 1 
213. The cosine series. Suppose 
j(x) =A +a, cos +2 cos 27+...+a,cosnx+... (1) 


An operation may be performed which causes every term 
of the series to disappear except that of which the constant 
isdesired. Multiply (1) by dz and integrate between 0 and z. 


Then 
['s@)ae—Ar, ts A=_| fe) dx. 


Multiply (1) by cos nx dx and integrate between 0 and z. 
Then 


cd By 4 
J f(x) cosnz dr=dy,.47, -. an ==" {(x) cos nx dx. 
0 . 
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Ex. 1. Let j(z)=a. Then A-r|"2 ——. 


7 


2 


0 


24, (ee 2 
Also, an=—| x cos nx dx = —— (1 —cos nz). 
TT mm 


tv) 


Hence, making n=1, 2, 3, .. 


Te 


2 


zee (c sx+ i. cos 382+- 
ae % s ay 


ete) 


1 
52 COS OL Aes Me 


In Fig. 124, I, II, III represent the graphs of the first three terms 


Cc 
B 


Ill 


Il 
Kies 124, 


from «=0 to x=z, and AB that 
of their sum. The limit of AB 
for the infinite series is the straight 
line OC, or y=2. 

The series holds from x=0 to 
x=7: for smaller or greater values 
of x the series does not represent 
a. The value of each term of 
the series is unchanged when the 
sign of x is changed, and is re- 
peated whenever x changes by the 
amount 2z. Hence the graph of 
the series consists of the lines of 
Fig. 125 continued indefinitely in 
both directions, or the equation 
of all these lines is 


=5 = ( sae s3a+ ) 
( Y¥mq = cos t +5, co colle 


Hreml2b¢ 


The axes may be transferred to any other position in the usual 
way. Thus to make the middle point of OA the origin, the z-axis 
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being parallel to that of the figure, change y into y+4z, and 
into «+47. The result is 


== (sin I sin 3 
mie sin x rie t+...). 


: mz Am 
Since mz =—— —— (cos 2+5 cos 34+. ab the terms on the 
right represent any line y=mz through the origin, x varying from 
0 to z, and the equation of all lines like those of Fig. 125 making 


angles t+tan—'m with the z-axis is 


mz 4m 1 
y= — ——_ (cosx+5, cos 8x+. tf 
T 


2 3? 
: =O E h h 1 1 if 7? 
2. Making +=0 in Ex 1, show that ptt pit---=g, and 
1 95 a ae | 1? i Ge ap ot a 
hence that 53 +53 mniatp +. => and a ght qi gs 


2 1 1 
ae 2-2-4 (cos 2— 92 C08 2n+-5, cos 34—.. 4: for [—z, z].* 


In this, as in all other cases, the cosine series of an even func 


tion (see Ex. 12, p. 40) represents the func- 
tion for negative values of x as well as 
for positive values. The graph consists of 


a series of parabolas of breadth 2z and Oe : 
height z? (Fig. 126). Fig, 126. 
: 2 4/cos2x cos 4x 
4, sin z ( sae fee) 908 (0, a 
sinh zr cosx cos 2x 
5. cosh a= i [ = Careers. ..) ], for [—z, x], and 
hence 
il 1 1 
T¢? + i40)* 14397" . -=4(z coth z—1), 
1 1 1 


Eee a eorcess eee), 
poe Paes ins he 


* See § 22. 
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214. The sine series. Each of the cosine expansions gives 

on differentiation a sine expansion of the form 
f(z) =a, sin +a sin 2x+...+a,sinnz+... (1} 


The series may be obtained without reference to the cosine 
series as follows: Multiply (1) by sin na dx and integrate 
between 0 and z. Then 


p : 21" : 
| f(x) sin nv-dz =a, . 42, .. On al ](x) sin nx dz. 
0 0 


2 
Ex. 1. Let f(x)=1. Here dn == (1 —Cos nz). 


Ae: ; : 
Hence 1=—(sinz+4sin 8x+}sin 5r7+...). 
Tt 


Fig. 127 represents the graphs of the first three terms and of 
their sum. The limit of the latter graph is O’C, the line y=1. 
The limit of the sum of the series is 1 for all values of x between 
0 and z. Thus the limit of the y of the graph of the series for 
20 or x from inside the interval is 1, but its value for x=0or 
xis Q. The series 


ee ; 
sa eis x+4sin 37+...) 
us 


represents any constant h, the amplitudes of the sine curves 
being 4h/z, 4h/3z, ... The complete graph of the series con- 


Fig. 127. Fig. 128. 


sists of the straight lines of Fig. 128 continued indefinitely iu 
both directions, and the equation of all these lines is 


Ah : 
y=—(sin a +3 sin 80+...) 
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Although the series is convergent, the series formed by the 
derivatives of its terms is non-convergent, and therefore does 
not represent the slope of the graph (the derivative of the func- 
ion) at any point. 

2. x=2(sin x—4 sin 2r+4sin 3r-...). 

This represents x for 0<x<z. Since the series changes sign 
with x, and the function is an odd 
one, the series represents the func- 
tion for negative as well as positive 
values of x. Hence it holds for 
—xz<a<zx. The graph consists of a Fig. 129. 
series of straight lines, as in Fig. 129. 

2 si si 

3. cos x = ( et S ne : ay for ]0, z{. 
Draw the graph. 


2 


4, cel (- ) sin e+ (3-5) sin 3a-b... 


aL\t 13 3 
—Zsin 22 — sin 4y—.. np for [0, z[. 
i hee a 8 
5. From Ex. 4 show that 1333 +55 on ot 
6. Show that 
qusinett sin 38a+t+sin 5r+..., for 0, a, 
770082 —$ cos 3x +4 cos Sa —. vag eI |-3 “|. 


215. The function represented by a Fourier series need 
not be a single function throughout the range z of the value 
of x; the same series may represent one function for a part 
of the range and one or more other functions for the remainder 
of the range. 

Let fi(z) =A +a, cos x+a2 cos 2z7+... (1) 


for 2=0 toz=a, and 


jo(x) =A +a; cos x+a2 C08 24+... (2) 
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(the same series) for r=a to =z. Multiply (1) by dz 
and integrate between 0 and a, also multiply (2) by dx 
and integrate between a and z, and add the results. Then 
each term of the series is, on the whole, integrated between 
Oandz. Hence 


[i (2) dx-+| fale) de= An, 
et =-[ [in (x) dx-+ | “fa(@) de |. 


Similarly, a, [ln (x) cos nx dx +| 7 (x) cos nx de | 
Tu 0 a 


for the cosine series, and 


on =2[ "1 (x) sin nx dx +| (x) sin na dz | 


for the sine series. 

The series may not hold at the point or points where 
the change of function occurs. 

It may be noticed that A in the cosine series is always 
equal to the mean height of the graph from x=0 to x=z. 


Fie. 130.* 


Ex. 1. To find a cosine series which =1 for 0<a<4z, and =0 
for $7<u<z. 


1 2 (2 
A=,» and an=_| cos nx ie sin —. 
2 ae nt 2 


Hence the series is 


lies ; 
3 +, (cosx— 3 cos 84+4 cos 5a—...). 


* The electrician’s make-and-break curve. 


216, 217.] FOURIER’S SERIES, 235 


It is true when e=0 and x=z, but=} when z=}z. 

2. Find a sine series for the same. 

Pete: 2 = te ne sin 2x sin 3x | sin 5a 2sin6z_ sin 7x ) 
% 1 Dison 8 3 5 6 a 


as : : 
= +—(sin 24+4 sin 62 +4 sin 10z+...). 
TT 


(See § 214, Ex. 6.) 
216. The cosine and sine series. For values of x between 
—z and z, 


f(z) =A +a, cosa+... +a, cosnz+... +b; sing+... 
+by sin na+... 


It is easily shown, as in § 213, that the constants may 
be determined as follows: 
el HeagL, oa ==" ]/(x) cos na da 
~ Qe at x 7) ne x = ’ 


ban” /(x) sin nx dx. 


T)—x 


2 sinh z /1 COS Nt 
Ex. oni (Gt. GOS 1100-126 ee 
Xr De n?+1 
ncosnz , 
——— sinna—...). 
n?+i1 


217. By the following method a cosine series which will 
hold for values of x from 0 to any number c (instead of z) 
may be obtained. If r=cz/xz, x=0 when z=0, aud r=c 
when z=z. Hence, in f(x) change x into cz/z, develop in 
terms of z, and change z into zx/c. Similarly to obtain a 
sine series for values of x between 0 and c, or a cosine and 
sine series for values of x between —e and c. In all cases 
the constant term is equal to the mean height. of the grapk 
(or the mean value of the function) for the interval in ques- 
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tion: In this way the series already obtained may be adapted 
to the intervals stated below. 


Iie dle 27 =£-% (cos = +55 cos 4. : oF [Ome 
2: pac Xi ( os == ee ), [—c, c]. 
3. h eet (sin Lee sin a, : VF }0, cf. 
ae =~ (sin es sin ae 5 IP ]—-«, e[. 
5. F asin 45 sin +..., ]0, e[. 


218. If a function of x is developed into a series for the 
interval —c to c, and if the values of the function are repeated 
periodically for every interval 2c of z, the series will con- 
tinue to represent those values as x increases or decreases. 
In other words, the periodic function of period 2c is developed 
into a series consisting of a constant term and harmonic 
functions of periods 2c, 2c/2, 2c/3, etc. Fourier’s Theorem 
is to the effect that this development is always possible, 
the complete series being of the form 


A-+a, cos ae +a3 cos =e .. +b, sin AE +b sin aE res 
which is equivalent to 
A+A, sin (= +01) + Ag sin (= +a) HR ats 
where A,=Va,2+b,2 and a,=tan-(a,/b,). 


As already stated, the function may consist of distinct 
functions for parts of the interval. 
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EXAMPLES. 
Develop the functions represented by the following figures: 


VAN 
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9. Fig. J. (Parabolas. Latus rectum =e) 
6 2¢ agin = At Qrx 
=~; (008 me Top cos ra é : 0 


10. The displacements of a slide-valve actuated by a Gooch 
link were measured at eight intervals each of 45°, and found to 
be as follows, beginning with the crank on the inner dead-centre: 


Das 1:65) 10-2137. — 187, 137s eee: 


Assuming that the motion of the valve is compounded of 
two simple harmonic motions, one of double the frequency of 
the other, as represented by the equation 


y=k+asin (0+ a) +0 sin (20+8), 


where @ is the crank angle, find the values of k, a, a, b, B. (Castle, 
Manual of Practical Mathematics.) 

There are various graphical or other practical methods by 
which the coefficients of a small number of terms of a Fourier 
series may be found, but in this example an algebraical solution 
will suffice. Assume 


y=k-+a, sin 6+), cos 6 +a, sin 20 +b, cos 24, 


substitute the given values of y for @=0, 45°, 90°, etc., and solve 
the equations. 


Ans. y='14+2°16 cos 6+°14 cos 20, 
or ='14—2°16 sin (0 +90°) +'14 sin (20 +90°), 


CHAPTER XLI. 
APPROXIMATE INTEGRATION. ELLIPTIC INTEGRALS. 


219. Approximate integration. If the general value of 
fi dx cannot be obtained it may be possible to find a 


sufficiently close approximation to the desired result. 

(1) If f(x) can be developed into a rapidly converging 
series, the integration of a few terms will give an approxi- 
mate value of the integral. 

(2) The curve y=/(x) may be plotted when f(x) is given. 
Its area obtained by Simpson’s Rule (§ 131) or by the pla- 
nimeter (Appendix, Note D) will give an approximate value 


of ie dx between assigned values of x. 


(3) | y? dx and iG dx as well as fy dx for a curve which 


has been drawn mechanically or otherwise can be obtained 
mechanically. The result, although theoretically exact, is 
affected by observation and instrumental error. On Mechan- 
ical Integration see Appendix, Note D. 


Elliptic Integrals. 


220. a V1— m2 sin?6 d0 
reer) , 


and 
iF +a ani m? sin?@ 
239 
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are called elliptic integrals of the first, second, and third 
class respectively. The constant m, which is assumed to be 
not greater than unity, is called the modulus of the integrals. 
The lower limit is understood to be 0 in each case, and, the 
angle varying from 0 to @, @ is called the amplitude cf the 
integral. The integrals are represented by the symbols 
F(m, 0), E(m, 0), and IT(a, m, 6), respectively; or by Fin(6), 
etc. When the limits are 0 and $7 (i.e., when the ampli- 
tude is 4z) the integrals are said to be complete. 
If sin 0=z2, the integrals become 


| dx | ee re 
V (= a?) (1— mx?) le ye 


and | as 
(1+az2)V (1— 2?) (1— m2x2)’ 


and they are complete when the limits are 0 and 1. 

221. The values of the elliptic integrals cannot be expressed 
in finite terms, but may be approximated to by infinite 
series. 

Thus by the Binomial Theorem 


dé 
/1—m? sin? 


=(1—m? sin2@)—+d6 


= do ofa ts phat eo eG 
=(1+5m sin O+5—qm sin O+54 qm sin 0+...)dd, 


and each term may be integrated by § 113 (see Ex. 12 below). 
Taking the limits as 0 and }z we have (§ 120) for the 
complete elliptic integral of the first class 


F(m, 42) =5([1 + (5m) + (53m?) + (F3ms)"4...]. 
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Similarly for the integral of the second class we have 


V1—m? sin26 d0 =(1— m2 sin?0)+ dé 


1 : 1 . 13 : 
= ff — aye 29— ——— 4 a 6 CAs 
(1 am sin20 a4” sin*@ a.4.6" sin®@ ...)d8, 


and 
2 2 Koy 2 
oL— (Gm) -3 G4") 3 Gan) ---] 


for the complete integral of the second class, E(m, 47). 
Three-figure tables of the integrals for certain values of the 

modulus and amplitude are given at the end of this volume. 
It may be noticed that 


E(O, 0)=F (0, @) =0@ (in radians) ; 


also, E(1, @) = [cos 6 d0=sin 0, 


F(1, 6)= |S log tan (5 +5) =20). 


222. From the above expansions and the integral (§ 113) 
of sin”@ d@ it may be shown that 


E(m, nx+£0) =2nE+ E(m, 0), 
F(m, nz£ 0) =2nK+F (mM, 8), 


E and K being the values of the integrals for the amplitude 
4x, and n being any integer. Hence a table of the elliptic 
integrals in which the amplitude varies from 0 to 4z may 
be used for all higher values of the amplitude. 
EXAMPLES. 

1. To find the length of an arc of the ellipse z+ 5? =1. 

The complement of the eccentric angle being gases by @ we 
have x=a sin 0, and y=b cos @. 


-. dt=acos9ds, dy=-—bsin 6 dé 
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whence ds? = dx? + dy? = (a? cos?@ +b? sin?0) dé? 
=[a?— (a? —b?) sin?0] d6?=a?(1—m? sin’@) dé?, 


where m is the eccentricity of the ellipse. Hence the length of 
the elliptic are measured from the end of the minor axis is 


es 
al V1—m? sin?é d0=aE(m, @,), 
0 
an elliptic integral of the second class. The length of the quad- 
rant of the ellipse =aH(m, 47). 

2. Find the circumference of the ellipse x? +2y? =2. 

Ans. 7°64. 

3. Of the ellipse 3%7+4y?=12 find (1) the length of the arc 
from «=0 to x=1, (2) the length of the quadrant, (3) the middle 
point of the quadrant. Ans. 1°036, 2°934, (1°36, 1°27). 

4, An arc of the lemniscate r? =a? cos 20, ; 

From ds? =r7d6? +dr? we have 


. ih dé 
» V1—2 sin?d 
Let 2 sin?0=sin?¢. Then 
a fh d¢ a 1 
= = F 
i | Vo V2 (Fe +), 


an elliptic integral of the first class. The length of a quadrant 
of the lemniscate is therefore 


If 6=30°, show that s ="584a. 


c dx EMO ease : 
Ds SS =i F (2, sin is) . Let x=bsin @. 
e dx 1 (ee c 
6. =—F ae 
Rerawanees a ase 5): 


7 [ dx 1 r( b i) 
‘ eV (a? +2?)(b? 22) gq? +52 n/ gi be cos B)* 
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j dx 
8, ee =2F 4 EO eS : 
|, Va(1—x)(i —m?z) (m, sin c) 


9 A simple pendulum of length J oscillates through an angle § 
on each side of the vertical. To find the time of an oscillation. 
When the pendulum makes an angle ¢ with the vertical, the 
acceleration —gsin ¢ in the direction of the motion =d?’s/dt? = 
‘ld?¢/dt, 
d- 


ap —sin Q. 


Multiply by 2d¢ and integrate. Then 
dp\? 2g 4g. He 
(age (cos $—cos #) ay (sin? $2 —sin? $¢). 
Hence solving for dé and ee 


ai aa es 248—sin?4¢ ” 


is the time of a half oscillation. Let sin 4¢=sin 48 sin 6. Then 
(1) becomes 


ef" 2 ____ | rein 49, 4) 
9) 9 V1—sin? $2 sin? 0 Ge ees 


Hence the time of an oscillation is 
abs 
24] Erin 48, $2). 
10. Find the time of oscillation of a pendulum when B=60°. 
Ans. 3°372V 1/g. 
Find the time through the lower half of the motion. 
Peas Be 2 end” ; a 
Ans. 2. [Lie (sin 30°, sin =a am) =1102V1/g. 


11. If the arc s is small compared with the length 1, show that 
the time of oscillation of a simple pendulum is approximately 


Ee ih GQ? 
12. Show that 


F(m, 0)=60+4m?(@—sin 0 cos @) 

+374 (30 —3 sin @ cos 6—2 sin°4 cos 0)+..., 
E(m, 0) =0—4m?(0—sin 4 cos 0) 

— 37m‘ (349-8 sin 6 cos 6—2 sin*0 cos 0)—.,. 


CHAPTER XLII. 
SINGULAR FORMS. 


223. We have already seen that for a certain value of 
the variable a function may assume the form 0/0. The form 
is said to be singular; it is also called an indeterminate form. 

There are other singular or indeterminate forms, such 
a8 00/00. 0 <0, 0-004, 0% 00°, 1. 

A function in a singular form has no value. Our object 
is to find the limit of the value of the function as the vari- 
able approaches the critical value in question. 

224. The form o/o. The fraction (x—1)/(#3—1) takes 
the form 0/0 when x=1. But 


x—1 a—1 1 


e—1 (e—1)(a?@+241) 224241’ 


provided that x-140. The last fraction =} when r=1, 
hence the given fraction =4 when x=1. 

Method of the Calculus. Let the fraction be /(x)/F (2), 
and suppose a to be the value of x which causes the frac- 
tion to take the form 0/0, or that f(a) =0 and F(a) =0; also 
that «=a+h, where h is a small quantity which is to +0. 
Then, assuming the functions to be such that the expansion 
of Taylor’s Theorem applies, 


f(a+h) ja) +7 @nr Oey... for nee 


FOO) +P @ne Ove, POs Orne 


cid 
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Hence when h=0, i.e., when x=a, the given fraction 
= f’(a)/F’(a), or 

gle) _ #@ 
F(a) F(a) 


If j’(a) and F’(a) are also 0, it may be shown in the same 
f(x) _ f’'@ 
way that ARG) ~ F(a’ and so on. 


eee | 
Bx. Se as Nae 


VA 
P(x) Sot when x=1. 


JIG Bee 


—-1 1 
e =— when 7=.1. 


eis 
The work may be conveniently expressed thus: When z 1, 
(nd ee 1 
fon ae], 
CEG MEE 2 
oa taas ae sinz  cosz ie a 
ft) _#—1—log A +s) 0 zs 
3. Fa). - 0 when «=0. 
1 
j'() Itz 0 
=——— =— wh =0 
Pay me 6 
Cela ra aera : 
f(z) (l+z)? by 
Fa) 5 =1 when x=0. 


. jj a ne e as when x +0. 
Let j(x)/F (x) =0 /o, first when 


225. The form 0/0. 
Let the graphs of f(x) and F(x) be PQ and P’Q’ 
Let the limits of the tangents at 


L=O. 
Fig. 131, and let OM =z. 
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P and P’ be the asymptotes AS and A’S’ when x=, and 
let A’A=c. Then MP=}(2), MP’=F (a), tan MTP=f'(z), 


OA’ The A Ti M x 
HrGeslols 


tan MT’P’=F’(x). Hence 
f@) _ TM f(z) 
F(a) T’M F'(zy 
: TM AM c 
But Sg hae 4 (aap) =! 


when A’/M =o. Hence 


i) _ -P(@) 
£R@) AP @y @) 


Secondly, let f(x)/F(a4)=0/o when z=a. For x sub- 
stitute a+1/z. Then z=oo when xsa. But by (1), if 


ea) ee eed 
"Pet) Fer CS) Feed) 
ig 


f(x) (x) 
- LF) ~ Lara)" 
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Hence the result (1) holds in this case also. Thus when 
a fraction has the form »/ the limit of its value is found 
from the same differentiations as when it has the form 0/0. 


log cos — 
Ex. i@) eee ee = when rz1 
F(z) log(1—x) Fai 
7 TX 
ee ee 0 
Wine 8 apo When z=. 
ee 
Pee eee ee be S 
: cot ‘ —" cosec?™ 
2 2 PRM 


Hence the given fraction +1 when x= 1. 


226. The forms 0.0, 0-0. A function which assumes 
the form 0.0, or #-0 may, by an algebraical or other 
change, be made to take the form 0/0 or ~/w, 


a 


lose 1G SXG! —e *) tends to © .0 whenz=o. The limit is most 
easily found by using the exponential series. 


For oh ay ea Cees] 


fg Pee 


a? 
=a—-—+...£awhenxz=o. 
22 
mx 
2. (1-2) tan zi tends to the form 0.0 when z=1. 
But it= : a which => when z=1. 
cot 


he 
.”. (§ 224) we have ——* = 


wu 
== (COSeC—— 
2 Re 
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ye Ps 
-. £(1—2) tan 9 oa when x= 1. 
; ele Lees —oo when c=l. 
x—-1 logs 
a 1 aloe seb 0 
BA: z—-1 log c (c—1)logz 0 Magee ake 
log x : 0 
whence (§ 224) . which = when x=1. 
1——+log x 
x 
1 
A second differentiation gives i = 7? which => when «=1. 
Poe 
5 make x i 
.°. $ is the limit of ——— when v= 1. 
o— 1 loge 


227. The forms 0°, 0°, 1*, Functions which assume 
these forms may be made to assume the form 0.0 and 
therefore 0/0 or «/ by first taking logarithms. 


Ex. 1. f(x) =2'°% *™* tends to the form 0° when a = 0. 


But log f(x) = log x=a. lege = 
log sinz © 
1 


x tan x 
= 
cos 


a 
Ns when z= 0. 
log sin x 


Differentiating (§ 225), a +@ when 7=0. 


sin x 
“. Slog f(x)=a. But* £ log f(x)=log ff (x), «. £f(a) =e. 
ails 
2. f(x)=2!~* tends to the form 1° when z= 1. 


*If v is any variable and £v=b, (+0), th 8) v=b+i= 
pati). ( ) en (§ 8) v=b+1 


“. log v —log b=log (1+7%/b), which 0. 
*. £ log v=log b=log £v. 


227] 


SINGULAR FORMS. 
1 1 
But log hd cr gia log p= 828 when z=1. 


EXAMPLES. 
1. When z +0 show that 
sin x tan x er —e-t 
1 orl 2) —ez=l $$ 
cosx—cosmxz 1—m? log secx 1 
4 aa ae oe 
@ cosxz—cosnx 1—n?’ (5) x? De 
log sin 27 | 
(6) eae UB (7) a" logxz +0, 
Geka 
(8) 2? = €2, (9) 2% 21. 
33242 
De Saar te +0 when c= if 
ex 26 
3. Ifz=0oo, (1) Bs (2) 2? sin 55 = 4. 
: " 1 
4. ices, (1) (sin x)°°? =~, @) sec x (5-2 sin 
5. (sin x)" * = 1 when x <0 or = 
a Zz 
6. (1 +<) +e% when r=0, and = 1 whenz=+0. 
secz cos 3z t 
- —.- = —— = — 3 wh ==. 
: sec 3% cosz ales Soke 2, 


“tan 32 cosx sin 3x 


ore & log f(x) = =; eee a oi-#e.” when 2a 1. 


tanz cos3zr,_ sinx 


(e?—1) tan’x _ cS (es 5) 2 


: = = 1 whenz+0. 
x x 2 


+ (—3)(—1)+3 when tee 


249 


n) a1 


CHAPTER XLIII. 


SUCCESSIVE DIFFERENTIALS OF FUNCTIONS OF MORE 
THAN ONE VARIABLE. EXTENSION OF TAYLOR’S 


THEOREM. MAXIMA AND MINIMA FROM TAYLOR’S 
THEOREM. 


Successive Partial Differentials. 


228. Suppose wu to be ax’—ay?+y. We have as in § 45, 
supposing x alone to vary, 
dau = (ax?— y?)dz, dfu =6ax dx?, d,2u =6a dz?, dAu=0, 


dyu =(—2ay+1)dy, dru =— 22 dy?, dru =0. 


Again, dzu or (3ax?— y?) dx contains y as well as x, and we 
may obtain its differential on the supposition that y alone 
varies. We then have 


dydzu = — 2y dy dz, d,?dzu=— 2 dy?dx, dd,u =0. 


Similarly, dzdywu=— 2y dx dy, drd,?u =— 2 dx dy?, drd,Pu =0. 
229. In comparing these results it will be seen that ~ 


drdyu SS yd, drdy?u = dy-dzu, dzd,pu =d,Pdzu 5 


also, drdydzu=d,2dyu =d,d;2u; in other words, the succes- 
sive operations indicated by dz and dy may take place in 
any order. 
It will be shown that this is true generally. 
230. Continuity of a function of two variables. Let 
u=f(x, y), and let dx and dy be infinitesimal increments of z 
250 
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and y. Then f(z, y) is continuous at 2, y, if 
£i(z+da, y+dy) =f(a, y), 


when dx and dy approach the limit zero in any manner 
whatever. 

If in Fig. 132 OA=z, AB=y, AD or BG=dz, BH =dy, 
and BP=j(z, y), then EQ=f(x+dz, y+dy). The condition 


of continuity implies that £HQ=BP when E£ is any point 
near Bin the plane XOY. 

In what follows it is assumed that the functions and 
their derivatives are continuous for the values of the variables 
under consideration. 

231. Let 4; indicate an increment produced by the incre- 
ment dx of x, y being regarded as constant, 4, having a 
corresponding meaning. Then if u=f(a, y), Irdyu=Ayd zu. 


For, A4ju=f(a, y+dy)— f(z, Yy); 


A,4yu =](x+dz, y +dy)— f(x+dz, y) 
—[f(x, y+dy)— f(a, y)] 


=j(c+dax, y+dy)—f(xtdz, y)—f(x, y+dy)+f(a, y). (Y 
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The symmetry of the result shows that it would also be 
obtained for 4,4zu. 


Ex. In Fig. 132 let w be the volume COAB.P. Then (1) 
expresses that 


HBGE .Q=FODE .Q-—CODG .I—FOAH .J+COAB.P, 


which is obvious from the figure, as is also the fact that 
HBGE .Q is 4,4zu as well as 424 yu. 


232. Since u and its derivatives are assumed to be con- 
tinuous at and near 2, y, 


Aju=dyu +To 


(§ 42), where J. is an infinitesimal of at least the second 
order, and 
4,Ayu=Az(dyu +12) =dzdyu +s, 


where J3 is of least the third order. Hence 


drdyw AeA 
dx dy *~dxdy’ 
Sanilarie pa = ie Buyin 


oF . drdyu SAE dydzu. 


Hence, drd,?u =drdydyu =dydrdyu =dyd,dzu =d,?dzu, and 
similarly for any combination. 

These results may obviously be extended to functions of 
any number of variables. 


d,2u du drdyu dydzu d3dyu 


The expresslons Fen, dy?’ da dy’ dy dx’ dasdy ’ etc. are 


frequently written 


O2u 02u 02u Ou Ofu 


O22’ Oy?’ Ox dy’ Oy dx’ Ox3dy’ ane 
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Ex. 1. In Fig. 132, wu being as before the volume of OP 


dedyu_ -dzdmt _ HBGH .Q 
dxdy ™dzx dy HBGE ’ 


i.e., the limit of the mean height of the solid BQ, which limit 


is BP or z. Hence dzdyu=z dx dy, .*. the mee. dx dy be- 
tween assigned limits, as in § 179. 


2. Verify that dydzw=dzdyu or 


07u 
ype ore an if (1) u=z log y, 
(2) uw=sin zy, (3) w=tan—(y/z). 


3: If u=(2x—3y)’, verify that dzdy’u=dy'dzu. 
07 ou 0*u 

4, If u=r"sin n8, LGe St hers haga 

5. If u=[(a—x)? +(b—y)? + (c—z)?]-?, show that 


6. If u=f(yt+ax)+F(y—azx), show that on opt > { and # 
indicating any continuous functions. 


Successive Total Differentials. 


233. To find d2u. We have (§ 45) du=d,u+dyu, or 


Ou Ou 
du =. fora oe (1) 


whence d?u=d i dx ot d2xz+d (5) dy pee d2y. 


oy 
Ou Ou Ou Ou 
Find ae =<) a and as, ) by substituting ay and af 
for u in (1). The final ca is 


COs O2u Cl ee an 2y 
d?u U=a73 da +25 a dx dy ++ 3 ype tad pt gy dy. 


d3u may be found in a similar manner. 
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Ex. If w=c is a plane curve, du=0 and d’u=0. If also a’x=0 
(i.e., if z is the independent variable), show that 


Ou Ne Ee au du du Ou ey 2 
d’y moe Yy dx Oy dx dy dy” \d 
dz? du) * 
(ay 


Extension of Taylor’s Theorem. 


234. If in the formula of Taylor’s Theorem, § 207, we write 
dj(x) d?f(x) 


dn? dg? for P(@), ”@), «.., we obtain as an equiva 


lent form 


d d2 h2 
io, 2, ay 


Hath)=f@)+-7— 


Let f(z, y) be a function of x and y, and let x become 
x-+h, y for the present remaining unchanged. Then, from (1), 


= a y) h? 


fe+h, y= F(x, y) +, 4 LY 2) 


If now y becomes y+k, (2) becomes 


Ofa,yth), , 2fe,y+h)i? 
pe cee 


Kath, y+k)=j(a, ytk) + Sye ait 8) 


and each term may be expanded by Taylor’s Theorem as 
follows, using u for f(z, y): 


Ou, . 02u k2 
/(@, y+k)= Uta janoy i 


U 
Ofle, y +h), out sgt. . oe BLD fos 
Ox Ox Of On Oy Oy 


O2f(a, yk) h2_ Out... JR? O2uh? 
Ox? 2! Oa? 2! Ox? 2! 
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whence (3) becomes 

fe) 
feth, y+h) =f, + [Sent af] 


+ [Sone 2. Se Sh 2 +. =r) 


fe) ) . 
If aan SS, k, the form of (4) is the same as 

D2u D3 

i(@eth, y+k)=u+Dut+ "4 
ot 3 
D2 ps 

ed 
=(14D+5+57+-- ‘Ju =eDy, 


A similar result would apply to functions of three or more 
variables. 


Ex. 1. Euler’s theorem on homogeneous functions. Def. A func- 
tion uw or f(z, y) is said to be homogeneous and of the degree 
n when f(mz,my)=mf(x, y), where m is any number. For 
example: 22°+y°, 2?—ay+y’, (a7? +y?)/(x?—y’), (c—y)/(x?+y’), 
axt + by?. 

Let m=1+r. Then 


j(at+ra, y+ry)=(1+r)"f(z, y). 


Expanding the first member by Taylor’s Theorem and the 
second by the Binomial Theorem, 


)r+ (2° +20 Bi a) i, 
ax? Yaa ay ay?/ 2! 


+ (a= + eu 
u ae 


2 
=[1+nr +n(n—1),, +... Ube 


Equating like powers of r, 


a NU 
an 4a , 
ay O%y 02 
ery Yara 7 fia me 
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The results may evidently be extended to higher derivatives, 
and to functions of three or more variables. 
2. If uw is homogeneous, show that 


07u yu du 
ah =(n— jie 
ox ox ay rc) 

au 2 oy 1) 
ax ay Joy? ay 


Maxima and Minima from Taylor’s Theorem. 


235. By the aid of Taylor’s Theorem we may verify and 
extend the conclusions of Chapter XVII for maxima and 
minima. 

If a is a value of x for which any function f(z) is a 
max. or a min., and h any small quantity, it is plain that 
j(a+h)—f(a) and f(a—h)—f(a) must have the same sign, 
viz., + fora min. and — fora max. Now 


~ h2 h3 
fath)-i@=f@h+i" @5jtl” @gt- +s 


ie h 
and = f(a-h)—f@)=—P@h+fP'@a—-Pf" @ajit-- +5 


and by taking h small enough the sign of the right-hand side 
will depend upon that of the first term which does not vanish. 
Hence there cannot be a max. or a min. unless /’(a)=0, and 
there will then be a max. if /’’(a) is — anda min. if j’’(a) is +. 
But if 7’’(a) also=0, there cannot be a max. or a min. unless 
/’’’(a) also=0, and there will be a max. or a min. according 
as [0 (a) is — or +. It will thus be seen that there cannot 
be a max. or a min. unless the first derivative which does 
not vanish is of an even order, and that f(a) will be a max. 
or a min. according as this derivative is — or +. 

For a similar reason, from § 234 (4), a function wu or 
f(z, y) of two independent variables is a max. or a min 
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for values a and b of the variables if a and b satisfy 0u/ox=0 
and 0u/oy=0, and at the same time 


O2u O2u oO? 
Shes ph + So (1) 


is not zero, and is in sign independent of the values of h and 
k. These conditions are satisfied if 


0?u 0?u ( fu iP at 


O22 dy? \dz dy 
2 — B2)p2 
For, (1) =Ah?-+2Bhk-+Cye = A+ Bh) Bee aly, 
and .’. has the same sign as A if AC— B? is +. 
Pac: Ou 02u 02u Ona V2. é 
Hence if 5 0; Ae and = ee (<< a) 1S dbais 


O7u 
a max. or a min. according as ae if =.0r 4. 


Similarly for a function of three independent variables 
we must have 0u/ox=0, Ou/dy=0, Ou/dz=0, to solve for 
#; y, and 2. 

Ex 1. w=2?+2y, +y?+2—-2y +4. 

du/dx=2e+yt+1, du/dy=x+2y —2. 

Putting these=0 and solving for x and y we get x= —4, y=, 
which make wu a min., viz., 13. 

2. The max. value of (2ax—2x”)(2by —y?) is a?b?. 

3. The max. value of (x—1)(y—1)(a1+y-—1) is 3. 

4, The min. value of 2*+y*—3azy is —a’. 

5. The max. or min. value of axv?+2hay+by?+29gx+2fy+c is 


ahg Gy 
hbf\|+ 
gfe 
6. Find a point such that the sum of the squares of its dis- 
tances from any number of given points (a,, b,), (a, b,), ... may 


1 1 oe 
be a min. Ans. i Sa, —2 ») , the centre of mean position. 
n n 
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7. Given 7,=a,2+b,y+e,, 7,=a,2+b,y +c ..., show that the 
values of x and y which make r,?+r,?+rs?+... @ min. are ob- 
tained by solving the equations 


x5 (a*)+y5(ab) + 2(ac)=0, 
x5 (ab) +y2(b?) + 2 (bc) =0. 


These are the normal equations in the method of Least Squares. 

8. To make with the smallest possible amount of sheet metal 
an open rectangular box of given volume, show that the length 
and breadth must each be double of the depth. 

9. To cut circular sectors from the angles of a triangle so as 
to leave the greatest area with a given perimeter, show that the radii 
must be equal. 


CHAPTER XLIV. 
DIFFERENTIAL EQUATIONS* OF THE FIRST ORDER. 


236. A differential equation is an equation containing one 
or more derivatives. The derivatives are usually represented 
by the corresponding differentials. 

The order of a differential equation is the order of the 
highest derivative in the equation. The degree of the equa- 
tion is the degree of the highest derivative when the equation 
is free from fractions and radicals affecting the derivatives. 

d’y 


Oye, Geese ot 


dx Pomel is of the second order and first degree. 


(5) “2 +y=0 is of the first order and second degree. 
dz dz 

Partial differential equations are those which contain 
partial derivatives; other differential equations are called 
ordinary. 

237. Ordinary differential equations frequently appear in 
the statement of problems in Geometry, Mechanics, Physics, 
etc., but for our present purpose they may be supposed to 
arise from the elimination of constants. 

dy y , dy 

Ex. 1. y=ma2, FD a a eer ne oe 

This is a differential equation of the first order obtained by 
differentiating, and eliminating the constant m. It may be 


* For further information relating to differential equations see Mur- 
ray’s Differential Equations (Longmans), from which some of the 
examples of this and the following chapter have been taken. 
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called the differential equation of all straight lines passing through 
the origin. 
ay. ay 
dx? da’ 
.. d’y/dx?=0 is the differential equation of all straight lines. 
Two constants, m and 6, have been eliminated. The equation is 
of the second order. 


2. y=mx +b =0. 


ae mes de , an equation of the second order. 

The elimination of n constants requires n+1 equations 
viz., the original equation and n derived equations. Hence 
the order of the resulting differential equation is equal to 
the number of constants eliminated. 


Eliminate a, b, c from the following equations: 


4. y=ae™* + bem, Ans. d?y/dx?=m’y. 
5. y=asin mx +b cos ma. d’y/dx?= —m?y. 
6. y=ax?+br +e. yaa, 
1 dyy* dy 
= 2 = 
7. 2y=cx i : «(z2) —2y7 tea 0. 
8. y?=(«¢—c)*. 8 (dy/dx)* = 27y. 
d?y dy 
9, y=axr? +62. eet es : 
y=ax’ +bx ae 2x7, 2y=0 


238. An integral or solution of a differential equation is a 
relation between the variables which satisfies the equation. 


Ex. y=A cos 2,y=Bsinz, y=A sin + Bcosz, y=a sin (x+b), 


y=a cos (x +b), are all solutions of the equation oY yao. 

The solution which contains a number of arbitrary constants 
equal to the order of the given equation is said to be a com- 
plete integral or general solution. Particular solutions are 
those which may be obtained from the general solution by 
assigning values to the constants. 
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Separation of the Variables. 


239. In some cases no special method of solution is re- 
quired. An algebraical rearrangement of the terms will 
cause the equation to take the form 


fi (a) dx + fo(y)dy =0, 
and each term may be integrated. 


Ex. 1. 2”’y dy=(1+2?)dz is the same as 


1+” 


v)ar=S +-de. 


Hence, integrating, y? = —a-'+a+0, 
where c may have any assigned value (see § 96). 
dy dx 
9 = ee 2 eee eS 
2, ydx—xdy=dx+x'dy, or rere 
Integrating, log (y—1)=log x—log(x+1) +log c,* 
*. y-1=ca/(x+1). 


3. (7? +y?—y)dx +z dy=0 is the same as 


(1+ Y) ae pe 0, or dx+———.=0. 


Hence x+tan—(y/z)=c, or y=xz tan (c—z). 


4. xy dy+m dx=0. Ans. y?=2m/zx +e. 

5. (w7—y’x)dx + (y—x’y)dy=0. v+y=xry? +e, 
6. « dy=(x*+y)dz. y= sui +n. 

7. (a?y+a)dy + (xy?—y)dx=0. zy +log (y/x)=c. 
8. y dy=(V 2? +y?—2z)dz. y?=2cx +c. 


240. The separation of the variables is sometimes assisted 
by a substitution. The following is an important case. 


*In order to simplify the final result the constant may be written 
in the form log ¢c, or in any other form which permits of any arbitrary 
value. 
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Homogeneous equations. If the given equation is of the 
form 
hi, y)dx+fo(@, y)dy =0, 


where the functions are homogeneous in x and y, and of the 
same degree, let y=vx. In the new equation in terms of 
» and x the variables will be separable. In some cases the 
substitution z=vy may be simpler. 
Ex. 1. ry’dy=(23+y*)dx. If y=v2, 
v(x dv+vdx)=(1+v3)dz, or v'dv=dz/z. 


*. 43=logcex, or y?=3zx log cz. 


2. (w?—2y*)dx +2ay dy=0. Ans. y?= —2? log cx. 
3. (a? +y?)dx = 2xy dy. yr =x? +x. 
4. ydx+ax*dy=xy dy. x = y/log cy. 


5. («+y)dy + (x—y)dx=0. 


Ans. tan-'(y/x) +logV 2? +y?=c. 
6. Show that the homogeneous equation 


f(z, y)dx +},(2, y)dy=0, 
or /,:0, v)dx+f,(1, v)dy=0 
dz: 7.1, v)dv iw 
Cay ely hace) alee) aa 

7. Show that an equation of the form 
h(zyy dx +f,(xy)x dy=0 
ean be integrated by the substitution y=v/z. 


becomes 


241. An equation of the form 
(ax + by+c)dx+ (a’x+b’y+c’)dy =0 (1) 


is not homogeneous, but may be reduced to a homogeneous 
equation by the method of the following example. 
Ex. 1. (82—y—5)dx+ (x+y+1)dy=0. 
Let r=X +h, y=Y+k. Then, substituting, 
(8X —Y +3h—-k—5)dX +(X+V+h+k+1)dY =C. 
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Take A and k so that 3h-k—5=0 and h+k+1=0. .. A=1, 
k=-—2. The equation is now 


(8X —Y)dX +(X+Y)dY =0, 
which is homogeneous. Let Y=vX. Then 


18 
aa Satan mo log (8 +v’) +log X=c. 
But ya ot 
opts ee [3(@@—-1)?+(y+2)"J=c. 


Hence to solve an equation of the form (1), drop the c 
and c’, solve the resulting homogeneous equation, and in the 
result substitute «—h for x and y—k for y, where h and k 
are the roots of the simultaneous equations ax+by+c=0, 
a’xz+b’y+c’ =0. 

The method would fail if a’x+b’y=k(ar+by), k being 
any constant; but the equation could then be solved by 
the substitution v =axr+ by and the elimination of y or x. 


Ex. 2. (84—2y—5)dx + (22 —3y —5)dy=0. 
Ans. («+y)° (a—y—2)=c. 
8. (22—y)dx — (4x —2y —1)dy =0. 
Ans. 3(x—2y) +log (8y—6x+2)=c. 
Exact Differential Equations. 


242. The result of differentiating f(x, y)=c or u=c is 


(§ 45) 


M dx+N dy=0, 
where M=o0u/ox and N=0du/ody. 
u OM ou rae ON eu 
a re M82 Ondy’ 
O2u oM ON 
2 ==, 
Ee bay oy Ox ae (232). Cy Mier 
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Conversely, if M/ dx+N dy=0 is an equation such that 
OM/oy=O0N/ozx the equation is an exact differential equa- 
tion, i.e., one obtained directly by differentiating without 
further change. 

The z-integral of M dx contains all the terms of wu except 
those which are independent of x. Hence to integrate an 
exact equation, integrate M dx with regard to x, integrate 
with regard to y those terms of N dy which contain y only, 
and put the sum of the results equal to a constant. 


Ex. 1. (4¢-+6a?y)dx + (2x3 —2y)dy=0. 
Here aM /ay=62?, and @N/dx=62?. 
Hence the solution is 7*+2a°y—y?=c. 
2. (2—2ay —y’)dx — (a+ y)*dy=0. 
Ans. 2x—2?y—xy?—4y%=c. 
3. (#3 +y)dx +x dy=0. de*+ary=c. 


243. Integrating factor. After forming a differential equa- 
tion the result can sometimes be simplified by dividing by 
a variable factor. Conversely, a differential equation nay 
sometimes be made exact by multiplying by a factor. 


Ex. 1. (1+2y)y dx + (1—2y)x dy=0 is not exact, since aM/ay= 
1+2xy and dN/dx=1—2zxy. Multiplying by 1/z’y? the equation 
becomes 


1 1 1 1 


Here 0M/dy= —1/x*y? and dN/dx= —1/x’y?, hence the equa- 
tion is exact. The solution is therefore 


iis ] = 
a g x—log y=c. 
a a 7 al Sur ls 
2. (v?+y?+1)dx —2xy dy=0, factor as Ans. x—=— —— =¢, 
ap 


3. 2(a dyt+y dx) =«y dx, factor = y=—e. 
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244. Linear equations of the first order. A differential 
equation is linear when it contains the first power only of 
the function and its derivatives. The linear equation of the 
first order is of the form 


dy 


det ty =Q, or dy+Pydzr=Q dz, 


where P and Q are independent of y. Of this equation os i 
is an integrating factor. 


For ae .dy+y. al eae 4 Pdracl?%g dx 


is the same as d es ess) zs a8 dx. 


ea Fes ae 


Hence the solution of - ay 4+ Py= Q is 


joe lP2(elPey dee). 


x 


Ex. 4. O_O ymeran, 
, 
|P a= —nlogz=loga-". -. ae * gon, 
-. Y=2" (|erax-+e) =2"(eF +¢). 
2. ones. Ans. ~~ 
Canoe at 
3. dy/dx+y=e%. y=e—*(4+0e). 
4. x dy/dx=2y+z+1. y= —2—4 + c2?. 
5. dy/dx+ycosx=sinzcosz. y=sinz—1+ce—sinz, 
dy diy’) _y? 
f= yy? — ae 
6 ory 7 aor as 


Ans. y=V cx —2 log x. 


i AoE yak. y=x2(1+ce*™"), 
2 
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8. (1+2?)dy=(a+zy)dz. Ans. y=ar+ceV1 +2". 


oY say sin mx. 


b : j 
Ans. y=; (@ sin mz —m cos mz) +ce—%, 
a®?+m 


245. Bernoulli’s equation. An equation of the form 


dy he 
dnt ty =Qy o) 


where P and Q are independent of y, may be made linear by 


the substitution oan It is best to divide through by 


y” before substituting. 


dy ap, th AL toren a 
le aty=y? cet aE ee a St 
Ex wrty y’ log x, or 7 ye 5 - 
1 
Let — =z, then as dy = dz. 
y ] 
dz 2 log x 
Pen en eee e 
which is linear. Solving, 
z=logz+1+crn .° = Poe ae 
= ey, log x+1+cx° 
dy 1 
2. (1—2?) “—2xy=3z2y?. ANS 
dx “4 d : cV1—2?-3 
dy 1 
3. = +ay=x5y3, =—__———, 
Cae Me eee 


Equations of the First Order but not of the First Degree. 


246. Let dy/dx be called p. 
If pessible solve the equation for p. 


Ex. 1. p?—(x—3y)p—32y=0, or (p—z)(p +3y)=0. 
The equation is satisfied if 


ie., if a 
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or, integrating, if 
y—3z?+c=0, or ytce—*=0. 


These equations may be regarded as the solutions of the given 
equation, or they may be combined into 


(y—$x? +c)(y+ce—**) =0. 


2. p?—9p+18=0. Ans. (y—62 +c)(y—3x+c)=0. 
3. pe=azx', 343(y +c)? =27az’. 


247. When it is not possible or convenient to solve for p 
we may be able to solve for y, then, differentiating through- 
out and substituting p dz for dy, obtain a new equation in 
p and x which we may be able to integrate and thus find 
the relation connecting p and z. From this result and the 
given equation we may be able to eliminate p and thus 
obtain the relation connecting x and y, or, if this elimination 
is not convenient or possible, z and y may be left in terms 
of p as a third variable. 


Ex. 1. p’x—2py+z=0, or 2y=pxr+x/p. 
Differentiating, substituting p dz for dy, and reducing, 


dp/p=dx/x, .. p=cx. 


Lees : : 1 
Hence, substituting in the given equation, 2y= cx? +—. 


1 1 
2. p?—py+1=0. Ans. x=—,+logpt+c, y=p+=-. 
p’—py 2p? &P Y=Pp D 


248. Instead of solving for y we may be able to solve for 
x, then differentiate throughout and substitute dy/p for 
dx, and proceed as above. 


1 
Ex.1. p’—pzxr+1=0. Ans. fa Regs y=tp’—log p+a 
2. p’y+2pxr=y. y?=2cr +c". 
3. p’—p'7+t=0 L= me Lge 
eae Pets Os Pty I~ atp . 
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249. Clairaut’sequation. Singular solution. The method 
of § 247 is applicable to Clairaut’s equation, 


y =pxt+](p). (1) 


Differentiating and substituting p dx for dy, 
dp[x+f'(p)]=9. 


From dp=0 we have p=c, and substituting in the given 
equation, 


y=cr+](c), (2) 
the general solution. 

The equation is also satisfied if x+/’(p) =0, and eliminating 
p from this and the given equation we have another solution 
which is not contained in the general solution and which 
does not contain any arbitrary constant. Such a solution 
is called a singular solution. 

The general solution (2) represents, for various values of 
c, a family of straight lines. The singular solution represents 
the envelope of these straight lines. For the envelope of 
the family of lines is obtained (§ 157) by eliminating ¢ from 


y=cx+f(c) and O0=2+4)"'(c), 


the same equations (with c instead of p) as those from which 
the singular solution is obtained. 


Ex. 1. y=px+a/p. The general solution is y=cr+a/c. Also 
x+f/(p)= 0 ise—a/p’=0. .*. p’=a/x. Substituting in the 
given equation we obtain y?=4az, the singular solution. 

2. Find the singular solution of y=px+p?. Ans. 2?+4y=0. 

3. Find the general and singular solutions of 


y=pxt+aVi1+p?. 


Ans. y=crtaVl+c?, 2?+y?=a?, 
4. Solve y= —xap+a'p?. Let r=2-1, Ans. y=c/x+c, 
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EXAMPLES. 


- (z?—-y?+2x)dx=2y dy. Le Con. 
. (2ax+hy+f)dx + (ha +2by +9)dy=0. 
ax’ +by? +hay+fxt+gy=c. 


1. dy/dx+y cot x=2 cos x. Ans. y=sin x+c cosec 2. 
2. 2? dy+x’y’ dx+4dy=0. y=2—2 tan4e+e. 
3. p?=px—y. Yy=cx—c’, 

4, px?+y?=xy. x=y(c+log x). 

5. (227+ 4ay)dx + (2x? —y*)dy =0. 27° + 627y—ys=c. 

6. prty=z'y'. y°=$2' + cr. 

7 

8 


9. 2ry dx + (y?—3x?)dy=0. Cy = cy". 

10. x dx dy=y dx*+2 dy’. cx=c’y +2. 

ll. 2*p?=22yp +3y’. (xy —c)(y—cx*)=0. 
12. y'dx= (2x? + 3xy’)dy. 2ey +y%=cx. 

13. (y—a)dx=(x?+x)dy. (x+1)y=a+t+cz. 


14. x*(y—px)=p’y. Let y?=2, 2?=2. y?=cx? +c’. 
15. Find the curve in which the subnormal is constant and=a. 
The condition is that y dy/dx=a. 
Ans. The parabola y?=2ax +e. 
16. Find the curve in which the subtangent is constant and=a. 
Ans. y=ce/, 
17. Find the curve in which the perpendicular on the tangent 
from the foot of the ordinate is constant and=a. 
Ans. The catenary y=a cosh (x+c)/a. 
18. Find the curve in which the area bounded by the curve, 
two ordinates, and the x-axis is proportional to the length of the 
bounding arc. 
[y de =dA =d(as)=aV da? +-dy’]. 
Ans. The catenary y=a cosh (4+c)/a. 
19. Find the curve in which log s=z. 
Ans. y= Ve —1—sec—e7 +e. 
20. Find the curve in which ¢=40 (§ 136). 
Ans. The cardioid r=c(1—cos @). 
21. To find the amount, at compound interest due and added 
to the principal all the time, of a sum of money P, in ¢ years, at 
rate r per unit per annum. 
Let x be the amount at time ¢. When the interest is due at the 
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end of an interval 4t, ar4t=interest =4z. Hence in the present 
case ar =£41~0(42/ At) = dax/dt. 


Integrating, log z=rt+c. But «=P when t=0. .°. log P=c. 
». log x=rt+log P, or x= Pett. 

For example, for 5 years at 4 per cent per annum, e?=¢04x5= 
1:2214. The result may be compared with 1+r¢=1:2000, the 
amount at simple interest, and (1+7r)!=1'2167, the amount at 
compound interest due yearly. 

22. Orthogonal trajectories. By giving different values to a 

in the equation x’ +y?=2ay we have 
a family of circles touching the z- 
axis at the origin. Let it be re- 
quired to find another family of 
curves all of which cut all of the 
given curves at right angles. Such 
curves are called orthogonal trajec- 
tories of the given curves. 

Differentiating «2?+y?=2ay and 
eliminating a we have 


dy 
Oxy + (y?—x? =() 
Bree sss ry ye ip , 


the differential equation of the given curves. At a point (a, y) 
where one of the required curves intersects one of the given curves, 
dy/dzx of the given curve= —dx/dy of the new curve, since they 
intersect at right angles. Hence the differential equation of the 
required curves is 


say ee cee 
. 2xy —(y care 0, 
a homogeneous equation of which the solution is 
Ca a Cte 
The required curves are therefore circles touching the y-axis 
at the origin. 
23. Find the orthogonal trajectories of the family of parabolas 
y*=4ax. Ans. The ellipses 2x? + y?=c?, 
24. Find the orthogonal trajectories of 
(1) The rectangular hyperbolas z7—y?=a?, Ans. ay=c?. 
(2) The straight lines y=mz. 
(8) The curves y=az”, Ans. The conics 2?+ny?=c*, 
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25. Show that the differential equation of the orthogonal tra- 
jectories of a family of curves represented by a polar equation is 
found by substituting —r’d0/dr for dr/dé in the differentiat equa- 
tion of the given curves. 

26. Find the orthogonal trajectories of r™ cos m0=a™. 

Ans. r™ sin m6=c™, 

27. Find the curves which make an angle 45° with the parabolas 
r(1 +cos 0) =2a. Ans. The parabolas r(1 +sin 0) =2c. 

28. If H=the extraneous electromotive force in a circuit having 
resistance R and inductance L, 

di 
L i +hi=E, (1) 
where 7 is the current at time ¢. The equation is linear, and if 
E is constant the solution is 


If 7=0 when ¢=0, c=—-HE/R. 


The second term soon becomes very small; the current is then 
practically constant and=H/R, as if there had been no induction. 
For an alternating E.M.F. let H=Emsin nt, where Em is the 
maximum value, and the time of a period is 2z/n. The solution 


of (1) is now 


Sie 4m . 7 ; int 
t= ar pa sin nt —Ln cos nt) +ce 
_z, 
ees sin (nt— 0) + ce L ’ 
JS R?24 Ln? 


where 06=tan-'(Ln/R). 

In a short time the exponential term becomes very small and 
the current is represented by a harmonic function of the same 
period as the E.M.F. 

@ is the lag of the current behind the voltage. The impedance 
(amplitude of voltage amplitude of current) is VR? +1L?n?, 


CHAPTER XLV. 
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 


250. Equations of the second order must contain d?y/dx? 
and may contain dy/dz, x, and y. 

We shall first consider equations which do not contain y, 
and then equations which do not contain x. It will be seen 
that such equations may be reduced to equations of the first 
order. 

251. Equations which do not contain y directly. Let 
=dy/dx. The equation will be reduced to one of the 
rst order in p and z. 


d’y dy _ dp) <a 
Ex. 1 SOL be nee. 


Pp 
a 


The latter is a linear equation of the first order. Hence, § 244, 


p=er (er dx +e) = —(1+2)+ce* 


aR y=[p dx= —4(1+2)?+ce®%+¢,. 


9. wt=a(o!) : Ans. y=o-= log (ax +c). 
3. oy mo. y=c log ++¢,. 

4. ou 2 no, y=" “hea 

5. - fe far y=c,+log sec (x+ce). ; 
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250-252.] DIFFERENTIAL EQUATIONS. 273 


The same method may be applied to any equation in 
which y appears only in two derivatives whose orders differ 
by unity. 


d*y dy : d’y 
nee ax age First let dat Ans. y=7%5(x+c)it+¢%+¢,. 
If dy/dzx is absent as well as y we may integrate directly. 
dy , dy x* c 
Ex. a? ant +¢, Y= torte. 


The same method will apply to any equation of the form 
dry/dx” =}(2). 
Pxgel dy /dz? sin a. Ans. y=cos x#+c2?+¢,2%+¢. 


2. dry/dxn = (x+n)e”. 
Ans. y=xe* +¢,2"-'+¢,¢"-?+...4+¢n. 


252. Equations which do not contain zx directly. Let 


dy d?y dpdy dp . oes 
= —=— —=p—. Th ] S 
- p, then Be ay ds p a e resulting equation is of 
the first order in p and y. 
i ees 
Xe le ra a’y, or ab ie a’y. 
. ¥p? = —4a’y*?+const., or say p?=a(c?—y?"). 
=o d 
ait. JO Oe Yn averyi, or Tein dx. 


*, sin—'y/c=axr+e,, or y=csin (ar+¢,). 

The result may also be written 

y=A sin ax+B cos az, 
where A and B are arbitrary constants. 

2. d’y/dx*=a’y. 

The result may be in any of the following forms: 
y= ce Ces, y=csinh ax +c, cosh az, 
y=c sinh (ax+c¢,), y=c cosh (ax+¢,). 


; : : 2Qdy d?y ; 
* Or without using p, multiply by 2dy; then Se per 2y dy, 


d 2 
oe (#) = —a’y’+const., ete. 
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ad? 2 
35 yoat es =0)), Ans. y?=ca+¢c. 
1 d 2 
4. y =o (*) a yr =x? +ch +4. 


The Operator D. 


253. Let Dy represent dy/dz, the symbol D indicating the 
operation of taking the derivative of y. If a is a constant, 
d(ay)/dz =a dy/dx, hence D(ay) =a Dy. 

Let D . Dy, i.e., d?y/dx?, be represented by D?y. Also let 
dy/dx—ay or Dy—ay be expressed by (D—a)y. Then D—a 
indicates the operation of taking the derivative of a function 
and subtracting a times that function. Hence, a and b 
being constants, 


(D—b) . (D—a)y=D(D—a)y—b(D—a)y 
=D?y—a Dy—b Dy+aby. 
Let this be written 
[D?— (a+b)D+ab]y. 
In the same way it may be shown that 
(D—a) . (D—b)y =[D? — (a+b) D+ab]y, 


and hence the order of the operations indicated by D—a 
and D—b does not affect the result, and the successive opera- 
tions may be replaced by an operation which is indicated by 


D?—(a+b)D+ab. 


254. Suppose Dy =X, where X is a constant or a function 
of x, and let the inverse operation by which y is obtained 
from X be denoted by D1. Theny=D14X. But dy/dz=X. 


Pal] -|x dz+e. 


See DSK -|x dx+e. 
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Again, suppose (D—a)y=X, and denote the operation 
inverse to D—a by (D—a)"!. Then y=(D—a)"1X. But 
(D—a)y =X is the same as dy/dx—ay =X, and the solution 
of this linear equation is (§ 244) 
p=Eer (|e-x dx+ c) ; 
. (D=a)7X =e( | e-7X dete). 


If X =0, (D—a)“0 =ce*. 


Ble) Ce Da) = Daa (i= cr ey. 
2. Da=ax-+ce, D-*a=4ax? +cxr+¢,. 
38. (D—a)—'b= —b/a+ce, 
1 1 
4, (D—a)“xz (« ) + cea, 
a a 
5. (D—a)-'x, n a positive integer, 
1 nar—*  n(n—1)ar—? ! 
= —-— (on + : 2 Bye ) +:ceae, 
a a an 
3 asin mz+m cos mx 
6. (D—a)“! sin mz= — - + cer, 
am? 
—acosmxz+m sin mx 
7. (D—a)“! cos ma= ; ; +cer, 
ar+m 
ene 
8. (D—a)-'er? = —__ ee when na, 
n— 
and Se +ce%, when n=a. 


Linear equation of the second order with constant 
coefficients. 


255. The equation may be written 


dy 
dx 


dy 


+AT 


+ By =X, 


where A and B are constants and X is a constant or a func 
tion of zx. 
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First suppose X to be 0. The equation is now 


2 
TH As By =0, or (D?+AD+B)y=0. 
Put D?+AD+B into the form of factors (D—a)(D—b). 
(Since a and b would be the roots of D?+AD+B=0 if D 
were a symbol of quantity, they may be said to be the roots 
of the auxiliary equation 27+ Az+B=0.) 
The equation is (D—a)(D—b)y =0. 


“. y=(D—b)-(D—a)-10 =(D —b)“1cet# 


=r (= . ce dx + c1) (1) 


cela—b)x z 
=e ( at +c), if ba, 


c 
= oo +c 6”, 


Since c/(a—b) may equal any constant, it may be repre- 
sented by c. 


*, y=ce% +c ,e, if bAa. (2) 
But if 0 =a, (1) becomes e% ({¢ de+c1) : 


°. y=e™ (exc). (3) 
If a and 6 are-imaginary, let them be m+ni, m—nt, where 
t=V —1. Then (2) becomes 
y —ce(mtni)z te cyElm—nix == Emu (cgnix + cet) 
=e™(c(cos NX+7 Sin NX) +c, (cos nx—7 sin nx)], § 200, 
=e™*(e+¢,) cos nx+ (ct—c,2) sin na]. 


Since c+c; and ci—c,t may equal any two constants, they 
may be represented by c and cy. 


*. y=e™ (c cos nt+c, sin nz). (4) 


/ 
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256. Hence to solve D?y+ A Dy+ By =0 find the roots of 
2+Az+B=0. If the roots are unequal real numbers a 
and 6 the solution is 

y =ce* + ce, 
If the roots are complex numbers m+ni, m—ni, 
y =e™(c cos Nx+ Cc, Sin NZ). 
If the roots are equal numbers a, a, 


=e (er 04). 


ay dy ae = ppie —52 
Ex; 1. dx? + az 10y=0. Ans. y=ce**+c,e-**, 
dy dy _ “ 2: 
2 ix > ae y=c+c,e%, 
dy dy 
(a2 +y=0. =et(cx +). 
3 an? ay y=e®(cx +c) 
a d 
4, ay 19 4 +10y=0. y=e-*(c cos 8x +¢, sin 3z). 
x da 
dy _ 2 = ceat — at = h inh 
5. Gp TY Ye Ge or =c cosh ax+c, sinh az. 
2, 
6 ae —a'y. Y=C COS ax +¢, Sin ax. 
7. (D?+4D +5)y=0. y=e—**(c cos 4+ ¢, Sin 2). 
8. (D?+4D+4)y=0. y=e—** (ca +¢,). 
9. (D?+4D+4+3)y=0. y =ce-* +¢,e-*”, 
— 2x; Ve —V2: 
10. (D?+4D+2)y=0. y=e aig (hen +c,e ay 
11. (6D?—5D—6)y=0. y =cei® + ce-42, 


257. The same method may be extended to higher orders 
of linear equations of the form 


dy dr-ly <. 
Ge Ago . .+Ky=0, 
the coefficients A... K being constants. For every distinct 


real root of the auxiliary equation, 
+Agi3+,..4K=0, 
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there will be a term of the form ce in the solution. If a 
occur twice the corresponding term will be e(cx+c¢ ), and 
if it occur three times the corresponding term will be 


e% (ca? +¢14+ C9), 
and so on. 
Corresponding to a pair of imaginary roots m+ni, m—ni, 
there will be a term e”“(c cos nz+c, sin nz), and if the same 
pair occur twice the corresponding term in the solution will be 


e™[ (cx +c1) cos nx+ (co%+6¢3) sin na], 
and so on. 


Ex. 1. (D—1)(D—3)*y=0. Ans. y=ce® + (cu? +¢,2 +¢3)e**, 


(D? +4)?y=0. Ans. y= (ce,%+¢,) cos 24 + (esx +¢,) sin 2x. 
3. (D?—4)*y=0. y = (c,@ +¢,)27” + (cst +, )e— 7”. 
4, Dty=a'y. y =c,e% + c,e—% + ¢3 COS aX +c, SIN ax. 


5. (D?—4D +13)*y=0. 
Ans. y=e"*[(c,t +¢,) cos 3x + (caw +c,) sin 32]. 


258. Returning to the linear equation, 


ay {ey 


Te ope 


-+ By =X, 
suppose now that X is not zero. The equation is the same 
as 
(D—a)(D—b)y=X=04+X, 
* y=(D—b) 1(D—a) 104+ (D—b) 1 (D—a)-1X, 


The first term is the solution of the given equation when 
X is0. This therefore forms a part of the required solution; 
it is called the complementary function, the remainder of the 
solution being called the particular integral. The com- 
plementary function will contain two arbitrary constants, 
and as the complete solution of an equation of the second 
order cannot contain more, we need not introduce constants 
in finding the particular integral. If they are introduced 
they will simply reproduce the complementary function. 
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Ex. 1. (D?—a’)y=e%?. The c.f. is cee*+ce-2%, The p.i. is 


(D—a)—!(D +a)—!ea% = (D— a)-reree | ea . et dx 


= (D—a)-'e-at , ore = i (D—a)-'¢eat 
26 2a 
1 1 
oe e—ateatdy = aaa 
Hence the complete solution is 


Y= Ce 1 Cent + near / 2a. 


d 1 1 : 
{[(D+a)—1(D—a)—1e9” gives ~ e@*y——_¢%%, The last term is 
2a 4a? 


included in the c.f.; hence the results are equivalent.] 


2 
2 oe ot tyme Ans. y=e-*(cu +¢,) +4e7%. 
8. (D?—1)y=524+2. y=ce® +c,e-* —5x—2, 
4, (D—1)*y=z. y=eX(ca+c,) +42. 
5. (D—a)*y=e%. y =e (cx +¢,) +4a7er”, 
6. (D?—4D +3)y=z. y=ce® + c,e%% +4745. 
7. (D?—4D+3)y=ze*. y= ce® +¢,e5% —te* (x? +2). 
8. (D?+a’)y=e%, 


The p. i.=(D+at)-'(D—at)—e0?, i=V —-1, 

eat ear eat 
L=3) a(1=7). of1 47) 207 
. Y=C COS aX +¢, Sin ax +697 /2a?, 


=(D+aiy*T 


259. The last equation, (D?+a?)y=e%, may also be solved 
as follows: 

Differentiating, D(D?+a?)y =ae, 
and multiplying the given equation by a and subtracting, 

(D—a)(D? + a?)y =0, 
a linear equation with the second member zero. The solution 
of this equation is 
Y =C COS aX+ Cc, Sin AX+ Coe*. 
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The first two terms are the c.f. of the given equation; 
hence c2,e% is the p.i., where cz is to be determined so that 
cee may satisfy the given equation. Substituting c ze” 
for y in the given equation we find cp =1/2a?. 


Ex. 1. (D?=1)y=2?. 

Differentiating three times, D*(D?—1)y=0. The c.f. is 
(D?—1)—0=ce*+c,e-*. The p.i. is D~?0=c,”?+csx+c,. Substi- 
tuting this for y in the given equation we find c, = —1, cs=0, «= —2. 

Z £6 UO AOS 2 Se, 

The p.i. might have been found more quickly by treating 
(D?—1)-' as if it were developable by the Binomial Theorem. 
Thus (D?—1)-'a27= —(1—D?)—'27= —(14+ D?+...)xa?= —(x2?42). 

d’y 

2. da? 

hand member and show that 


+a’y=bsin nx. Differentiate twice, eliminate the right- 


y=C COS ax +c, sin ax + sin nx. 


a?—n? 
If a=n, substitute —bx/2n for b/(a?—n’). 
3. (D?—-2D+5)y=1. Ans. y=4+e%(c cos 2a +¢, sin 22). 


4, (D-1)*y=2. y=er(cu+c,)+a?+4r +6. 
5. (D?—2D+5)y=sin 22. 


y=77(4 cos 24 +sin 2x) +e7(c cos 2x +c, sin 22), 


Change of Variable. 


260. Equations of the second order, like those of the 
first order, are sometimes made integrable by a change of 
variable. 


Change of the dependent variable. 


Let y=vz, then dy=x dv+vdz, d’y=x dv + 2dv da. 
Substituting, the equation becomes 
dy dv 


BE hg 
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whence (§ 251) y=te+cr+ea-1, 
Pes yt + () =1 Let y?=0 Ans. y2=2?+cx+ce 
dz? \dz) ~~ od Si 


3. d’y/dx*=a’x—b’y. Let a’x—b*y=v. 
Ans. b’y=a*x+c cos bx +¢, sin bx. 


261. Change of the independent variable. First sub- 
stitute 
dx d?y—dy d?x 
— (1) 


for d?y/dz? (§ 70). The subsequent change will depend 
upon the quantity which is to be the independent variable. 
This may be y, or a third variable z, x or y being an assigned 
function of z. It must be remembered that the second 
differential of the independent variable =0. 


d’y dy ay 
eee, — = 
Hes D,.| -2 tt ae : ; (2) 
Substituting (1) for d?y/dx’, (2) becomes 
te Py Beh dy ay _ 


Let z=1/z and take z as independent variable. Then dx= 
—dz/z2", d’x=2dz?/z*. Substituting in (3) we obtain 
d’y 


re — +a’y=0, whence y=c cos az +c, sin az. 


a ee 
c. Y—€ COS — +- Cr, Sin —. 
x x 


Gy, 2a dy y 
i = (a ly ==; ; 
eras aay 

Ans. y=(ce+¢,2)/V1 +27. 


2 
2) ay —2 ae +e eg =0. Make y the independent variable. 
dx? dx dx 


: oe 
The equation becomes a < +2=, whence 


z=c cos y+c¢, sin y+4ey. 
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a! =2. Let x=sing. 


Sel oe wed 
Ans. y=(sin—'z)? +c sin—'47+¢,. 


3 
coral bet (7) =0. Let y=sinz, z to be the 


independent variable. Ans. x=cy+eV/1—y’. 
6. Show that the “homogeneous linear equation” of the second 
order 


com + by = f(x) 
oY 


becomes sae (ia ne + by = 7(e”) 


(a linear equation cs sete are by the substitution 
r=e~ 


d? 
Us wd t 00°! —2y=0. Ans. yaor+—. 
ad? d 
8. a5 @ ty=log x. y=(cx+1) log x+e,74+2. 
dy | dy 
2 J 2 
9. eon anes +4y=2", 


y=c cos (log x”) +¢, sin (log x?) +423, 
dy dy 
2+2)—2 ~+y=0. =e, 
10. (2+2) x? +38Q+2) 7 +y 0. Let 2+xz=e 
Ans. y=(2+2x)—'[c log (2+2) +c]. 
EXAMPLES. 


1. Find the curve in which the radius of curvature R is equal 
to and in the same direction as the normal N. 


di 

1 

oo tee oa eyes 
dy ape? =y5, yep, 
da? Pay 


Ans. The catenary y=c cosh (x+¢,)/c 
2. Find the curve in which R= —N. 
Ans. The circle (2 +¢,)?+y?=c?, 
3. Find the curve in which R=e?, it being given that p+0 
when t=. Ans. y=c—sec—'e. 
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4, An elastic string (or spiral spring) is fixed at one end and 
hangs vertically. A weight is attached at the lower end and 
descends a distance a to a position of equilibrium O. It is then 
pushed down a further distance b(<a) and released. To find ii 
the distance of the weight from O, in terms of the time ¢ from 
the instant of release. 

It is assumed that the weight of the string is negligible, and 
that. tension is proportional to extension (Hooke’s Law). Hence, 
since mass Xacceleration=force, the differential equation of the 
motion of the weight is 

2 a d? 
moa=mg mg “2 or 7 —— (1) 
The solution is 


z=c cos Vg/at+e, sin Vg/at. 


When t=0, «=b and dx/dt (the velocity)=0. Hence c=b and 
c,=0. 
*. r=b cos Vg/at, 


the required result. The values of x are repeated in magnitude 
and sign after an interval 7 if Vg/alt+T) =Vg/a t£27, Len it 
T =22Va/q. The motion of which (1) is the differential equation 
is therefore oscillatory (a.simple harmonic motion) and the periodic 
time=2zVa/g. Notice that the total extension of the string at 
time ¢ is 

a+b cos Vg/at. 


5. A fine chain of length 2a is placed over a smooth nail, the 
difference of the lengths on the two sides being 2b. Find z, the 
length of the longer sjde, in terms of the time ¢ from the instant 
of release. 

The whole chain is moved by the weight of the difference of 
the two sides; hence, m being the mass per unit length, the differ- 
ential equation of motion is 


d? — @(x—a 
2am—— = mg[x — (2a—2)], or 7p Dh 


dt 
Ans. x=a+b cosh Vg/at. 


g (x—a). 
a 
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Show also that the chain will leave the nail in time 
Va/g cosh—'(a/b) and with velocity V g(a? —b?)/a. 


Fig. 134. 


6. Dampedl vibrations. The differential equation of simple 
harmonic motion is (as in Ex. 4) d?x/di?= —a’x. If a frictional 
or other resistance proportional to the speed is applied, the equa- 
tion is (say) 


d’y a 
—~ = —q’4—2m 
dt? dt’ 
where m is a positive constant. Ifm<a the solution is 
x=e-™(c cos nt +c, sin nt), or =Ae—™ sin (nt +B), 


where n=Va?—m?, and A and B are arbitrary constants. For 
A=1, B=0, m='3, and a=1°6, 
x=e—* sin 1°57t, (Fig. 134). 

If m is increased the waves become longer and flatter, and 

when m=a the solution of the equation is 

g=e1%(cr+6,), 
which for c=1,.¢,=0, is the dotted curve of the figure, the curve 
being asymptotic to the ¢-axis. 

7. Find the distance x which a body of mass ™ falls from rest 
in time ¢, assuming that gravity is constant, and that the resist- 
ance of the atmosphere varies as the square of the velocity. 

Let the resistance be & when the velocity=1. Then 


aa [ile m [ak 
m5 =mg—k ) : Ansar — k log cosh me 


8. A uniform beam is fixed horizontally at one end, loaded 
with a weight w per unit length, and subjected at C, the centre 
of the free end, to a vertical force P and a horizontal tensile 
force Q. The origin being at C and the z-axis horizontal, the 
equation of the elastic curve is 


~ 


qd? 
EI-4-Qy= —Px—hwe', 
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where # and J are constants depending upon the material and 
form of the beam. Write the equation in the form 
= (D? —a*)y= — bx —jz’, 
_ {Q ae ae 

where a= EP. b= i= sR 

The c. f.=ce¢*+c,e-2%, The p.i. can be found by the method 
of § 259, but more quickly by treating D?—a? as if it were a symbol 
of quantity. Thus 


1 D? -—1 
=P — 0") ba -+ ie? =—(1-) (bx + jx?) 


-5 (145+...) (ba + fx? ==, (b0+j02+ 2). 


a? 
Die fe 
ane BRE OTS he ty + 


To determine ¢ and ¢,, <=0 when y=0, 
+, O=¢e-7¢,-4-2)/a*. 
Also, since the tangent at the fixed end is horizontal, dy/dx=0 
when z=the length /, very nearly. 
-. O=a(cet —ce—%) +b/a? +2fl/a?*. 
These two equations may be solved for c and ¢,. 
9. If Q (Ex. 8) acts in the opposite direction show that 
, jee yy 
y=c cos ax +c, sin OO ah ae ee 
10. Curve of pursuit. To find the path of a dog which runs to 
overtake his master, both moving with uniform speed, and the 
latter in a straight line. 
Take this line for y-axis. When the dog is 8 
at (z, y) on the curve, the distance of the man 


from the origin is y—px (the intercept of the 0 
tangent on the y-axis), and by supposition, 
= ie) Cc A 
As ea Fie. 135. 


dt dt’ 
where k is a constant (speed of man~ speed of dog). 
*, -a2dp=kV1+p" dz 
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is the differential equation of the curve. The solution is 


cyitk colyl-k ‘ 
SU teers apes if +1, 


and =¢c,t+4cex?—clog x, if k=1. 

The constants c and c, can be determined if the initial condi- 
tions are assigned. 

If the man starts from O, the dog from any point A on the 


z-axis (see figure), and they meet at B, show that the length of 
the curve=AC+CB, where C is the middle point of OA. 


APPENDIX. 


Note A. Partial Fractions. 


The algebraical sum * of certain fractions being given, it 
is required to find the fractions. 

Case 1. When the factors of the denominator are all of 
the first degree and unequal. 


Cae le | 
* a(a—1)(a+2) 
The denominator indicates that this result may be obtained by 


the addition of three fractions whose denominators are x, «—1, 
x+2, respectively; our object then is to find the numerators. 


Call them A, B, C.t 
z?+3x4+1 A B (6 


Ex 


eee roy) rer ery. (1) 
Clearing of fractions, 
x?+32+1=A(x—1)(2+2)+Bu(x+2)+Cx(x-1). (2) 


It is to be noticed that (1), and .*. (2), is to be an identity 
and therefore true for all values of x. Now, if we give any three 
successive arbitrary values to x in (2), we shall obtain three 
equations by solving which, as simultaneous equations, the quan- 
tities A, B, C may be found. The arbitrary values should, how- 
ever, be such as to render these three equations as easy of solution 


* The sum is assumed to’ bea proper fraction (the numerator of 
lower dimensions than the denominator). Ifnot, the fraction should 
be reduced to a mixed quantity, 

+ The A, B,C are assumed to be independent of x. If one of them 
contained x the sum would not be a proper fraction. 
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as possible. A little inspection will show that this will be accom- 
plished by giving x successive values which make z, x—1, and 
x+2 equal to 0, ie., by making x=0, 1, and —2. We thus get 
from (2), 


when 2x=0, 1=A(-2), 


A=—}3; 
when 2z=1, = 18463): oo JR SBE 
when x=-—2, —1=C(6), C=-}. 
Dee ORL ee ee nes 
"* g(a—-1)(@+2) 2 «x-1 2x+2 

1 5 1 


= in 8G) ieee 


Case 2. When the factors of the denominator are of the 
first degree, but two or more of them are equal. 


1+32 
xml eee 


The denominator shows that the partial fractions have denomi- 
nators x and (x+1)? and (probably) «+1. We therefore assume 
tee Ay 2Bo “ C 
a(e+1)? x x+1° (x+1)* 
“. 14+8¢=A(e+1)?+Ba(~+1)4+Cx. 
fer — Orel Ae cease 
fey ——— ile — Oe One 


and B may be found by giving any value other than 0 and ~1 
to x, e.g., if z=1 we have (°.. A=1, and C'=2), 


4=1X2?+BX242x1, °.-B=—1, 
iver 1 1 2 
“g(@tl1)? 2 x4+1° (x+1)* 
9 x+2 Ae G D 


“@EDG=1) 241 ZED Gal (Gap 

*. ©+2=A(x—-1)*°+ Be +1)(e—-1)?+C(w+1)(@-1) + D(e +1), 
ese, t-4(-2) eee 

If x=1, 3=D(2), .. D=}. 
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To get B and C give x any two arbitrary values other than 1 
and —1; thus (remembering that A and D are found) if x=0, 
2=¢+B—-C+ # or B=-C=}i, 
and if z=3, 2B+C=0; hence from these two equations 
B=}, C=-}. 
amb egies pamela 
*" (@+1)(@-1)® —- 8(a +1) '8(e—-1) 4(a@—-1)? 2(a@-1)* 


Case 3. When the denominator contains a quadratic 
factor which cannot be conveniently factorized. We now 
assume the numerator of the fraction with a quadratic de- 
nominetor to be of the form Arz+B. This is equivalent to 
assuming two fractions with denominators of the first de- 
gree and constant numerators. 

Ex. pee See ee ee. “. lt+a¢a=Az?+Be+C(1+2’). 

a(l+a’) l+a* ¢z 
Gent fC. CX 1, 
Iiv=1, 2=A+B8+2, .. A+B=0, }) 


A 
If z=-1,0—A—B+2, ..A—-B=-2,{ 8-1. 


1+2 —x+1 1 


""a(1+2?) lta? ‘2° 


If the given denominator had contained the square of 1+2?, 
Di+E# 


(la?) 


we should have assumed an additional term 


Besides the methods explained in the above examples others 
may sometimes be employed with advantage. For instance, 
in the last example 


1+2=A2?4+ Br+C(14+27). 


Since the left- and right-hand sides are to be identical, the 
coeflicients of like powers of x on the two sides must be equal; 
we .. have 1=C, 1=B, 0=A+C, which give the same 
results as before. 


290 APPENDIX. 


Note B. Curve Tracing. 


1. In order to trace a curve accurately from its equation 
we must be able to express one of the coordinates in terms 
of the other, or both in terms of a third variable. When 
the rectangular equation contains terms of two degrees only, 
we may substitute maz for y and solve for z, and in this way 
obtain both z and y in terms of m. See foot-note, p. 53. 

2. The following suggestions and remarks may be found 
useful in curve tracing, in order to shorten or verify the 
work. 

(I) Examine the equation for symmetry. When the equa- 
tion remains unchanged if —y is substituted for y the curve 
is symmetrical with reference to the line y=O (the z-axis), 
for if the codrdinates (a,b) satisfy the equation, (a, —b) 
will also satisfy it. This will always be the case if the equa- 
tion contains only even powers of y. Similarly the curve 
is symmetrical with reference to the line «=0 (the y-axis) 
if its equation is not altered when x is changed into —z. 

If the equation is unaltered by changing x into —z and y 
into —y at the same time, every line drawn through the 
origin and terminated by the curve is bisected by the origin; 
for if (a,b) satisfy the equation, (—a, —b) also satisfy it 
and the origin is the middle point of the line joining these 
points. The origin is then called a centre; e.g., in the curves 
y=x, y=sin z, etc. 

The curve is symmetrical with reference to the line y= 
if the equation is unaltered when z is changed into y and y 
into x, e.g., 23+ y3 =dsazy (Fig. 28); and it is symmetrical with 
reference to the line y=—vz if we can change y into —z and 
xinto —y without altering the equation, e.g., in 23 —y? =8azy. 

If in polar equations the substitution of —6 for @ does not 
alter the equation, the curve is symmetrical with reference 
to the initial line (e.g., in Figs. 88, 89, 90, 92); and if we 
may at the same time change r into —r and @ into —6@ with- 
out altering the equation, the curve is symmetrical with 
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reference to a line through the origin perpendicular to the 
initial line (e.g., in Figs. 84, 85, 98). The origin is a centre 
when we can change r into —r without altering the equation 
(e.g., in Figs. 86, 98). 

(II) Find the tangents at the origin (if the origin lie on 
the curve) and the shape of the curve near the origin (§§ 3 
and 4 below); also, if possible, the points of intersection of 
the curve and the axes, and the directions of the tangents 
at these points; the points where the coérdinates are maxima 
or minima; the points of inflexion; the asymptotes rectilinear 
or curvilinear, etc. 

(III) No straight line can meet a curve of the nth degree 
in more than n points, and therefore no tangent in more 
than n—2 points besides the point of contact, no asymptote 
in more than n—2 points at a finite distance and no line 
parallel to an asymptote in more than n—1 points at a 
finite distance, no line through a double point in more than 
n--2 other points, etc. 

3. The work of tracing a curve from its equation is often 
considerably lightened by obtaining a preliminary idea of the 
shape of the curve at certain points. 

When the origin is a point on a curve we can find the 
shape of the curve very near that point by expanding y 
into a series of ascending powers of z. Thus in Fig. 32, 
y=+2(1+2z2)?, and taking first the + sign we have by 
the Binomial Theorem, 


y=x(l+r—...), or y=e+2?—... 


The term x? shows that when z is very small (and .*. the 
third and higher powers of x may be neglected) the curve lies 
above its tangent y=x both when z is + and when z is —; 
in fact the curve is, for points near the origin on the branch 
touching y=, shaped nearly like the parabola y=x+2%. 
Similarly on the other branch y=—x—2?+...; hence this 
branch lies below the tangent on both sides of the origin. 
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Similarly we may show that in Vig. 34 the curve near the 
origin is shaped nearly like the parabolas y=2?, y= —2?. 

4. When it is not convenient or possible to express one 
codrdinate in terms of the other we may proceed as in the 
following examples: 


Ex. 1 In the curve a?(y—2)(y+x)= —(y?+2’)’, Fig. 27, con- 
sidering first the branch which touches y—x=0 (§ 52) we divide 
by a?(y+x) and write the equation in the form 

(y? +27)? 


YN yea) (1) 


For points near the origin on the branch in question y is very 
nearly equal to x, and the fraction in (1) must be very small; 
we shall get an approximation to its value by substituting 2 for y; 
this gives 

y=2—22'/a7, 


which shows that the curve lies below the tangent when x is+ 
and above it when z is —. For the other branch we write the 
equation in the form 


bt (y? +27)? 


y= —s GES (2) 


and remembering that y is nearly equal to —z we substitute —2z 
for y in the fraction and get 


y= —2+-22'/a’, 


showing that the curve lies above the tangent when z is + and 
below when z is —. 


2. In the curve 3ary=2'+y', Fig. 28, the tangents at the 
origin are y=0 and x=0. Writing the equation in the form 


_e+y? 


3ax 


we observe that on the branch which touches y=0 (the z-axis) 
y is nearly 0 near the origin, and substituting this for y in the 
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fraction gives y=2?/3a for the approximate form of the curve. 
For the other branch 
x+y? 
L= ——— 
say 


? 


and writing 0 for x in the second member we get =y?/3a for 
the required approximation. Thus the curve is shaped near the 
origin like a pair of parabolas. 

3. Find the approximations to the three branches of the curve 
ay(y—V32)(y+V32)=24, Fig. 36, near the origin. 

Ans. 6a(y— V32) =x", 6ba(y+ V 32) =27, 3ay=—2?. 

4, Also of ay?(y—x)(y+x)=25, Fig. 37. 

Ans. ay?=—2', 2a(y—x)=2?, 2a(y+x)=—27. 

5. Show from these approximations that the radii of curvature 
at the origin are $a and +24a in Fig. 36,and0, +2 2a in Fig. 37. 
(Cf. §88, Ex. 2.) 

5. The asymptotes of a curve may be obtained by expand- 
ing y into a series of descending powers of x (see § 57). When 
it is impossible or difficult to express one of the codrdinates 
in terms of the other we may proceed in a manner similar to 
that of § 4 above, beginning, however, with the terms of the 
highest degree instead of those of the lowest. (See § 59.) 


Ex. 1. 23+y°=8acy, Fig. 28. Here x+y is a factor of the terms 
of the highest degree, and we may write the equation in the form 


sary (1) 


Yo aye 


Now the infinite branch is in the direction of the line y= —z, 
and therefore when z is very large, y is nearly equal to —x; hence 
we shall get an approximation to the fraction in (1) by substituting 
—zx for y; this gives 

Ua tle, 
which is the nearest linear approximation to the*curve, and is 
therefore the equation of the asymptote. Writing —2-—a for y 
in the fraction will give a second approximation, viz., 
a? 
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from which it appears that the curve lies above the asymptote 
whether x is + or —. 
2. Find by this method the asymptotes of the following curves: 


(1) z(y—2)=aly? +23). Ans. y=2+2a. 
(2) ay?(y—2) =y' —227y +2". e=1, y=1, y=r-1. 
(3) (a+2y)(x—y)?=6a?(% +). x+2y=0, x«-—y=+2a. 


EXAMPLES. 


1. Trace the following curves: * 

(1) y=a(@?-1), 6) y=2%(@—-1), (11) + y®=a8, 
(2) y@?—1)=2, (7) 28 —y?=8azy, (12) x(y —x)=ay?, 
(3) y1+2?)=2, (8) z#+y!=a’zy, (13) r(y—x)?=y4, 
(4) y2=23(4+1), (9) w§+y'=2a'ry, (14) a’y(a+y)=2'. 
(5) y8=23(a—-1), (0) 2>+y>=az'4, 


2. Trace the following polar curves: 


@)r=asin 26; (6) r=a tan 0, (11) r(@?—1)=a8, 
(2) rsin 20=a, (2) =a. (12) r6é?=a(6?—-1), 
(3) r=asin 30, (8) r=aé?, (13) r(@?+1)=a0?, 
(4) rsin 30=a, (9) r@?=a, (14) rdé=tan @. 


(5) r?=a? sin 36, (10) r(1+0)=a8, 


Note C. Hyperbolic Functions. 


(For definitions and graphs of these functions see Ch 
VIII.) 

1. The relations connecting the hyperbolic functions are 
similar to those connecting circular (trigonometrical) func- 
tions, and are easily proved by ordinary algebra, etc. Some 
of them are as follows: 


coshO=1, sinhO=0, tanh 0=0, ete. 
cosh (— 2) =cosh z, sinh (—x) = —sinh z, tanh (—z) = —tanhgz, 


etc. 


* Some of these examples are taken from Frost’s Curve Tracing, 
to which the student is referred for further information on this sub- 
ject. 
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cosh?x—sinh?z=1, sech?x=1—tanh2z, cosech2x =coth2r—1. 
cosh (x+y) =cosh x cosh y+sinh z sinh y, 
sinh (x+y) =sinh x cosh y+cosh z sinh y, 
cosh + cosh y= 2 cosh (x+y) cosh (x—y), 
cosh «—cosh y=2 sinh $(x+y) sinh 4(x—y), 
sinh x+sinh y =2 sinh $(x+y) cosh $(a—y), 
sinh x—sinh y=2 cosh $(x+y) sinh 3(x—y), 
cosh 2%=cosh2x + sinh2z, 
=2 cosh?z—1=1+2 sinh2z, 
sinh 2% =2 sinh z cosh z, 


tanh x+tanh y 


tanh (xt y)= 1+tanh z tanh y’ 
2 tanh x 
tanh 2x “T+ tanh2r’ 


‘ 


2. The differentials, integrals, etc., are as follows: 


cosh x dx =sinh x. 


— 


d sinh x =cosh z dz, 


sinh x dx =cosh x. 


—, 


d cosh x =sinh z dz, 


dtanh x =sech?2z dz, sech2x dx=tanh x. 


—, 


d coth x =—cosech?z dz, Jeosech®s dx =—coth x. 
d sech x =—sech x tanh zdz, [sech x tanh «dx = -—sech z. 


dcosechz = —cosechxcoth x de, coseche cothadzx = —cosech x. 


dx | ws =sinh=—log (veto) 


Va? +0? 


v 
gsnh.?—= =, 
NM / 724 a2 
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Se es reve #) 
d cosh~ oa oss cosh = log 3 7 
d tanh“ — So |< a, 
dx 1 tel atx 
meee ee sees see Bro EG 
[2el<|o z tanh-1 =F Jog (G+) 


d. 
d coth-1 i= | >Ja, 


dx 4 t+a 
i So 22 >a) =+ coth a =5, log (—*). 


a adx 
d sech71 a _ >; 
a aN a4 — x2 


| dx = = sech71 Ce A log a 
LV at— xz a aay ~ eae: | 


49 adx 
d cosech—! —— — <7 
a gVatte 


S = et cosech71 S = i log ( —) é 
x 


VJ a2 +72 a aa 


sinh x= rp a 


31 
cosh = 145 ste +. 
4| 
3 x5 
Sal = eas a 
tanh eke Ure ergy 


Lael Bote “aoe a er 
1 
Be oe eee 2 4.670": 
If 7=V =i, cosiz= cosh x, sin iz=7 sinh z, cosh tz =cos x 
sinh ix =7 sin x. 
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2 42 
3. At any point of an ellipse “ate=l (Fig. 186) we may 


put x=acosu, y=bsinu, since cos*ut+sin?2u=1. In this 


Fia. 136. 


case u=2 area AOP/ab (see Ex. 14, p. 162); it also=the 
eccentric angle AOQ. 
2 of 
At any point of a hyperbola jan! (Fig. 137) we may 
put x=acoshu, y=bsinhu, since cosh?u—sinh?u=1. In 


this case u=2 area AOP/ab =log (E+4), (see Ex. 14, p. 140). 


Hira. 137. Fia. 138. 


If b=a the ellipse becomes the circle 2?+y?=a®, and the 
hyperbola the equilateral hyperbola z?—y?=a?, Also u is 
in both cases the measure of the area of the sector AOP 
when 4a? is taken as unit area. The circular and hyperbolic 
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functions may be defined in terms of wu, and correspond- 
ing to 
y/a=sinu, x/a=cosu, y/xz=tanu, ete., 


for the circle, we have 
y/a=sinh u, x/a=coshu, y/z=tanhu, etc., 


for the equilateral hyperbola. 

4, Gudermannian. If z=log tan (}r+}0) or log (sec 6+ 
tan 0), 0 is called the gudermannian of z (gd z) and z=gd710. 

Since e*=sec 0+tan 0, .°. e-%=sec 0—tan @. Hence 
cosh z=sec 0, sinh z=tan 0, tanh z=sin 0, etc. Thus if @ is 
tabulated for values of z the hyperbolic functions may be 
obtained from a table of circular functions. 

Differentiating one of the relations connecting @ and z, 
we obtain d@ =sech z dz, or dz=sec 0 dé. 


.. d(gd 2) =sech zdz, and d(gd—0) =sec 0 dé. 


The inverse gudermannian is also written A(@) and called 
the lambda function, i.e., 


4(0) =log tan (47+46) =log (sec 6+ tan 6). 
Ex. Show that tanh $z=tan 40. 


5. In the equilateral hyperbola x?—y? —a?, Fig. 138, let 
u be, as in § 3 above, the area of the sector AOP in terms 
of 4a? as unit area. From the foot M of the ordinate MP 
draw MB tangent to the circle 22+y? =a?._ Then x/a=cosh u 
and also=sec @. .*. @ is the gudermannian of wu. It may 
also be proved that (1) MB=y, (2) tanh u=tan AOP =sin @, 
(3) the line through O parallel to BP bisects both sectors 
AOB, AOP, and the chord AP. 
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Note D. Mechanical Integration. 


1. Sign of an area. Let a straight line AB of constant 
length move in a plane to any other position A’B’, thus 
describing or sweeping out an area. Let it be agreed that 
any portion of AB describes a positive or a negative area 
according as, when viewed from A, it moves toward the 
left or the right. Thus the whole area is + in Fig. 139, 
— in Fig. 140, while in Fig. 141, BOB’ is + and AOA’ is —. 


n = 
A BOA 
A 8 () B 
7g ve 
e 


Fig. 139. Fia. 140. Fig. 141. 


2. Measurement of the area. ABcan be moved to any 
other position A’B’ (Fig. 142) by (1) a translation to A’D, 
during which the points in AB describe straight lines, and 
(2) a rotation about A’, during which the points describe 
ares of circles. The middle point M of AB moves first 
to F and then to M’. Take ME perpendicular to AB. 
The area of the parallelogram AD=AB.ME, the area of 
the sector DA’B’=A’D.FM’; hence the whole area= 
AB(ME+FM’), i.e., ABXthe total normal displacement of 
its middle point. 

Suppose a wheel to be attached to AB at M with its 
axis in the direction AB, and that suitable graduations 
record the number of revolutions and parts of a revolution 
which the wheel makes. Let n be this number, i.e., the 
change of reading of the recording circles between the time 
of starting and any subsequent time. Let c=the length of 
the circumference of the wheel; then cn is the distance 
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rolled through by a point in the circumference of the wheel. 
Take b for the length of AB. During the motion of transla- 
tion the wheel rolls over ME and slides through HF’, during 
the rotation it rolls over FM’. Hence the total normal 
displacement of M-=cn, and the total area described by 
AB=bcn. 

If, as in Figs. 139, 140, 141, A and B describe curves, 
imagine the motion to be a combined translation and rota- 
tion with infinitesimal displacements, any of which may 
be negative as well as positive. Then the rate at which the 
area is described is bXrate of normal displacement of M, 


Fia. 142. Fia. 143. 


and hence the total resultant area =bXtotal normal displace- 
ment of M =ben. 

3. Consider now the effect of putting the wheel at any 
point L in AB, Fig. 142. The distance rolled over by the 
wheel is now LG+HL/’, and hence the normal displace- 
ment of M=cn+FM’—HL’ =cn+ (A’F—A'H)0=cn+hd, if 
LM=h. In a circle (Fig. 148) of radius h draw OP, OP’ 
parallel to AB, A’B’. Then h@=PP’. Hence the area 
described by AB=b(cn+PP’), and if AB moves to any 
new position to which OQ is parallel, the resultant area swept 
out =b(en+ PQ). If AB moves about, turns back, and 
finally returns to its first position, Q returns to P and the 
resultant area =bcn, as if the wheel were at M. But if AB 


makes a complete revolution and returns to its first position 
the resultant area =b(cn+2zh). 
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4. Closed curves. Let a straight line move so that its 
extremities describe any closed curves. Then in all cages 
the area swept out by the line will be equal to the arith- 
metical difference of the areas of the curves described by 
its extremities. 

When the areas are without one another, one will be 
described on the whole positively and the other on the whole 


negatively, while the area be- 

tween them, if swept out at all, Dede ie 
will be swept both positively and eae) =) 
negatively. When they inter- 

sect, the common portion, in so far eye 


as it is swept at all, will be swept 

both positively and negatively; i heen 

the rest as before. When one curve lies entirely inside the 
other, the portion of the former which is swept at all will 
be swept both positively and negatively. 

5. Amsler’s polar planimeter consists essentially of two 
bars, CA, AB, hinged at A, a recording wheel being attached 
to AB at any point L. C is fixed 
while B is moved round a curve. 
But if A is constrained to move 
along any line—whether straight or 
curved—without enclosing any area, 

Fia. 145. the area of the curve traced out by 

B is equal to the resultant area 

swept out by AB, and hence will be ben if AB returns to 

its starting place without making a complete revolution. 

But if C lies inside the curve described by B, AB makes 

a complete revolution, and the area of the curve described 
by B 


cn. + 2zxh) + circle described by A 
Qxbh 4- ==) 


=b(on-+ 2ah) +n? =be( n+ is 
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~ The second term in the parentheses is constant (independ. 
ent of n) and should be engraved on, or otherwise supplied 
with, the instrument. This number is then to be looked upon 
as a correction to n when the planimeter makes a complete 
revolution. 2zxbh+za? is evidently the area of the circle 
described by B when n remains =0, i.e., when the instru- 
ment is set so that the wheel slides without rolling, or when 
the perpendicular from C on AB passes through the wheel. 

By sliding the bar AB through a sleeve to which the 
hinge and the wheel are attached, its length may be altered 
and the instrument adapted to different units. Thus if the 
circumference of the wheel =c centimetres, and 6b is taken 
=100/c, ben =100n, and hence the area is found in square 
centimetres by multiplying » by 100. Similarly if the 
circumference of the wheel is c inches and b is taken=10/c, 
the area ben=10n square inches, 

6. As we proceed from B to C by way of P, Fig. 146, 


x changes from OD to OE, and | y dz is the area DBPCE; 


but if we proceed from C to B by way of P’, each element 
of area such as ydzx is negative since dx is negative, and 


hence fy dx is the area CEDB, but is negative. Hence if 


we sum the elements such as y dz in the order of proceeding 
clockwise round the curve, the result =DBPCE—DBP’CE = 
BPCP’, the area of the curve. Let A=this area, M=the 
sum of the moments of the elements of the area with respect 


to OX, I=the moment of inertia of the area with respect 
to OX. Then 


=|y d: oe y_1/,2 ar, ye 1 
A fy ae, M [uaz B= sly dz, I=|y dz. =3[yae. 


7. Amsler’s mechanical integrator. In this instrument 
one end of a sweeping bar FP traces a closed curve, while 
the other end is constrained to describe a straight line OX. 
Hence this part of the instrument is virtually a planimeter, 
and the area A =bcin, where b is the length of FP, c; the cir- 
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cumference of the wheel W, which FP carries, and n; the 
change of reading of this wheel when the circuit of the curve 
has been made. FP also turns two arcs of centre F and 
radii 2a and 3a, which turn circles each of radius a, the circles 
carrying whecls Wz and W3. The three wheels roll simul- 
taneously on the plane containing the diagram to be inte- 
grated. When the axis of W, makes an angle 0 with OX 


Fia. 146. 


the axes of W. and W; make angles $x—26 and 39, respect- 
ively, with the same line. 
For y substitute bsin 86. Then 


ap | Si Pider.) OME m4? leit? dos T= 168 (sin80 ae. 
Now 2 sin 0=1—cos 20=1—sin (4n—206), 
and sin 30=3 sin 0—4sin?0, or sin?@= sin 0—} sin 30. 
“ M= wale Pinan 0) de 4h lain Ga 20s. 
since | dz =0 for the complete circuit of the curve. 
Ae 1=483 | ed 21 ain aide 
=4}b3|sin 0 dr—yzyb? |sin 30 dz. 
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But A=beyn, .°. Jin 0 de—cym, i.e., when the axis of a 


wheel makes an angle @ with OX, [sin 6 dx=cyn,. But the 
axes of the other wheels make angles 41—26 and 36 with OX. 


ae [sin (427—20)dx=con2z, and [sin 30 dr=c3Nn3. 


A =bc1n1, M= +b?cone, I =}b8cyn, — 7,b3c3n3. 


In the instrument under discussion the maker has taken 
b=2 decimetres, cy= } dec., cg =c3 =# dec. 


o's A=n, M= ne, I=n,—2n3. 


The height y of the centre of gravity of the area above 
OX=M/A, and the moment of inertia with respect to an 
axis through the centre of gravity and parallel to 
OX =I—Ay?=I-M?/A. 

Results may be changed from decimetres to inches by 
multiplying y by a, A by a*, M by a, and I by a4, where 
a=3'937, the number of inches in a decimetre; a?=15°500, 
a? =61:023, at=240°290. 


MISCELLANEOUS EXAMPLES. 


1. Prove Leibnitz’s theorem for the nth differential of a product; 
d(uv) =(dru)v +nd—u dv emt dut+...tudr. 

[By induction from d(uv) =v du+u dv.] 

2. If y?=a?+2zy, d’y/dx? =a?/(y—x)* and d’x/dy* = —a’/y’. 


x2 
3. The maximum value of (a) es 


4. Show that the turning points of the curve y=sin z—' are 
where +=2/(nz), n being any odd integer. (The number when 
z= 0 from any assigned value is therefore infinite.) 

5. Given the volume of a right circular cylinder, show that the 
surface is a minimum when the altitude =the diameter. 

6. The height of the greatest rectangle which can be inscribed 
in a given right segment of a parabola is two-thirds of the height 
of the segment. 

7. Find the area of the rectangle circumscribing the loops of 


the curve ay?—3ax’y=2x' (Fig. 36). Ans. 9a’, 
8. | sinto dé ='045. 9. [tanto d0="119. 
0 0 
t A - ee I ges 
10. \; sec*d d0 =14. fit iF Pe to 215. 
1 dt o dz 3x 
= is gt ie rca Ne: Le i (1+2?)? 16 
a gg’? dx a dx 
14. |csem 174 15. i; er B'7/ 
ode =1°732 17 Fda =2'391 
16. I. cos’e z " Jo cos’x = : 
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18. | 7, =3' 464, 19. | sin’ dx ="002. 
9 cos’ 
$ 
20. | sec 2 dx ="522. Al | e*cos x dx =1°378. 
0 0 
cS dx 2; 3 dx 
ee. 9 (1+ cos (1+cos 2)? 3° [ee 22 - 
4 
31 — cos" 3 do f 
7 it sina eae: a [Ca cos 0 695. 
4 
b fg 
O60 (eee le aes Sa eis 
aV (a —a)( a)(b—2) L) 02 COS 
2 dx S dx 
28. i 2+cos x lee ae i. sinz+cosa S10. 
1 x dx : 1 
2 tdr= 
30. bese 71)" PPA). il [i (1 —2)?dx ="152. 
1 3a q@ la—x 
Be | x? (1—2)3 *dx =T58 33. | dx =tna 
0 128° oN a 
cos 40 (° = do = 
eS les fees Zee = |secottaene 2 tlogcos 4. 
red a I dx a 
Se [. La LSC R Taree CST rer cosa+1 2sina’ 


Tv a? 
dp U) cos max a —=— 


dx 2 CMO e ea) 
Vatat+Va+b 3 a—b 


do 1 us ce ) 
39. 2 2 cos?0 +b? ame aas *\q tan 8). 


n ldr 
Mea eae 7 ae ; +55) ela rags 70 


Let 1/n=dz. 
on 3 (a?—b?)? 
42. The area of the evolute of the ellipse =— 5 
a 
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43. A cycloid revolves about its axis of symmetry. Show that 
the volume of the solid is za3($z?—#) and that the convex surface 
is 8za?(z—#). 

44. A hemispherical bowl of 1 ft. radius is filled with water 
which then runs out of an orifice at the bottom 4 sq. in. in sec- 
tional area. Find the time of emptying, assuming that the 
velocity at the orifice = \/2q9x, where z is the height of the surface 


of the water above the orifice. Ans. 1m. 46s. 
45. Find the centre of gravity of the area between the curve 
(2/a)* + (y/b)? =1 and the axes. Ans. & =ta, y =3b. 
3 5 
46. Prove that A(x) =x oe aa a iatars 


n= 
‘ COs Nz COs Nx 
Aj, een pl 4 Cos y= 202 
n—2 aaa 
n=0(_])ry sin nx 


48. xcosx=—4sinx+2 2 ; 
n=2 Te al 


, for [—z, z]. 


, for ]—z, z[. 


™ NO 778 2 
49. x eS Sy ios +7 (1 COS nz) Jeos nx, for [0, z]. 


TZ n=1 
1 1 geal) & We gal x 
Hence prove that 7 +34 +7 ee = 96? (tot ae athe A rane 
50. Find (1) the area, and (2) the length, of one loop of the 
curve r™ =a” cos né. 


ik Nal 1 
ig come Ti 
Vina les) Via is) 
Ans. (1) —~————., (2) lene 5s Oe 
ca ae 
n an 2 
51. Find the area in the first quadrant between the axes and 
n n 2 
the curve e) + iS) =1. [r(i +2) ] 
a b n 
Ans. ponte: 
(142) 
n 


Show that the area = ab when 7 is infinite. 
52. Find the area of x°+y*=a' in the first quadrant, and the 
whole area of 2*+y*=a'. Ans. 0°883a?, 3°708a?. 
53. Find the area of one oval of the curve y?=a? sin (z/b). 
Ans. 4°792ab. 


nu 


2 do 
0 Vsin @ 


Te 


54. Show that |? vs 6a0. | 
0 
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55. The curve r™ cos m@=a"™ rolls on a straight line. To find 
the differential equation of the locus of the polar origin. 

Let the straight line be taken as z-axis, and the polar origin 
be at (x,y). Then r=the normal at (z, y), and y=the perpen- 
dicular on the tangent at (#,7r). Hence 


wire yt Nao 
Eliminate wu and @ and show that (1+p?)!-™=(y/a)™. 
56. A parabola rolls on a straight line. Show that the focus 
describes a catenary. 


57. Find the centre of gravity of the arc of the quadrant of 
an ellipse (semi-axes a and b, eccentricity e). 


pe (gee ioe a 
Ans. => (1 +5, e”) log | /E(e, $x), 


2 
) , amu™ —cosmé. 


Peer 1 
9-5 (v 1-e?4 sine] /E(e, $7). 
58. An ellipse (eccentricity e) and a circle have equal areas. 
: F Seite 2K (e, 4 
Find the ratio of their circumferences. Ans. oS : 
a(1 — e?)t 


59. Find the curves which make an angle a with the curves 
r=ancosnd, rr cosnd=ar. 
Ans. r™=c™ cos (nO+a), 1™ cos (nO —a)=c 
60. Given ae ay +y=sin 2¢ a fy eo show that 
dt dt dt dt ; 
we cee, 
— cov 2 4. Ce Oe. 2 cos 2t, 
t 


vos -—= 
y= —(V241)ce¥2 + (V2—-1)e,e ¥2 +4 sin 2¢+2 cos 2¢. 
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1. POWERS, NAPIERIAN LOGARITHMS, ETC. 


x oe x8 at (rox)4} xt loge x | loge(10 x) 
orl O:OL 0-001 | 0-316] 1-000] 0-464|— 2-303] 0-000 
o°2 fs: 0-04] 0-008 | 0:447| 1-414] 0-585|—1-609] 0-693 
o°3 § 3: 0-09! 07027 | 0+548] 1-732] 0-696/—1-204] 1-099 
074 | 2- 0-16] 0-064 | 0-632] 2-000] 0-737/—0-g16]| 1-386 
o°5 fi 2- 0°25] 0-125 | 0-707! 2-236) 0-794]—0-693| 1-609 
o°6 ff r- 0:36] 0-216 | 0-775) 2-449] 0-843}—0-511] 1792 
O'7 fi: 0-49] 0-343 | 0-837] 2-646] 0-888)/—0-357] 1-946 
o8 ft. 0-64| 0-512 | 0-894] 2-828] 0-928]—0-223] 2-079 
O°9 FI: 0:81 ©:729 | 0-949] 3:000] 0-965|—0-105] 2-197 
ro ji: I-00 I-000 | 1-000] 3-162] I-000] 0-000] 2:303 
I'r | o-gog} 1-21 I+33I | 1-049] 3-317] 1-032] 0-095] 2-308 
1°2 9 0-833] 1°44] 1-728 | 1-095) 3-464] 1-063] 0-182] 2-485 
1°3 ff 0-769] 1-69 2-197 | I-140] 3-606] 1-091] 0-262] 2-565 
I°4 fo-714) 1-96 2744 | 1-183] 3-742] I-110] 0-336] 2-639 
I°5 0-667] 2:25} 3°375 | 1-225] 3-873] 1-145] 0-405] 2-708 
1°6 J 0-625] 2-56] 4-096 | 1-265] 4-000] 1-170] 0-470] 2-773 
I°'7 § 0-588] 2-89] 4°913 | 1-304) 4-123] 1-193] 0-531| 2:°833 
1°8 J o+556| 3:24] 5:832 | 1-342] 4-243] 1-216] 0-588] 2-890 
I'Q J 0-526) 3:61} 6-859 | 1-378] 4-359] 1-230] 0-642] 2-944 
2°0 f 0-500] 4:00] 8-000 | r-4r4] 4+472| 1-260] 0-693] 2-996 
2° fl o-476| 4:41 9:261 | 1-440] 4°583] 1-281] 0-742] 3-045 
2°2 f 0-455] 4:84} 10-648 | 1-483] 4-690] 1-301] 0-788] 3-091 
2°3 0-435] 5°29] 12-167 | x-517] 4-796] 1-320] 0-833] 3-135 
2°4 J o-417/ 5°76} 13-824 | 1-540] 4-899] 1-330] 0-875] 3-178 
2°5 ff O-4oo] 6-25) 15-625 | 1-581] 5-000] 1-357] 0-916] 3-219 
2°6 J 0-385) 6:76) 17-576 | 1-612] 5-099] 1-375] 0-956) 3-258 
2°7 9 0-370] 7°29} 19-683 | 1-643) 5-196] 1-392] 0-993] 3-296 
2°8 J 0-357| 7-84) 21-952 | 1-673] 5-292] 1-410} 1-030] 3-332 
2°9 J 0-345} 8-41} 24°389 | 1-703) 5-385] 1-426] 1-065| 3-367 
3°70 0-333] 9°00} 27-000 | I°732) 5*477| 1-442] 1-099 3°401 
3°I | 0-323) 9-61] 29-791 | 1-761) 5-568] r-458) 41-131] 3-434 
3°2 ] 0-313] 10-24) 32-768 | 1-780) 5-657] x-474] 1-163] 3-466 
3°3 J 0-303] 10-80) 35°937 | 1°817| 5-745] 1-489] 1-194] 3-497 
3°4 J 0-204) 11-56] 39°304 | 1-844) 5-831] I-504] 1-224] 3-526 
3°5 | 0-286) 12-25) 42-875 | 1-871) 5-g16| 1-518] 1-253} 3-555 
3°6 | 0-278] 12-96) 46-656 | 1-897] 6-000] 1-533] 1-281] 3-584 
3°7 ff 0-270] 13°69] 50-653 | 1-924] 6-083] 1-547| 1+308| 3-611 
3°8 | 0-263! 14-44] 54+872 | 1-949] 6-164] 1-5611 1-335] 3-638 
3°9 | 0-256] 15-21} 59°319 | 1°975] 6-245] 1-574) 1-361] 3-664 
470 J 0-250) 16-00] 64-000 | 2-000] 6-325; 1-587! 1-386 3+ 689 
41 f 0-244] 16-81] 68-921 | 2-025] 6-403] 1-601} x-qr1| 3-714 
42 | 0-238) 17-64] 74-088 | 2-049] 6-481] 1-613] 1-435] 3-738 
4°3 | 0-233] 18-49] 79-507 | 2-074] 6-557] 1-626] 1-459] 3-761 
44 | 0-227) 19°36} 85-184 | 2-098] 6-633] 1-630] 1-482] 3-784 
45 0-222) 20-25} Qr-125 | 2-121) 6-708) 1-651| 1-504] 3+807 
4°6 | 0-217) 21-16) 97-336 | 2-145] 6-782] 1-663] 1-526] 3-829 
47 | 0-213] 22-00) 103+823 | 2-168) 6-856) 1-675] 1-548] 3-850 
4°8 | 0-208) 23-04] 110-592 | 2-191] 6-928] 1-687| 1-569 3:°871 
4°9 | 0-204) 24-01) 117-649 | 2-214| 7-000] 1-699] 1-589 3802 
5°0 | 0-200] 25-00] 125-000 | 2-236] 7-071| 1-71c] 1-609| 3-912 


@=2°71828. loge 10=2°30259, log, e=0-43429, 
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1. POWERS, NAPIERIAN LOGARITHMS, ETC. 


x8 xt (rox)?} xt loge x | loge(10 x) 


oe : ot a 7*O71| I+710} 1-609 3°912 
; ; 5I | 2-258) 7-141] 1-721] 1-62 +932 
pa e oe 2-280] 7:2I1| 1-732 aoe ae 
ng (el 77 2+302| 7:280] +744) 1-668 3:970 
pea 464 | 2-324) 7-348) 1-754] 1-686 | 3-989 
2 375 | 2°345) 7°426] 1-765] 1-705 | 4-007 
ad es 616 | 2+366} 7-483) 1-776] 1-723 4:025 
VG be 193 | 2°387| 7°550] 1-786] I+740 | 4-043 
al Be II2 | 2+408] 7-616} 1-797] 1-758 4-060 
59 | ° 379 | 2°429| 7°681) 1-807] 1-775 | 4-078 
he 000 | 2-449] 7-746] 1+817| 1-792 | 4-094 
res a ae 2°470| 7:810! 1-827] 1-808 4°1It 
rod De 32 2-490] 7°874| 1-837] 1-825 4:127 
AS. 047 | 2-510] 7°937| 1°847| 1-84 | 4-143 
ead te rae 2+530| 8-000] 1-857) 1°856 | 4-159 
ee 25 | 2-550] 8-062] 1-866) 1-872 4°174 
oo e 2° 2-569 8-124] 1-876] 1-887 4°190 
ae i 763 | 2-588] 8-185! 1-885) 1-902 4°205 
oe be 432 | 2-608} 8-246] 1-895] 1-917 4°220 
ee. 509 | 2-627] 8-307] 1-904] 1-932 | 4-234 
ee 000 | 2-646] 8-367] 1-913] 1-946 4-248 
: -g11 | 2-665} 8-426) 1-922] 1-g60 -26 
Ep a +248 | 2-683] 8-485] 1-931 1-974 ee 
et o17 | 2-702] 8-544) 1-940] 1-988 4:290 
Hie Bs 224 | 2-720| 8-602] 1-949] 2-001 4+ 304 
5 875 | 2°739| 8-660) 1-957] 2-015 | 4°317 
ie ze 976 | 2-757] 8-718} 1-966] 2-028 4°331 
LS 533 | 2°775| 8°75) 1-975] 2-042 | 4-344 
id 552 | 2-793) 8-832] 1-983] 2-054 | 4°357 
039 | 2-811| 8-888] 1-992| 2-067 4° 369 
3 000 | 2-828) 8-944] 2-000] 2-079 4382 
ae es 441 | 2-846) 9-000] 2-008) 2-092 4° 304 
oak 368 | 2-864] 9-055| 2-017] 2-104 | 4-407 
3 - 787 | 2-881] g-110] 2-025) 2-116 4°419 
ae e 704 | 2-898] 9°165] 2-032] 2-128 4°431 
2 125 | 2-915] 9:220] 2-041] 2-140 4°443 
Se a 056 | 2-933] 9°274] 2-040] 2-152 | 4-454 
ol. 503 | 2°950) 9°327) 2°057| 2-163 4° 466 
e ee 472 | 2-966] 9°381) 2-065] 2-175 4°477 
"9 969 | 2-983) 9°434| 2°072| 2-186 | 4-489 
g’O fo: 000 | 3-000] 9°487| 2-080/ 2-197 4*500 
ot oO: 571 | 3°017| 9°530| 2:088] 2-208 4°511 
9° Oo: 688 | 3°033/ 9°592| 2-095] 2-219 4°522 
9°3 | 357 | 37050} 9°644| 2-103/ 2-230 | 4533 
94 oO: 584 | 3-066) 9-695] 2-110] 2-241 4°543 
95 Jo: 375 | 3°082| 9°747) 2-118] 2-251 | 4°554 
9°6 or 4736 | 3-098] 9-798] 2-125] 2-262 | 4-564 
97 O- 673 | 3-114} 9-849] 2-133) 2°272 | 4°575 
0 oO: 192 | 3130} 9-899] 2-140] 2:282 4°585 
99 !0- -299 | 3-146 9-950! 2-147! 2-293 | 4-508 


logis x =0°43429 loge 


8 


loge x = 2°30259 log.» x- 
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2. CIRCULAR FUNCTIONS I. 


6 6 sin 6 |cosec 6] tan@| cot @| sec @ | cos@ 
Degrees j Radians 
© | 0-000] 0-000] © ©-000] I+000} I-00O| I- 
If 0-017| 0:017/57°299| 0-017/57-290] 1-000] 1-000} I- 
2 | 0-035] 0°035/28:654| 0-035|28-636] 1-001] O-gQ9} I: 
3. f 0-052] 0°052/19-107| 0-052) 19-081] I-OOT] O-9gg9] I: 
4 | 0-070] 0°070/14° 336] 0-070/14- 301] 1-002] 0-998] I- 
5 | 0-087] 0-087/11-474] 0-087| 11-430] I-004] 0-996} I- 
6 ] 0-105] 0-105} 9°567| O-105} 9°514] 1-006] O-gg5] I- 
7 | 0-122] 0-122] 8-206) 0-123) 8-144] 1-008] 0-993] I- 
8 | 0-140} 0-139] 7-185] O- 141] 7-115} I-O10}| O-Qgo} I- 
Q ff 0-157] 0-156] 6-392] 0-158} 6-314] 1-012] 0-988) I- 
IO f 0-175] 0-174) 5+759] 0-176) 5-671} T-ors| 0-985] I- 
II] 0-192] O-191| 5-241] O- 194] 5-145] T-OIg| 0-982] 1- 
I2 | 0-200] 0-208) 4-810] 0-213] 4-705} 1-022] 0-978) 1- 
13 | 0-227| 0-225] 4°445| 0-231] 4:331| 1°026] 0-974] 1- 
14 | 0-244] 0-242] 4-134] 0-249] 4-011] 1-031] 0-970] I- 
I5, J 0-262] 0-259] 3-864] 0-268] 3-732] 1-035] 0-966] 1-- 
16 ff 0-279] 0-276) 3-628] 0-287) 3-487] 1-040] 0-961} I- 
I7 $f 0-297] 0-292! 3-420] 0-306! 3-271! 1-046! 0-956] 1- 
18 ff 0-314] 0-309] 3°236| 0-325] 3-078] 1-051] O-g51| I- 
IQ ff 0-332] 0-326] 3-072] 0:344] 2-904] 1-058] 0-946] 1- 
20 | 0°349| 0:342| 2:924|] 0-364] 2:747| 1-064] O-g4o} I: 
2I_ | 0°367| 0°358) 2°790| 0-384] 2-605] I-071! 0-934] 1- 
22 | 0-384] 0:375| 2:669| 0-404] 2-475] 1-079! 0-927] 1-3 
23 J 0°401] 0-391] 2-559] 0-424] 2-356) 1-086] o-ga2t! r- 
24 | 0-419] 0°407/ 2-459) 0+445] 2-246) I-095] O-gr4] I- 
25 | 0°436] 0-423) 2-366] 0-466] 2-145] 1-103] 0-906} I: 
26 ft 0-454] 0°438| 2-281] 0-488] 2-050] 1-113] 0-890] I- 
27 | 0°471| 0°454] 2-203! o-510] 1-963! 1-122] o-8g1! I- 
28 ff 0-480} 0-469] 2-130] 0-532] 1-881] 1-133] 0-883] 1- 
29 ff 0-506] 0-485] 2-063] 0°554) 1-804) 1-143] 0-875) I- 
30 ff 0+524] 0-500) 2-000} 0-577) 1-732] 1-155] 0-866] r- 
31 ff 0-541] 0-515] 1:942| O-6or] 1-664] 1-167] 0-857| 1- 
32 9 0°559| 0-530] 1-837] 0-625] 1-600] 1-179} 0-848) 1- 
33 ff 0°576] 0-545] 1-836) 0-649] 1-540] 1-192] 0-839] o-g 
34 ff 0-593] 07550] 1-788] 0-675] 1-483) 1-206] 0-829] o- 
35 ff 0-611] 0°574| 1:743] 0-700] 1-428] 1-221] 0-819] o- 
36 ff 0-628) 0-588] 1-701] 0-727] 1-376] 1-236] 0-809] o- 
37 | 0:646) 0-602] 1-662] 0754) 1-327] I:252] 0-79Q9] o- 
38 § 0-663! 0-616] 1-624] 0-781] 1-280] 1-269] 0-788! o- 
39 ff 0-681] 0-629] 1-589] 0-810} 1-235] 1-287] 0-777! o- 
40 # 0:698) 0-643} 1-556] 0-830] 1-192] I-305| 0-766] o- 
41 f 0-716) 0-656] 1-524] 0-869] I-150] 1-325] 0-755] o- 
42 | 0-733] 0669] 1-494] O-goo] 1-111] 1-346] 0-743] o- 
43 ff 0-750] 0-682] 1-466) 0-933] 1-072] 1°367] 0-731] o- 
44 | 0-768] 0-695] 1-440] 0-966} 1-036) 1-390] 0-719] 0-80, 
45 — 0-785] 0-707} 1-414] 1-000] 1-000} 1:414| 0-707] 0-785 
cos 0 | sec @ | cot @ | ‘an @ |cosec 6] sin 0 


Radians Degrees 


trdn. =57°°29578, 1°=0°01745 zdn., Lrdn. = 206265’, 1” =000004848rdn. 


TABLES. 313 


3. CIRCULAR FUNCTIONS, IT. 


7] 6 sin 0 cosec 0 tan 0 | cot 8 sec 0 cos 0 


Radians | Degrees 
0-000 oo 0-000 2) 1-000 | 1-000 
©-O010 | 100-002 | 0-010 | 99-997 | 1-000 | 1-000 
0-020 50:003 | 0-020 | 49-993 | 1-000 | 1-000 
0-030 33°338 | 0-030 | 33°323 | 1-000 | 1-000 
0-040 25°007 | 0-040 | 24-987 | I-oor | 0-999 
0-050 20-008 | 0-050 | 19-983 | 1-001 | 0-999 
0-060 16-677 | 0-060 | 16-647 | 1-002 | 0-998 
0-070 14:297 | 0-070 | 14-263 | 1-002 | 0-998 
0-080 12-513 | 0-080 | 12-473 | 1-003 | 0-997 
0-090 II-126 | 0-090 | 11-081 | 1-004 | 0-996 
0-100 I0:017 | 0-100 | 9-967 | 1-005 | 0-995 
0-199 5°033 | 0-203 | 4-933 | 1:020 | 0-980 
0-296 3°384 | 0-309 | 3°232 | 3-047 | 0-955 
0-389 2:568 | 0-423 ' 2-365 | 1-086 | o-g2r 
0-479 2:086 | 0-546 | 1-830] 1-140 | 0-878 
0-565 D77/ta lotsa) i<402" |) tare) Orso 
0-644 I°552 | 0-842 | 1-187 | 1-307 | 0-765 
O°717 I+394 | 1-030 | 0-971 | 1-435 | 0-697 
0-783 1-277 | 1-260 | 0-794 | 1-609 | 0-622 
0-842 1-188 | 1-558 | 0-642 | 1-851 | 0-540 
0-891 1-122 | 1-965 | 0-509 | 2-205 | 0°453 
0-932 L-O73, | 2°57n | 2380) | 2-700. | (08362 
0-964 I:038 | 3:602 | 0-278 | 3-738 | 0-268 
0-985 T°OT5 | 5°798 | 0-172 | 5-884 | 0-170 
0-997 I-003 |I4-1OL | 0-071 | 14-136 | 0-071 
1-000 I+000 ce) ©*000 (oa) 0000 
mz =3°14159, x? =9°86960, V7 =1°77245, 


z—'=0°31831, z*=0°10132, Vz-1=0'°56419, 
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4. HYPERBOLIC FUNCTIONS. 

x ex et sinh « | cosh x | tanh | coth x| sech x| cosechx 
0°0 1-000 | 1-000 | 0-000 | 1-000 | 0-000) © I-ooo} = 

or 1-105 | 0-905 | 0-100 | 1-005 | 0-100]10-035) 0-995] 9°985 
02 1-221 | 0-819 | 0-201 | 1-020 | 0-197] 5-067] 0-980) 4-975 
On +350 | 0-741 | 0-305 | 1-045 | 0-201| 3-433] 0-957) 3°284 
04 1-492 | 0-670 | 0-411 | 1-081 | 0-380] 2-632] 0-925] 2-433 
0°5 I:649 | 0°607 | 0-521 | 1-128 | 0-462) 2-164) 0-887] 1-919 
o°6 | 1-822 | 0-549 | 0-637 | 1-185 | 0°537| 1-862] 0-844] 1-570 
o°'7 f 2:014 | 0-497 | 0:759 | 1:°255 | 0-604] 1-655] 0-796] 1-318 
078 f 2-226 | 0-449 | 0-888 | 1-337 | 0-664) 1-506] 0-748) 1-126 
o'9 2+460 | 0-407 | 1-027 | 1°433 | 0-716) 1-396] 0-698] 0-974 
I'O J 2-718 | 0-368 | 1-175 | 1-543 | 0-762} 1-313] 0-648) 0-851 
I°I f| 3:004 | 0-333 | 1-336 | 1-669 | 0-800] 1-249] 0-590] 0-749 
I°2 || 3-320 | 0-301 | 1-509 | 1-811 | 0-834] 1-200] 0-552] 0-662 
I°3 3°669 | 0°273 | 1-698 | 1-971 | 0-862] 1-161] O-507| +58¢ 
I°4 |} 4-055 | 0°247 | 4-904 | 2-151 | 0:885) 1-129] 0-465] 0-525 
I°5 ff 4°482 | 0-223 | 2-129 | 2-352 | O-Q05] 1-105] 0-425] 0-470 
1°6 | 4-953 | 0-202 | 2-376 | 2-577 | 0-922] 1-085] 0-388] 0-421 
r°7, 5°474 | 0°183 | 2-646 | 2-828 | 0-935] 1-069] 0-354] 0-378 
rs 6-050 | 0-165 | 2-942 | 3-107 | 0-947} 1-056] 0-322] 0-340 
I°Q | 6-686 | o-150 | 3:268 | 3-418 | 0-956] 1-046] 0-293] 0-306 
2°0 7°389 | 0-135 | 3°627 | 3-762 | 0-964] 1-037] 0-266) 0-276 
205 8-166 | 0-122 | 4:022 | 4-144 | 0-970] 1-031] 0-241] 0-249 
2°2 g:025 | O-1Ir | 4-457 | 4-568 | 0-976) 1-025] O-2I0} 0-224 
2°3 f 9:974 | 0-100 | 4-937 | 5:037 | 0-980} I-020! 0-198] 0-203 
2°4 [11-023 | 0-091 | 5-466] 5-557 | 0-984] 1-017] 0-180] 0-183 
2°5 [12-182 | 0-082 | 6-050 | 6-132 | 0-987] I-014| 0-163] 0-165 
2°6 § 13-464 | 0-074 | 6-695 | 6-769 | 0-989] 1-011] 0-148] 0+ x49 
2°7 14-880 | 0-067 | 7-406 | 7-473 | 0-991] 1-009] 0-134] 0°135 
2°8 $16-445 | 0-061 | 8-192 | 8-253 | 0-993} 1-007] 0-121] 0-122 
2°9 f18-174 | 0:055 | g:060 | 9-115 | 0-994] 1-006] 0-110] O-IIO 
3°0 20-090 | 0-050 | r0-0r8 | 10-068 | 0-995] 1-005] 0-099] 0-099 _ 
3°I 22-198 | 0-045 | 11-076 | 11-122 | 0-996] 1-004] 0-0g0] 0-090 
3°2 924-533 | 0-041 | 12-246 | 12-287 | 0-997] 1-003) 0-081] 0-082 
3°3 $27°113 | 07037 | 13°538 | 13°575 | 0°997| 1-003] 0-074) 0-074 
3°4 290-964 | 0-033 | 14-965 | 14-999 | 0-998] 1-002] 0-067] 0-067 
3°5 § 33-116 | 0-030 | 16-543 | 16-573 | 0-998} 1-002] 0-060] 0-060 
3°6 {36-598 | 0-027 | 18-286 | 18-313 | 0-999] 1-001] 0-055] 0-055 
3°'7 §40°447 | 0:025 | 20-211 | 20-236 | 0-999] 1-001] 0-049] 0-049 
3°8 f'44-701 | 0:022 | 22-339 | 22-362 | 0-999] 1-001] 0-045] 0-045 
3°9 § 49-402 | 0-020 | 24-691 | 24-71r | O-QQQ| 1-001] 0-040] 0-041 
4°90 §54:598 | 0-018 | 27-290 | 27-308 | 0-999] 1-001] 0-037] 0-037 
40 4:810 | 0+208 | 2-301 | 2+509 | 0-917] 1-091] 0-398] 0-435 
m 23-14I | 0-043 | 11-549 | 11-592 | 0-996] 1-004] 0-087] 0-087 


If «>4, then (approximately) sinh «=cosh a=}e%=} the Napierian 
antilogarithm of 2. 
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5. LAMBDA FUNCTION. 


8 | AB) || @ | AB) |} A | 2(@) 6} 40) A(@) 
0° |o-000]| 15°}0- 265]| 30°] 0-540]| 45°] 0-881] 60°] 1-317 
I°lo-o17|| 16°]0- 283]| 31°] 0-570]| 46°} 0-906) 61°} 1-352 
2°10-035]| 1'7°/0-301|| 32°] 0-590]] 47°} 0-932)| 62°] 1-389 
3° 0-052! 18° Jo-319]| 33°} 0-611] 48°} 0-957)| 63°] 1-427 
4° |0-070]| 19° Jo: 338|| 34°, 0-632/| 49°} 0-984)| 64°} 1-466 
5° }0-087|| 20° !0- 356]| 35°} 0-653], 50°] r-orr|!| 65°] 1-506 
6° Jo- 105]| 21° }o- 375|| 36°] 0-674]| 51°] 1-038!| 66°] 1-549 
7°|o-122|| 22°|0- 394|| 37°] 0-696|/ 52°] 1-066/| 67°| 1-592 
8° ]o-r40!, 23° lo- 413]! 38°} 0-718]/ 53°} 1-095] 68°! 1-638 
6° |o-158|| 24° }o- 432]| 39°] 0-740]| 54°] 1-124|] 69°} 1-686 
20° }0-175|| 25° |o-451|| 40°| 0-763/| 55°} 1-154)| 70°] 1-735 
I1°]o-193]| 26° }o-470]| 41°] 0- 786)| 56°) 1-185)| 71°} 1-788 
I12°|o-2r1|| 27° |0-490]| 42°| o-809]| 5'7°| 1-217/| '72°] 1-843) 
13° |o-229]| 28° }o- 509]! 43°} 0-833]| 58°] 1-249)| 73°} 1-90r! 
14°|o-247|| 29° lo: 529|| 44°| 0-857]|| 50°] 1-283)) 74°] 1-962. 
15° ]0-265]| 30° |o-549]| 45°| 0-881|| 60°) 1-317|| '75°| 2-028) 


lo 


0 


752 
76° 
77° 
78° 
79° 
80° 
81° 
82° 
83° 
84° 
85° 
86° 
87° 
88° 
89° 
go° 


315 


(8) 


028 
°007 
172 
253 
340° 
436 
542 
660 
794 
“949 
131 
355 
643 
048 
*741 
oO 
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(0) =loge tan(4z+ $0) =loge (sec 0+tan 0), A(—0)= —A(O), O=gd A(0). 
6. GAMMA FUNCTION. 


iin nnn | 
saat ieal.s) Mel neta a a Mind cel! Rh eee’ “hace! eer cer RO tye 


L(n) 

oo} I 

OI} 0-9943) 
02| 09888 
03 0-9836 
04 0°9784 
05, 0°9735 
06 0-9688 
07 0-9642 
08 0°9597 
28), SSS) 
IO 0°9514 
IL) 0-9474| 
12, 0-9436, 
131029399 
14 0°9304 
ESP OLOSS2 
16, 0:9208 
17| 0:9267 
18) 0°9237 
Ig} 0-9209 
20} 0:9182 
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I'(n) 
20| 0-9182 
21} 09156 
22| O-Q131 
23) 0-9108 
24| 0:9085 
25) 0-9064 
26} 90-9044 
27} +9025 
28} 0-9007 
29| 0: 8990 
30} 0° 8975 
31| 0- 8960 
32| 0: 8946 
33] 08934 
34| 0- 8922 
35| 0-8911 
36] 0- 8902 
37| 0° 8893 
38) 0-8885 
39} 0°8879 
40| 0:8873 
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oo00000000000000000000 


| 


8873 
8868 
8864 
8860 
8858 
8856 
8856 


-8856 
8857 
- 8860 
-8862 
- 8866 
-8870 


-8876 


8882 
8889 


8806. 
*8905' 


8914 
8924 
8935) 


I(n) an 


I(n) = |e e-© dx, TP'(nt+1)=nI(n). 
0 


nN I'(n) mn I'(n) 

1:60] 0-8935|| 1-80] 0°9314 
1-61] 0-8947|| 1-81) 09341 
1:62] 0-8959]| 1-82] 0-9369 
1-63] 0-8972!| 1-83] 0-9307 
1-64] 0:8986]) 1-84] 0-9426 
1:65] O-goor|| 1-85) 0-9456 
1:66) 0-go0r7|| 1-86} 0-9487 
1:67] 0°9033]| 1-87] 0-9518 
I-68) O-goso}| 1-88] o-g55It 
1:69] 0:9068;| 1-89] 0:9584 
1+70| 0-9086]! 1-90} 0-9618 
I-71] O-QI06]| 1-91} 0:9652 
I-72] 0-9126]| 1-92] 0:9688 
I-73} O°9147|| 1°93) 0°9724 
I-74] 0-9g168}| 1-94] 09761 
I-75] O-9I9I|| I-95) 99799 
1-76] 0-9214]| 1-96] 0-9837 
I+77| 0-9238]| 1-97) 0:9877 
1-78] 0-9262]) 1-98} 0-9917 
I-70] 0-9288]| 1-99] 0-9958 
I-80] 0:9314|| 2:00} I 


TABLES. 


7, FIRST ELLIPTIC INTEGRAL, F(m, 6), m=sin a. 


6 a=o0° | a=15° | a= 30° | a=45° | a=60° | a=75° a=90° 

0° ff 0-000 | 0-000 | 0-000 | 0-000 | 0-000 0-000 0-000 

5° ff 0-087 | 0-087 | 0-087 | 0-087 | 0-087 0-087 0-087 
TOS Orr 75) Osa 75 O°175 | O°175 O°175 0-175 0-175 
15° J 0-262 | 0-262 | 0-263 | 0-263 | 0-264 0: 265 0: 265 
20° | 0-349] 0-350 | 0-351 | 0-353 | O°354 %) 9O-1g50 | lo- 456 
25° f 0-436 | 0-437 | 0-440 | 0-443 | 0°447 | 9°450 0+ 451 
30° f 0-524 | 0-525 | 0-529 | 07536 | 0-542 0-547 ©°549 
35° ¥ 0-611 | 0-613 | 0-620 | 0-630 | 0-641 0-649 0-653 
40° | 0-698 | 0-702 | 0-712 | 0-727 | 0-744 0-757 0: 763 
45° ff 0-785 | 0-790 | 0-804 | 0-826 | 0-851 0873 0: 881 
50° § 0-873 | 0-879 | 0-898 | 0-928 | 0-965 0-997 I-OIL 
55° — 0-960 | 0-968 | 0-993 1-034 1-085 pac nee} I-I54 
60° f 1-047 | 1-058 | r-0g0 | I-142 | 1-213 1-284 1-317 
Oso) era 4 el raze eS 75 hee 5 4s eT 240 I*453 1-506 
Y Osea SOP i Oy Ae XD I*370 | I-494 1-647 I°735 
75° | 1-309 | 1-327 | 1-385 | 1°488 | 1-649 I°871 2-028 
80° # 1-396 | r-418 | 1-485 1-608 | 1-813 2-134 2-436 
Sef r5484 >| T5038 1 1-585 | a+ 73t~) 1-983) 27437 3°131 
go° § 1-571 | 1-598 | 1-686 | 1-854 | 2-157 2:768 co 

8. SECOND ELLIPTIC INTEGRAL, E(m, 0), m=sin a. 

0 a=0° | a=15° | a=30° | a=45° | a=60° | a=75° @=9g0°? 

0° # 0-000 | 0-000 | 0-000 | 0-000 | 0-000 ©-000 0-000 

5° f 0-087 | 0-087 | 0-087 | 0-087 | 0-087 0-087 0-087 
LOCDF Oe75 | O- 174 (O81 74 |) LO“ nA Oa 7a: 0-174 O-174 
15° ff 0-262 | 0-262 | 0-261 | 0-260 | 0-260 0+ 259 0-2-9 
20° ff 0-349 | 0°349 | 9°347 | 0°346 | 0°344 O* 342 0: 342 
25° ff 0-436 | 0-435 | 07433 | 0-430 | 0-426 | 0-424 0-423 
30° J 0°524 | 0-522 | 0-518 | O-512 | 0-506 0-502 0-500 
35° 9 0-611 | 0-608 | 0-602 | 0-593 | 0:583 0-576 0-574 
40° f 0-608 | 0-695 | 0-685 | 0-672 | 0-657 0-647 0-643 
45° § 0-785 | 0-781 | 0:767 | 0-748 | 0-728 0-713 0-707 
50° | 0-873 | 0-866 | 0-848 | 0-823 | 0-795 o-774 0-766 
55° # 0-960 | 0-952 | 0-928 | 0-895 | 0-859 0-830 0-819 
60° § 1r-047 | 1°037 | 1-008 | 0-965 | 0-918 0-881 0-866 
65° | 1-134 | 1-122 | 1-086 | 1-033 | 0:974 0-926 0:906 
Oo fi T2202. | T2200) 1a 3632 | et -Copm| ar -027 0:965 0-940 
75° | I:309 | 1-201 I-240 | 1-163 | 1r-076 0-999 0-966 
SoCo T3960) | 1975 Vl ost sree a enc 1-028 0-985 
85° | 1-484 | 1-460 | 1-392 | 1-289 | 1-167 1-053 0-996 
Qo er rs7r | t544 | 4-467 | 2355 | esoie 1-075 T+000 


INDEX. 


(The references are to pages.) 


Acceleration, 73 

Amsler, planimeter, 301 
integrator, 302 

Anchor ring, 180, 193 

Area, 95, 134, 159, 190, 191, 299 
of any surface, 200 

Argument of function, 11 

Asymptotes, 57, 153 

Asymptotic circle, 155 

Barometric measurement 

of heights, 39 
Bernoulli’s equation, 266 


Cardioid, 151, 160, 170 
Catenary, 209, 269, 308 
Cauchy, form of remainder, 225 
Centre of conic, 45 

of any curve, 290 

of curvature, 84, 88 

of gravity, 176, 304 

of quadric, 65 
Centroid, 177 
Circle, 139, 150 

of curvature, 85 
Circular functions, 28, 32, 311, 312 
Cissoid, 55, 61, 139 
Clairaut’s equation, 268 
Companion to cycloid, 31, 140 
Compound interest problem, 259 
Concavity and convexity, 82 
Conchoid, 163 
Conical point, 64 
Conjugate point, 52 
Consecutive points, 85 
Constant of integration, 98 
Continuity, 12, 250 
Convergence, 211 
Curvature, 82, 157, 207 
Gurve of pursuit, 285 


Curve tracing 290 

Cusp, 52 

Cycloid, 29, 91, 140, 307 
companion to, 31, 140 

Cylinder, 145, 198, 199, 200 


Damped vibrations, 284 
Demoivre’s theorem, 220 
Derivative, 13 
Differences, small, 47 
Differential, 15 

coefficient, 15 

of area, 38 

of exponentials, 25 

of hyperbolic functions, 34 

of logarithms, 25 

of power, product, quotient, 16 

partial, 41, 250 

successive, 68, 250 

total, 42, 253 
Differential equations, 259, 272 

exact, 263 

homogeneous, 262 

linear, 265, 275 


Element of integral, 94 
Ellipse, 70, 87, 88, 140, 151, 162, 
241, 308 
Ellipsoid, 144 194. 195 
Elliptic integrals, 239, 316 
Envelopes, 171 
Epicycloid, 169, 206 
Epitrochoid, 170 
Equations, differential, 259, 272 
ee of, by approximation, 
9 
Euler, exponential formule, 220 
theorem on homogeneous func. 
tions, 44, 255 
Evolute, 88, 175, 207 


317 


318 


Folium, 53, 80, 163 
Fourier, series, 228 
theorem, 236 
Function, complementary, 278 
even, odd, 40 
implicit, 11 
single-valued, multiple-valued, 
12 


Gamma function, 132, 315 

Graphs, 11 

Guoermannian, 36, 298 

Guldin, properties of the centre 
of gravity, 178 

Gyration, radius of, 183 


Helix, 67, 148 
Huyghens, formula for circular 
arc, 222 
Hyperbola, 141, 151, 162 
rectangular, 23, 139, 150, 162 
Hyperbolic functions, 34, 294, 313 
Hypocycloid, 169 
four-cusped, 22, 46, 92, 136 


Indeterminate forms, 244 
Infinitesimals, 4 
equivalence of, 8 
orders of, 7 
Inflexion, point of, 82, 155 
Integral, definite, indefinite, 98 
double, 190 
triple, 194 
Integrals, definite, 129 
elliptic, 239 
fundamental, 99 
particular, 278 
Integration, 93 
approximate, 239 _ 
by parts, 120 
by substitution, 114 
by successive reduction, 124 
of rational fractions, 112 
mechanical, 299 
successive, 189 
Integrator, 302 
Interval, 13 
Intrinsic equation, 205 
Inverse curves, 165 
Involute, 88 
of circle, 158, 207 


Kinetic energy of rotation, 181 


INDEX. 


Lagrange, form of remainder, 225 

Lambda function, 105, 315 

Lemniscate, 53, 150, 156, 157, 161, 

242 

Lengths of curves, 134, 148, 241 

Limagon, 151, 162 

Limit, 1 

Lituus, 151, 154, 156 

Logarithms, calculation of, 216 
Napierian, 310, 311 


Maclaurin, series, 218, 226 
theorem, 226 
Maxima and minima, 75, 256 
Mean value, theorem of, 223 
Mean values, 202 
Moment, of area, 191, 302 
of inertia, 181, 191, 192,197,302 
Multiple points, 51, 56, 156 


Node, 52 
Normal, 21, 44, 150 
of surface, 64 


Pappus, properties of centre of 
gravity, 178 
Parabola, 22, 70, 90, 141, 151 
cubical, 136 
semicubical, 53, 136 
Paraboloid, elliptic, 144 
hyperbolic, 195 
Partial fractions, 287 
Pedal curves, 166 
Pendulum, 243 
Planimeter, 302 
Polar coordinates, 136 
Polar reciprocals, 168 
Potential, 198, 197 
Prismoidal formula, 147 
Product of inertia, 191 


Radius, of curvature, 85, 158 
of gyration, 183 

Rates, 72 

Rolle’s theorem, 224 

Roulettes, 168 


Series, Fourier’s, 228 
Gregory’s, 217 
infinite, 211 
logarithmic, 216 
Maclaurin’s, 218, 226 


Series, power, 213 
Taylor’s, 220, 226 
Simpson’s rule, 142 
Singular forms, 244 
Solid of revolution, 96, 134 
Sphere, 139, 196, 198 
Spheroids, 141 
Spiral, of Archimedes, 151, 160 
hyperbolic, 151, 154 
logarithmic, 152, 153, 158 
Subnormal, 21, 150 
Subtangent, 21, 150 
Symmetry, 290 


Tangent, 20 44, 150 
to curve in space, 65 
Tangent plane, 62 


INDEX. 319 


Taylor, series, 220, 226 
theorem, 223 
Torus, 180, 193 
Tractrix, 207 
‘Trajectories, 270 
Triple point, 52 
Trochoid, 168 
Turning value, 76 


Value of z, 217 
Variable, 1, 11 
change of, 280 
independent, 11, 68 
Velocity, 73 
Volumes, 134, 144, 193, 196 


Witch 84, 139 
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